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PREFACE 

The  design  ot  this  Treatise  is  to  explain  all  that  is 
commonly  included  in  a  First  Part  of  Algebra.  In  the 
arrangement  of  the  Chapters  I  have  followed  the  advice 
of  experienced  Teachers.  I  have  carefully  abstained  from 
making  extracts  from  books  in  common  use.  The  only 
work  to  which  I  am  indebted  for  any  material  assistance 
is  the  Algebra  of  tlie  late  Dean  Peacock,  which  I  took  as 
the  model  for  tlie  commencement  of  my  Treatise.  The 
Examples,  progressive  and  easy,  have  been  selected  from 
University  and  College  Examination  Papers  and  from 
old  English,  French  and  German  works.  Much  care  has 
been  taken  to  secure  accuracy  in  the  Answers,  but  in  a 
collection  of  more  than  2300  Examples  it  is  to  be  feared 
that  some  errors  have  yet  to  be  detected.  I  shall  be 
grateful  for  having  my  attention  called  to  them. 

I  have  published  a  book  of  Miscellaneous  Exercises 
adapted  to  this  work  and  arranged  in  a  progressive  order 
so  as  to  supply  constant  jjractice  for  the  student. 

I  have  to  express  my  thanks  for  the  encouragement 
and  advice  received  by  me  from  many  correspondents ; 
and  a  special  acknowledgment  is  due  from  me  to  Mr.  E. 
J.  Gross  of  Gonville  and  Caius  College,  to  whom  I  am 
indebted  for  assistance  in  many  parts  of  tliis  work. 

J.  HAMBLIN  SMITH. 

Cambridge,  1871. 
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ELEMENTARY   ALGEBRA. 


I.    ADDITION    AND    SUBTRACTION. 

1.  Algebra  is  the  science  whicli  teaches  the  nse  of  sym- 
bols to  denote  numbers  and  the  operations  to  which  numbers 
may  be  subjected 

2.  The  symbols  employed  in  Algebra  to  denote  numbers 
are,  in  addition  to  those  of  Arithmetic,  the  letters  of  some 
alphabet. 

Thus  a,  b,  c x,  y,  z  :  a,  p,  y :  a',  V,  c' read 

a  dash,  b  dash,  c  dash :  «j,  b^,  c^ read  a  one, 

b  one,  c  one are  used  as  symbols  to  denote  numbers. 

3.  The  number  one,  or  unity,  is  taken  as  the  foundation  of 
all  numbers,  and  all  other  numbers  are  derived  from  it  by  the 
process  of  addition. 

Thus  two  is  defined  to  be  the   number  that  results  from 
adding  one  to  one ; 
three  is  defined  to  be  the  number  that  results  from 

adding  one  to  two ; 
four  is  defined  to  be  the  number  that  results  from 
adding  one  to  three  ; 
and  so  on. 

4.  The  symbol  + ,  read  ^Zi/s,  is  tised  to  denote  the  opera- 
tion of  Addition. 

Tlius  1  +  1  symbolizes  that  which  is  denoted  by  2, 

2  +  1 3, 

and        a  +  6  stands  for  the  result  obtained  by  adding  b  to  a. 

5.  The  symbol  =  stands  for  the  words  "  is  ecpial  to,"  or 
"  the  result  is." 

[8.A.] 
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Thus  the  definitions  given  in  Ait.  3  may  be  presented  in  an 
algebraical  forni  thus  : 

1  +  1  =  2, 

2  +  1=3, 
3+1^4. 

6.  Since 

2  =  1  +  1,  where  unity  is  written  Iwice, 

3  =  2  +  1  =  1  +  1  +  1,  where  unity  is  written  three  times, 

4  =  3  +  1  =  1  +  1  +  1  +  1 /oitr  times, 

it  follows  that 

a  =  l  +  l  +  l +1  +  1  with  unity  written  a  times, 

i  =  l  +  l  +  l +1  +  1  with  unity  written  h  times. 

7.  The  process  of  addition  in  Arithmetic  can  be  presented 
in  a  sJiorter  form  by  the  use  of  the  sign  + .  Tlius  if  Me  have 
to  add  14,  17,  and  23  together  we  can  represent  the  process 
thus  : 

14+17  +  23  =  54. 

8.  When  several  numbers  are  added  together,  it  is  indiffe- 
rent in  what  order  the  numbers  are  taken.  Thus  if  14, 17,  and 
23  be  added  together,  their  sum  will  be  the  same  in  whatever 
order  they  be  set  down  in  the  common  arithmetical  process  : 

14  14  17  17  23  23 

17  23  14  23  14  17 

23  17  23  14  17  14 

54  54  54  54  54  54 

So  also  in  Algebra,  when  any  number  of  sywhols  are  added 
together,  the  result  will  be  the  same  in  whatever  order  the 
symbols  succeed  each  other.  Thus  if  we  have  to  add  together 
the  niimbers  symbolized  by  a  and  b,  the  result  is  represented 
by  a  +  6,  and  this  result  is  the  same  number  as  that  which  is 
represented  by  h  +  a. 

Similarly  the  result  obtained  by  adding  together  a,  b,  c 
might  be  expressed  algebraically  by 

a  +  b  +  c,  or  a  +  c  +  b,  or  b  +  a  +  c,  or  b  +  c  +  a,  or  c  +  a  +  b, 

or  c  +  h  +  a. 

9.  When  a  number  denoted  by  a  is  added  to  itself  the 
result  is  represented  algebraically  by  a  +  a.     This  result  is  for 
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the  sake  of  brevitj'  represented  by  2rt.,  the  figure  prefixed  to 
the  symbol  expressing  the  number  of  times  the  number 
denoted  by  a  is  repeated. 

Similarly  a  +  a  +  a  is  represented  by  3a. 
Hence  it  follows  that 

2a  +  a  will  be  represented  by  3a, 
3a  +  a  by  4a. 

10.  The  symbol  — ,  read  minus,  is  used  to  denote  the  ope- 
ration of  Subtraction. 

Thus  the  oj)eration  of  subtracting  15  from  26  and  its  con- 
nection with  the  result  may  be  briefly  exj^ressed  thus  ; 
26-15  =  11. 

11.  The  result  of  subtracting  the  number  b  from  the  num- 
ber a  is  represented  by 

a  —  b. 

Again  a^b  —  c  stands  for  the  number  obtained  by  taking  c 
■from  a  —  b. 

Also  a  —  b  —  c  —  d  stands  for  the  number  obtained  by  taking 
d  froiri  a  —  b  —  c. 

Since  we  cannot  take  away  a  greater  number  from  a  smaller, 
the  expression  a  —  b,  where  a  and  b  represent  numbers,  can 
denote  a  possible  result  only  when  a  is  not  less  than  />. 

So  also  the  expression  a  —  b  —  c  can  denote  a  possible  result 
only  when  the  number  obtained  by  taking  b  from  a  is  not 
less  than  c. 

12.  A  combination  of  symbols  is  termed  an  algebraical 
expression. 

The  parts  of  an  expression  Avhich  are  connected  by  the 
symbols  of  operation  +  and  —  are  called  Terms. 

Compound  expressions  are  those  which  have  more  than  one 
term. 

Thus  a  — b  +  c-d  is  a,  compound  expression  made  up  of  four 
terms. 

When  a  compound  expression  contains 

two  terms  it  is  called  a  Binomdal, 

three    Trinomial, 

four  or  more  Multinomial. 
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Terms  which  are  preceded  by  the  symbol  +  are  called  fosi- 
tive  terms.  Terms  which  are  preceded  by  the  symbol  —  are 
called  negative  terms.  When  no  symbol  precedes  a  term  the 
symbol  +  is  understood. 

Thus  in  the  expression  a  —  &  +  c  —  (Z  +  e  — / 

a,  c,  e  are  called  positive  terms, 

h,  d,f negative  

The  symbols  of  operation  +  and  -  are  usually  called  posi- 
tive and  negative  Signs. 

13.  If  the  number  6  be  added  to  the  number  13,  and  if  6 
be  taken  from  the  result,  the  final  result  will  plainly  be  13. 

So  also  if  a  number  h  be  added  to  a  number  a,  and  if  h  be 
taken  from  the  result,  the  final  result  will  be  a :  that  is, 
a  +  b  —  b  =  a. 

Since  the  operations  of  addition  and  subtraction  when  per- 
formed by  the  same  number  neutralize  each  other,  we  conclude 
that  we  may  obliterate  the  same  symbol  when  it  presents  itself 
as  a  positive  term  and  also  as  a  negative  term  in  the  same  ex- 
pression. 

Thus  a-a=0, 

and  a-a  +  b=b. 

14.  If  we  have  to  add  the  numbers  54,  17,  and  23,  we  may 
fh'st  add  17  and  23,  and  add  their  sum  40  to  the  number  54, 
thus  obtaining  the  final  result  94.  Tliis  process  may  be  repre- 
sented algebraically  by  enclosing  17  and  23  in  a  Bracket 
(    ),  thus  : 

54 +  (17 +  23)  =  54 +  40  =  94. 

15.  If  we  have  to  subtract  from  54  the  sum  of  17  and  23, 
the  process  may  be  represented  algebraically  thus  : 

54_(l7  +  23)  =  54-40  =  14. 

16.  If  we  have  to  add  to  54  tlie  difference  between  23  and 
17,  the  process  may  be  represented  algebraically  thus : 

54  +  (23  -  1 7)  =  54  +  6  =  60. 

17.  If  we  have  to  subtract  from  54  the  difference  between 
23  and  17,  the  process  may  be  represented  algebraically  thus  : 

54-(23-17)  =  54-6  =  48. 
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18.  The  use  of  brackets  is  so  frequent  in  Algebra,  that 
the  rules  for  their  removal  and  introduction  must  be  carefully 
considered. 

We  shall  first  treat  of  the  removal  of  brackets  in  cases 
where  symbols  supply  tlie  places  of  numbers  corresponding  to 
the  arithmetical  examples  considered  in  Arts.  14,  15,  16,  17. 

Case   I.     To  add  to  a  the  sum  of  b  and  c. 
This  is  expressed  thus  :  a  +  {b  +  c). 
First  add  b  to  a,  the  result  will  be 
a  +  b. 
This  result  is  too  small,  for  we  have  to  add  to  a  a  number 
greater  than  b,  and  greater  by  c.     Hence  our  final  result  will 
be  obtained  by  adding  c  to  «  +  b,  and  it  will  be 
a  +  b  +  c. 

Case   II,     To  take  from  a  the  sum  of  b  and  c. 

This  is  expressed  thus  :  a-(b  +  c). 
First  take  b  from  a,  the  result  will  be 
a  —  b. 
This  result  is  too  large,  for  we  have  to  take  from  a  a  number 
greater  than  b,  and  greater  by  c.     Hence  our  final  result  will 
be  obtained  by  taking  c  from  a  -  b,  and  it  will  be 
a  —  b  —  c. 

Case   III.     To  add  to  a  the  differeuce  between  6  and  c. 
This  is  expressed  thus  :  a  +  {b  —  c). 
First  add  b  to  a,  the  result  will  be 
a  +  b. 
Tliis  result  is  too  large,  for  we  have  to  add  to  a  a  number 
less  than  b,  and  less  by  c.     Hence  our  final  result  will  be  ob- 
tained by  taking  c  from  a  +  b,  and  it  will  be 
a  +  b  —  c. 

Case  IV.     To  take  from  a  the  difference  between  b  and  c. 
This  is  expressed  thus  :  a  —  {b  —  c). 
First  take  b  from  a,  the  result  will  be 
a-b. 
This  result  is  too  small,  for  we  have  to  take  from  a  a  num- 
ber less  than  b,  and  less  by  c.     Hence  our  final  result  will  be 
obtained  by  adding  c  to  a  —  b,  and  it  will  be 
a  —  b  +  c. 
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Note.  We  assume  that  a,  b,  c  represent  such  numbers  that 
in  Case  II.  a  is  not  less  than  the  sum  of  b  and  c,  in  Case  III. 
6  is  not  less  than  c,  and  in  Case  IV.  6  is  not  less  than  c,  and  a 
is  not  less  tjjan  b. 

19.  Collecting  the  results  obtained  in  Art.  18,  we  have 

a  +  (b  +  c)  =  a  +  b  +  c, 
a  —  {b  +  c)  =  a  —  b  —  c, 
a+  {b  —  c)  =  a  +  b  -  c, 
a  —  {b  —  c)  =  a  —  b  +  c. 

From  which  we  obtain  the  following  rules  for  the  removal  of 
a  bracket. 

Rule  I.  When  a  bracket  is  preceded  by  the  sign  +, 
remove  the  bracket  and  leave  the  signs  of  the  terms  in  it 
tinchanged. 

Rule  II.  When  a  bracket  is  preceded  by  the  sign  — , 
remove  the  bracket  and  cliawjc  the  sign  of  each  term  in  it. 

These  rules  ap]ily  to  cases  in  which  any  number  of  terms 
are  included  in  the  Jjracket. 

Thus 

a  +  h  +  {c-cl  +  e  -/)  =  a  +  b  +  c  —  d-\-e  —f, 
and 

a  +  b-(c-d  +  e-~f)  =  a  +  b-c  +  cl-e+f. 

20.  The  rules  given  in  the  preceding  Article  for  the  re- 
moval of  brackets  furnish  corresponding  rules  for  the  intro- 
duction of  brackets. 

Thus  if  we  enclose  two  or  more  terms  of  an  expression  in  a 
bracket, 

J.  The  sign  of  each  term  remains  the  same  if  +  pre- 
cedes the  bracket 

11.  The  sign  of  each  term  is  changed  if  —  precedes  the 
bracket. 

Ex.        a-b  +  c~d  +  e-f=a-b  +  (c-d)  +  (e-f), 
(l-b  +  c-d  +  e  -/=  a-{b~c)-{d  —  e+f). 
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21.  We  may  now  proceed  to  give  rules  for  the  Addition 
and  Subtraction  of  algebraical  expressions. 

Suppose  we  have  to  ad^  to  the  expression  a  +  6  — c  the  ex- 
pression d  —  e,  +f. 

The  Sum  =a  +  b-c  +  {d-e+f) 

=  a  +  b-c  +  d-c+f  (by  Art.  19,  Eule  I.). 

Also,  if  we  have  to  subtract  from  the  expression  a  +  b  —  c  the 
expression  d  —  e  +/. 

The  Difference  =a  +  b  —  c  —  {d  —  e+f) 

=  a  +  b-c-d  +  e-f(by  Art.  19,  Rule  11.). 

"We  might  arrange  the  expressions  in  each  case  under  each 
other  as  in  Arithmetic  :  thus 

To  a  +  &  —  c  From  a  +  b  —  c 

Add  d-e+f  Take  d - «  +/ 

Suui    a-\-b  —  c-\-d  —  e+f        Difference  a  +  S-c-cZ  +  e—/ 
and  then  the  rules  may  be  thus  stated. 

I.  In  Addition  attach  the  lower  line  to  the  upper  with  the 
signs  of  both  lines  unchanged. 

II.  In  Subtraction  attach  the  lower  line  to  the  upper  Avith 
the  signs  of  the  lower  line  chanrjcd,  the  signs  of  the  upper  line 
being  unchanged. 

The  following  are  examples. 

(1)  Toa  +  6  +  9 

Add «- 6-6 


Smn  a  +  b  +  9  +  a-b-6 

and  this  sum  =a  +  a  +  b-b  +  9  —  6 

=  2«  +  3. 

For  it  has  oeen  sho^vn,  Art.  9,  that  a  +  a=2a, 
and.  Art.  13,  that  b-b  =  0. 

(2)  From  a  +  b  +  9 

Take  a  —  b  —  6 


Remainder  a  +  b  +  9-a  +  b-h6 
and  this  remainder  =  26  + 15. 
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22.  We  have  worked  out  the  examples  in  Art.  21  at  full 
length,  but  in  practice  they  may  be  abbreviated,  by  combining 
the  symbols  or  digits  by  a  mental  process,  thus 

To  c  +  f?  +  10  From  c  +  f^  + 10 

Addc-d-7  Takec-d-7 

Sum  2c     +3  Remainder    2(^  +  17 

23.  We  have  said  that 

instead  of  a  +  a  we  write  2a, 

a  +  a  +  ft  3a, 

and  so  on. 

The  digit  thus  prefixed  to  a  symbol  is  called  the  coefficient 
of  the  term  in  which  it  appears. 

24.  Since  3a  =  a  +  a  +  a, 

and  5a  =  a  +  a  +  a  +  a  +  a, 

2a  +  5a  =  a  +  a  +  a  +  a  +  a  +  a  +  a-i-a 

=  8a. 

Terms  which  have  the  same  symbol,  whatever  their  coeffi- 
cients may  be,  are  called  like  terms  :  those  which  have  diffe- 
rent symbols  are  called  unlike  terms. 

Like  terms,  when  positive,  may  be  combined  into  one  by 
adding  their  coefficients  together  and  subjoining  the  common 
syuibol :  thus 

2x  +  bx  =  7«, 

3i/  +  52/  +  82/  =  16y. 

25.  If  a  term  appears  without  a  coefficient,  unity  is  to  be 
taken  as  its  coefficient. 

Thus  x  +  bx  =  i5x. 

26.  Negative  terms,  when  like,  may  be  combined  into  one 
term  witli  a  negative  sign  prefixed  to  it  by  adding  the  coeffi- 
cients and  subjoining  to  the  result  the  common  symbol. 

Thus  2a;  -  Si/ -  5?/ =  2j;  -  Sy, 

for  2x-2y-b]j  =  2x - (3(/  +  by) 
=  2x-8y. 

So  again  3x- ?/ -4?/-C?/  =  3j!;- lly. 
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27.  If  an  expression  contain  two  or  more  like  terms,  some 
being  positive  and  others  negative,  we  must  first  collect  all  the 
positive  terms  into  one  positive  term,  then  all  the  negative 
terms  into  one  negative  term,  and  finally  combine  the  two 
remaining  terms  into  one  by  the  following  process.  Subtract 
the  smaller  coefficient  from  the  greater,  and  set  down  the 
remainder  with  the  sign  of  the  greater  prefixed  and  the  com- 
mon symbol  attached  to  it. 

Ex.         8a;-3a;  =  5x, 

7x~4x  +  5x-Sx=l2x-'7x=5x, 
a-2b  +  5b-4b  =  a  +  5b--6b  =  a-b. 

28.  The  rules  for  the  combination  of  any  niuuber  of  like 
terms  into  one  single  term  enable  us  to  extend  the  application 
of  the  rules  for  Addition  and  Subtraction  in  Algebra,  and  we 
proceed  to  give  some  Examples. 

ADDITION. 

(1)       a-2b  +  3c  (2)     5a  +  76-3c-4d 

3a-46-5c  6a-76  +  9c  +  4d 


4a-6b-2G  Ua       +6c 

The  terms  containing  b  and  d  in  Ex.  (2j  destroying  one  another. 

(3)     7x-5?/+   4z  (4)     6m-13H  +  5p 

x  +  2y  —  llz  87)1+     n-dp 

3x—  y+   dz  m-     n-  p 

5x  —  Sy-z  m+   2ii  +  5p 

16x-7y~  3z  16m- 11» 

SUBTkAGTION. 

(1)    5a-3&+   6c  (2;     3a +  76-   8c 

2a  +  56-  4c  .       3a-76+   4c 


(3) 

3a -86  + 10c 
5a  -  66  +  2c 
2a-66  +  2c 

(5) 

3a 

3x  +  7i/  +  123 
by—  Iz 

146- 

12c 

(4) 

X- 

-y  +  z 

X- 

■y-z 

2a 

(6) 

Ix- 

-192/- 

-14a! 

Qx 

-24?/+   9a 

dx  +  2y  +  14z  (c+  5y-23z 
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29.     We  have  placed  the  expressions  in  the  examples  given 
in  the  preceding  Ai'ticle  under  each  other,  as  in  Aritlimetic, 
for  the  sake  of  clearness,  but  the  same  operations  m.ight  be  ex- 
hibited by  means  of  signs  and  brackets,  thus  Examples  (2)  of 
each  rule  might  have  been  worked  thus,  in  Addition, 
5a  +  76-3c-4f^  +  (6a-76  +  9c  +  4j^) 
=  5(t  +  '76-3c-4(i+  6a-76  +  9c  +  4d 
=  lla  +  6c  ; 
and,  in  Subtraction, 

3a  +  76-8c-(3ft-76  +  4c)    , 
=  3a  +  76-8c-3a  +  76-4c 
=  146 -12c. 

Examples.— i. 

Simplify  the  following  expressions,  by  combining  like  sym- 
bols in  each. 

I.  3a 4- 46  +  5c -f- 2a +  36  + 7c.        2.  4a  +  56  +  6c-3a-26-4c. 


6a -36 -4c -4a +  56  + 6c. 

8a- 56  +  3c  -  7a  -  26  +  6c  -  3a +  96- 7c  +  10a. 

5a;  -  3«  +  6  +  7  +  26  -  3,c  -  4a  -  9. 

a  —  6  —  C  +  6  +  C  —  d  +  rf  —  a. 

5a  + 106  -  3c  +  26  -  3a  +  2c  -  2a  +  4c. 


Examples.— 11.    addition. 

Add  together 

I.     a  +  xanda-ic.                    2,  a  +  2a;  and  a  +  3a;, 

a  -  2x  and  2a  -  %.                4.  3a;  +  1y  and  5a;  -  2?/. 

a  +  36  +  5c  and  3a  -  26  -  3c. 

a-26  +  3c  and  a  +  26-3c.  7.     l+a;-y  and  3-x  +  i/. 

2a;  -  3y  +  4^,  5a;  -  7i/  -  2s,  and  6a;  +  9;/  -  8s. 

2a  +  6  -  3:c,  3a  -  26  +  a;,  a  +  6  -  5x,  and  4a  -  76  +  6a;. 

EXAMPLES.— iii.    SUBTRACTION. 
I.     From  a  +  6  take  a  — 6. 

2 S.c  +  y  2.-C-7/. 

3 2a  +  3c  +  4(Z     rt-2c  +  3(Z. 

4.      z  +  Tj  +  z  x-y-z. 
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5.     Fromm  — n  +  r  take  m  —  ?i  —  r. 

6 a-\-'b->rC  a  —  b  —  c. 

7 3a  +  4b  +  5c  2a  +  1b  +  6c, 

8 Sx  +  5y-4z  3x  +  2y-5z. 

30.  We  have  given  examples  of  the  use  of  a  bracket.  The 
methods  of  denoting  a  bracket  are  various  ;  thus,  besides  the 
marks  (  ),  the  marks  [  ],  or  j  (,  are  often  employed.  Some- 
times a  mark  called  "The  Vinculum"  is  drawn  over  the  symbols 
which  are  to  be  connected,  thus  a  —  b  +  cia  used  to  represent  the 
same  expression  as  that  represented  by  a-{b  +  c). 

Often  the  brackets  are  made  to  enclose  one  another,  thus 

a-[b+\c-{d-'^)\]. 
In  removing  the  brackets  from  an  expression  of  this  kind  it 
is  best  to  commence  with  the  innermost,  and  to  remove  the 
brackets  one  by  one,  the  outermost  last  of  all. 
Thus 

a-[b+\c-(d-e-f)\] 
=  a-[b+\c-{d-e-hf)\-] 
=a-[6+  ]c-d  +  e-f\] 
=  a-[b  +  c-d  +  e-f] 
=  a-b-c  +  d-c+f. 


Again 


5a;-(3x-7)-j4-2x-(6a;-3)| 
=  5x-3x  +  7-|4-2x-6a;  +  3} 
=  5x-3x+1-4  +  2ji  +  6x~S 
=  10a;. 


EXAMPLES.— iV.     BRACKETS. 
Simplify  the  following  expressions,  combining  all  like  quan- 
tities in  each. 

1.  a  +  b  +  (Sa-2b). 

2.  a  +  b-{a-  36). 

3.  3a  +  5&-6c-(2a  +  46-2c). 

4.  a  +  b  —  c  — (a  —  b  —  c). 

5.  14x-(5x-9)-|4-3x-(2ic-3)(. 

6.  4x-\3x-{2x-x-a)\. 

7.  15a;- j7a;  +  (3a;  +  «-x)}. 
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8.  a-[6+{a-(6  +  «)j]- 

9.  6a  +  [4a-{86-(2a  +  4&)-226j-76]-[76+j8a 

-(36  +  4ft)  +  82>j+6ft]. 

10.  6-[6-(rt  +  &)-j6-(6-(r-6)|]. 

11.  2*;  -  (fMt  -  6)  -  { c  -  (5ft  +  2&)  -  (ft  -  36)  f  .• 

12.  2a;-  {ft -(2ft -[3ft- (4ft- [5ft-(6a -«)])]){. 

13.  25ft- 196 -[36 -{4ft -(56- 6c)  {]. 

31.  We  l]ave  hitherto  supposed  the  synibols  in  every  ex- 
liression  vised  for  illustration  to  represent  sndi  numbers  that 
the  expressions  symbolize  results  which  would  be  arithmetic- 
ally possible. 

Thus  ft  —  6  symbolizes  a  possible  result,  so  long  as  a  is  not 
less  than  6. 

If,  for  instance,  a  stands  for  10  and  6  for  6, 

ft  -  6  will  stand  for  4. 
But  if  a  stands  for  6  and  6  for  10, 

ft  — 6  denotes  no  possible  result,  because  we  cannot 
take  the  number  10  from  the  number  6. 

But  though  there  can  be  no  svich  a  thing  as  a  negative 
number,  we  can  conceive  the  real  existence  of  a  negative 
quantity. 

To  explain  this  we  must  consider 

I.  What  we  mean  by  Quantity. 
II.  How  Quantities  are  measured. 

32.  A  Quantity  is  anything  which  may  be  regarded  as 
being  made  up  of  parts  like  the  whole. 

Thus  a  distance  is  a  quantity,  because  we  may  regard  it  as 
made  np  of  parts  each  of  themselves  a  distance. 

Again  a  sum  of  money  is  a  quantity,  because  we  may  regard 
it  as  made  up  of  parts  like  the  whole. 

33.  To  measure  any  quantity  we  fix  upon  some  known 
quantity  of  the  same  kind  for  our  standard,  or  unit,  and  then 
any  quantity  of  that  kind  is  measured  by  saying  how  many 
times  it  contains  this  unit,  and  this  number  of  times  is  called 
*tlie  measure  of  the  quantity. 
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For  example,  to  measure  any  distance  along  a  road  we  fix 
ui^on  a  known  distance,  such  as  a  mile,  and  express  all  distances 
by  saying  how  many  times  they  contain  this  unit.  Thus  16  is 
the  measnre  of  a  distance  containing  16  miles. 

Again,  to  measure  a  man's  income  we  take  one  pound  as  our 
unit,  and  thus  if  we  said  (as  we  often  do  say)  that  a  man's  in- 
come is  500  a  year,  we  should  mean  500  times  the  unit,  that  is, 
£500.  Unless  we  knew  what  the  unit  was,  to  say  that  a  man's 
income  was  500  would  convey  no  definite 'meaning  :  all  we 
should  know  would  be  that,  whatever  our  unit  was:,  a  pound,  a 
dollar,  or  a  franc,  the  man's  income  would  be  500  times  that 
unit,  that  is,  ^£500,  500  dollars,  or  500  francs. 

N.B.  Since  the  unit  contains  itself  once,  its  measure  is 
unity,  and  hence  its  name. 

34.  Now  we  can  conceive  a  quantity  to  be  such  that  when 
put  to  another  quantity  of  the  same  kind  it  will  entirel}'  or  in 
part  neutralize  its  effect. 

Thus,  if  I  walk  4  miles  towards  a  certain  oljject  and  then 
return  along  the  same  road  2  miles,  I  may  say  that  the  latter 
distance  is  such  a  quantity  that  it  neutralizes  part  of  my  first 
journey,  so  far  as  regards  my  position  with  respect  to  the  point 
from  which  I  started. 

Again,  if  I  gain  £500  in  trade  and  then  lose  £400,  I  may 
say  that  the  latter  sum  is  siich  a  qi;antity  that  it  neutralizes 
part  of  my  first  gain. 

If  I  gain  £500  and  then  lose  £700,  I  may  say  that  the  latter 
sum  is  such  a  quantity  that  it  neutralizes  all  my  first  gain,  and 
not  only  that,  but  also  a  quantity  of  which  the  absolute  value 
is  £200  remains  in  readiness  to  neutralize  some  future  gain. 
Eegarding  this  £200  by  itself  we  call  it  a  quantity  which  will 
have  a  subtractive  effect  on  subsequent  profits. 

Now,  since  Algebra  is  intended  to 'deal  with  such  questions 
in  a  general  way,  and  to  teach  us  'lOw  to  put  quantities,  alike 
or  opposite  in  their  effect,  together,  a  convention  is  adopted, 
founded  on  the  additive  or  subtractive  effect  of  the  quantities 
in  question,  and  stated  thus  : 

""To  the  quantities  to  be  added  prefix  the  sign  +,  and  to 
the  quantities  to  be  subtracted  prefix  the  sign  -,  and  then 
write  down  all  the  quantities  involved  in  such  a  question  con 
nected  with  these  signs." 
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Tims,  suppose  a  man  to  trade  for  4  years,  and  to  gain  a 
poiinds  the  first  year,  to  lose  h  pounds  the  second  year,  to  gain 
c  pounds  tlie  third  year,  and  to  lose  d  pounds  the  fourth  year. 

Tlie  additive  quantities  are  liere  a  and  c,  which  we  are  to 
write  +  a  and  +  c, 

The  suhtractive  quantities  are  here  h  and  d,  which  we  are  to 
write  —  6  and  —  d, 

:.  Result  of  trading  =  +a  —  h  +  c  —  d. 

35.  Let  us  next  take  the  case  in  which  the  gain  for  the 
first  year  is  a  pounds,  and  the. loss  for  each  of  three  subsequent 
years  is  a  pounds. 

Result  of  trading         =  +a-a  —  a~a 
=  -2a. 

Thus  we  arrive  at  an  isolated  quantity  of  a  suhtractive 
nature. 

Arithmetically  we  interpret  this  result  as  a  loss  of  £2a. 

Algebraically  we  call  the  result  a  negative  quantity. 

When  once  we  have  admitted  the  possibility  of  the  inde- 
pendent existence  of  such  quantities  as  this  we  may  extend  the 
application  of  the  rules  for  Addition  and  Subtraction,  for 

I.  A  negative  quantity  may  stand  by  itself,  and  we  may 
then  add  it  to  or  take  it  from  some  other  quantity  or  expres- 
sion. 

II.  A  negative  quantity  may  stand  first  in  an  expression 
which  we  may  have  to  add  to  or  subtract  froni  any  other 
expression. 

The  Rules  for  Addition  and  Subtraction  given  in  Art.  21 
will  be  applicable  to  these  expressions,  as  in  the  following 
Examples. 

ADDITION. 

(1)  5a-7a=-2a. 

(2)  4a-3b-6a  +  '7b=-2a  +  4b. 

(3)  To     4a  To     5a -36 
Add  -3a          -                Add  -2a-26 


Sum       a  Sum     3a -56 
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(4)        Ga-56-  4c+   6  (5)         Ix-by^^z 

-5a  +  76-12c-l7  -18a;  +  92/-5z 

-  a-S6  +  19c+  4  -  3a;-82/+  it 

-66+   3c-   7  -14x-4i/  +  5z 


SUBTRACTION. 

(1)  From        X 
Take      -1/ 

Remainder  a;  +  2/ 

or  we  might  represent  the  operation  thus, 
a;  —  (-?/)  =  a;  +  y* 

(2)  a  +  &-(-a  +  6)  =  a  +  6  +  ffl-6  =  2a. 

(3)  -a-6-(a-J)= -«-&-«  +  &= -2a. 

(4)  -3«+   46-   7c  +  10 

ha-   96+   8C+19 


■8rt  +  136-15c-  9 


(5)  a;-?/-[3x-|-5x-(-4y  +  7a;){] 
=a;-i/-[3a;— }  —  5a;  +  4y-7a;}] 
=x  —  y  —  [3x  +  5x  —  4:y  +  7x] 

= a;  —  t/  -  3a;  —  5x  +  4y  -  7aj 
=  -  14a;  +  Sy. 

(6)  7a  +   56+   9c-12d 
-36-12C-   8(Z+   6e 


7a.+    86  +  21<'-   4rf-6e 


In  this  example  we  have  deviated  from  our  previous  prac- 
tice of  phicing  like  terms  under  each  other.  This  arrange- 
ment is  useful  to  facilitate  the  calculation,  but  is  not  absolutely- 
necessary  ;  for  the  terms  which  are  alike  can  be  combintwl 
independently  of  it. 

*  Note. — The  meaning  of  Subtraction  is  liere  extended  so  that 
the  result  in  Art.  18,  Case  iv.  may  he  true  when  6  is  less  than  c. 
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Examples.— V. 

(I.)  ADDITION. 
Add  together 

1 .  6a  +  76,  —  2a  —  46,  and  3a  —  56. 

2.  -5aJ-6i-7c,  - 2a  + 136  +  9c,  and  7a - 29?> 4- 4c 
3-     2jc-3j/  +  42,  —  5j!;  +  4i^  — 7z,  and  — ftr  — 9;/  — 32. 

4.  —  a  +  6  —  c  +  fZ,  a  —  26  —  3c  +  (Z,  —  56  +  4c,  and  -  5c  +  i. 

5.  a+6-c  +  7,  -2a-36-4c  +  9,  and  3a-l-26  +  5c-16, 

6.  5jc  — 3a  — 46,  6?/  — 2a,  3a  — 2y,  and  56  — 7a;. 

7.  a  +  6-c,  c-a  +  6,  26  — c  +  3a,  and  4a  — 3c. 

8.  7a-36-5c  +  9(?,  26-3c-5£?,  and  -4rf4-15c. 

9.  -  12x  -  5i/  +  42,  3x  +  2;/  -  3^,  and  9x  -  3i/ +ss. 

(2.)  SUBTEACTION. 

1.  From  a  4- 6  take  —a-h. 

2.  From  a  —  6  take  —  6  +  c. 

3.  From  a  —  6  +  c  take  —  a  +  6  —  c. 

4.  From  fo-8>/  +  3  take  -2j!  +  9y-2. 

5.  From  5rt  -  126  +  17c  take  -  2a  +  46  -  3c. 

6.  From  2a  +  6  -  3x  take  46  -  3a  +  5a;. 

7.  From  a  +  6  —  c  take  3c  -  26  +  Aa. 

8.  From  a  +  6  +  c  —  7  take  8  —  c  -  6  +  o. 

9.  From  1205  -  3y  -  s  take  4j/  -  5s  +  x. 

10.  From  8a  -  56  +  7c  take  2c  -  46  +  2a. 

11.  From  9j9- 43  + 3r  take  52-3/)+ r. 


II.    MULTIPLICATION. 

36.  The  operation  of  finding  the  sum  of  a  numbers  each 
equal  to  b  is  called  Multiplication. 

Tile  number  a  is  called  the  Multiplier. 
b   Multiplicand. 

This  Sum  is  called  the  Product  of  the  multiplication  of  b 
by  a. 

This  Product  is  represented  in  Algebra  by  three  distinct 
s}tu1do1s  : 

,    I.  By  writing  the  sj-mbols  side  by  side,  -with  no  sign 
between  them,  thus,  ab  ; 
II.  By  placing  a  small  dot  between  the  symbols,  thus,  a.b; 

III.  By  placing  the  sign  x  between  the  symbols,  thus, 
axb  ;  and  all  these  are  read  thus,  "  a  into  b,"  or  "  a  times  b." 

In  Arithmetic  we  chiefly  use  the  third  way  of  expressing  a 
Product,  for  we  cannot  symbolize  the  product  of  5  into  7  by 
57,  which  means  the  sum  of  fifty  and  seven,  nor  can  we  well 
represent  it  by  5.7,  because  it  might  be  confounded  with  the 
notation  used  for  decimal  fractions,  as  5  •7. 

37.  In  Arithmetic 

2x7  stands  for  the  same  as  7  +  7. 
3x4   4  +  4  +  4, 

In  Algebra 

ab  stands  for  the  same  as  b  +  h  +  b+  ...  with  b  ^VTitten 

a  times. 
{a  +  b)c  stands  for  the  same  as  c  +  c  +  c  . . .  with  c  written 

a-rh  times. 

[S.A.]  B 
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38;     To  shew  that  3  times  4  =  4  times  3. 

3  times  4  =     4  +  4  +  4 

=     1+1+1+1  \ 

+  1  +  1  +  1  +  1  [ L 

+1+1+1+1  ) 

4time83=      3  +  3  +  3  +  3 

=1+1+1  ^ 

+  1  +  1  +  1  (  TT 

+  1  +  1  +  1  (  ^^ 

+1+1+1  J 

Now  the  results  obtained  from  I.  and  II.  must  be  the  same, 
for  the  horizontal  columns  of  one  are  identical  with  the  verti- 
cal columns  of  the  other. 

39.     To  prove  that  ab=ba. 

ah  means  that  the  sum  of  a  numbers  each  equal  to  &  is  to 
be  taken. 

:.  ab=     b  +  b  + with  b  written  a  times 

=  6 
+  6 
+ 

to  a  lines 

tm     1  +  1  +  1  + to  6  terms  J 

+  1  +  1  +  1  + to  6  terms  r  j 

+ I 

to  a  lines.  ) 

Again, 

ba=     a  +  a+ with  a  written  b  times 

=     a 
+  a 

+ 

to  b  lines 

m     1  +  1  +  1  + to  a  terms  j 

+  1  +  1  +  1  + to  a  terms  f  jj 

+  (  

to  b  lines.  3 
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Now  the  results  obtained  from  I.  and  II.  must  be  the  same, 
tor  the  horizontal  columns  of  one  are  clearly  the  same  as  the 
vertical  columns  of  the  other. 

40.  Since  the  expressions  ah  and  ha  are  the  same  in  mean- 
ing, we  may  regard  either  a  or  h  as  the  multiplier  in  forming 
the  product  of  a  and  6,  and  so  we  may  read  ah  in  two  ways  : 

(1)  a  into  h, 

(2)  a  multiplied  by  h. 

41.  The  expressions  ahc,  ach,  hac,  bca,  cab,  cha  are  all  the 
same  in  meaning,  denoting  that  the  three  numbers  symbolized 
by  a,  h,  and  c  are  to  be  multiplied  together.  It  is,  however, 
generally  desirable  that  the  alphabetical  order  of  the  letters 
representing  a  product  should  be  observed. 

42.  Each  of  the  numbers  a,  b,  e  is  called  a  Factor  of  the 
product  abc. 

43.  When  a  number  expressed  in  figures  is  one  of  the 
factors  of  a  product  it  always  stands  first  in  the  product. 

'Thus  the  product  of  the  factors  x,  y,  %  and  9  is  represented 
by  9ic?/2. 

44.  Any  one  or  more  of  the  factors  that  make  up  a  product 
is  called  the  Coefficient  of  the  other  factors. 

Thus  in  the  expression  2ax,  2a  is  called  the  coefficient  of  x. 

45.  When  a  factor  a  is  repeated  twice  the  product  would 
be  represented,  in  accordance  with  Art.  36,  by  aa ;  when  three 
times,  by  aaa.  In  such  cases  these  products  are,  for  the  sake 
of  brevity,  expressed  by  writing  the  symbol  with  a  number 
placed  above  it  on  the  right,  expressing  the  number  of  times  the 
symbol  is  repeated ;  thus 

instead  of      aa  we  write  a- 

aaa   a^ 

aaaa   a* 

These  expressions  a^,  a^,  a* are  called  the  second,  third, 

fourth Po  WEBS  of  a. 

The  number  placed  over  a  symbol  to  express  the  power  of 
the  symbol  is  called  the  Index  or  Exponent. 

a^  is  generally  called  the  square  of  a. 
(jS the  cube  of  a. 
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46.     The  product  of  tr  and  ci?  =  a"  x  cv^ 

==aax  aaa  =  aaaaa  =  a^. 

Thus  the  index  of  the  resulting  power  is  the  sum  of  the 
indices  of  the  two  factors. 


Similarly  a*  x  a"  =  aaaa  x  aaaaaa 


=  aaaaaaaaaa  =  a^"  =  a*"*^. 

If  one  of  the  factors  be  a  symbol  without  an  index,  we  may 
assume  it  to  have  an  index  \  that  is 
a  =  a^. 
Examples  in  raultiplpng  powers  of  the  same  symbol  are 

( 1 )  ax  a-  =  «!+"  =  a^. 

(2)  7a^  X  5a7  =  7  x  5  x  rt^  x  a^  =  S5a^+'  =  35aio. 

(3)  a^xa^xaP  =  a^^^^  =  a^^ 

(4)  x-y  x  xy"^  =  x^.y.x.y^= x^.  x.y.y"  =  x-+^  i/^+- = x^y^. 

(5)  a^  X  ah^  X  a^b'^  =  a^+i+s,  ^,1+3+7  ^  ^s.  511, 

Examples.— vi. 

Multiply 

I.  X  into  3y.  2.  3x  into  4^.  3,  2xy  into  4xi/. 

4.  3a&c  into  ac.  5.  a^  into  a*.  6.  a"  into  a. 

7.  3a-6  into  4a^62^  8.  la^c  into  5a-6c'.       9.  15a6V  by  12a%c. 

10.  7rtV  by  4a-6c^.      11.  a^  by  3^3.  12.  4a^6x  by  5a6-i/. 

13.  19iC"i/3  by  4  xi/^s^.  14.  17a6^2by  36c2y.  15.  Gx^yh^hySx^yh^. 

16.  3a6cby4aa;y.         17.  a''5%  by  8a''6^c.  18.  9m-«p  by  m%2p2^ 
19.  ay"zhybxh^,         20.  llti^ia;  by  3a^''Z)^*»i-. 

47.     The  rules  for  the  addition  and  subtraction  of  powers 
are  similar  to  those  laid  down  in  Chap.  T.  for  sinqjle  quantities. 

Thus  the  sum  of  the  second  end  third  powers  of  x  is  rejjre- 
sented  by 

ic-  +  x^, 

and  the  remainder  after  taking  the  fourth  power  of  y  from  the 
fifth  power  of  y  is  represented  by 

and  these  expressions  cannot  be  abridged. 
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But  when  we  have  to  add  or  subtract  the  same  powers  of 
the  same  quantities  the  terms  may  be  combined  into  one  : 

thus 

x^  -f  a;^  =  2a;^, 

8x<-5x*  =  3a;*, 

^y^  -  Zif  -  2if  =  4i/^. 

Again,  whenever  two  or  more  terms  are  entirely  the  same 
with  respect  to  the  symbols  they  contain,  their  sum  may  be 
abridged. 

Thus  '  ad  +  acl  =  2a.d, 

5a%^  +  GcrP  -  9aW  =  2aW, 
7a'X  —  10ctrx  —  l2a''x=  -  15a^x. 

48.  From  the  multiplication  of  simple  expressions  we  pass 
on  to  the  case  in  which  one  of  the  quantities  whose  product  is 
tp  be  found  is  a  compound  expression. 

To  shew  that  (a  +  h)  c  =  ac  +  be. 

{a  +  b)  c  =  c  +  c  +  c+  ...  with  c  written  a  +  b  times, 

=  (c  +  c  +  c+  ...  with  c  written  a  times) 
+  {c  +  c  +  c  ...  with  c  written  b  times), 

=  ac  +  be. 

49.  To  shew  that  {a  —  b)  c  =  ac  —  be. 

(a  —  b)c  =  c  +  c  +  c+  ...  with  c  written  a  —  b  times, 
=  (c  +  c  +  c  +  ...  with  c  written  a  times) 

—  {c  +  c  +  c...  with  c  written  b  times), 
=ac  —  bc. 
Note.     We  assume  that  a  is  greater  than  6. 

50.  Similarly  it  may  be'shewn  that 

(a  +  b  +  e)  d  =  ad  +  bd  +  cd, 

(a  -h-c)  d  =  ad  -  bd  -  cd, 
and  hence  we  obtain  the  following  general  rule  for  finding  the 
product  of  a  single  symbol  and  an  expression  consisting  of  two 
or  more  terms. 

"  Multiply  each  of  tlie  terms  by  the  single  symliol,  and  con- 
nect the  terms  of  the  result  by  the  signs  of  the  several  terms 
of  the  compound  expression." 


22  MUL  TI PLICA  TION. 


Examples.-  vii. 

Multiply 

1 .  a  +  i  -  c  by  «.  7.  Swi^  +  9??i?i  +  10?i"  by  mw. 

2.  a  +  36  -  4c  by  2«.  8.  Oa^  +  4rt*&  -  Sa^ft'^  +  Au?¥  by  2a6. 

3.  a?  +  3a^  +  4a  by  a.  9.  x^i/^  —  x^j/^  +  xy  —  7  by  xi/. 

4.  3a^  -  5a-  —  6a  +  7  by  Sa^.  i  o.  mP  —  3m^n  +  3rnn^  —  n'*  by  n. 

5.  a2 - 2a6  +  b^  by  a6.  1 1.  I2a% - 6a%^  +  5a¥  by  12a263. 

6.  a^  —  Sa%''  +  h^  by  3a^b.  1 2.  13x^  —  1 7xhi  +  5xy'^  —  y^  by  8xy. 

51.     We  next  proceed  to  the  case  in  which  botli  multiplier 
and  multiplicand  are  compound  expressions. 

First  to  multiply  a  +  h  into  c  +  rf. 

Rej^resent  c  +  d  by  x. 

Then     (a  +  h){c  +  </)  =  («  +  &)x 

=  MX+  ix,  by  Art.  48, 

=  a{c-\-d)  +  h{c  +  d) 

=  ac  +  ad  +  6c  +  hd,  by  Art.  48. 

The  same  result  is  obtained  by  the  following  proceae : 
c  +  (Z 
a  +  h 

ac  +  ad 

+  hc  +  bd 


ac  +  ad  +  he  +  bd 

which  may  be  thus  described  : 

Write  a  +  h  considered  as  the  multiplier  imder  c  +  d  con- 
sidered as  the  multiplicand,  as  in  common  Arithmetic.  Then 
multiply  each  term  of  the  multiplicand  by  a,  and  set  down  the 
result.  Next  multiply  each  term  of  the  multiplicand  by  b,  and 
Bet  down  the  result  under  the  result  obtained  before.  The 
sum  of  tlie  two  results  will  be  the  product  required. 

Note.  The  second  result  is  shifted  one  place  to  the  right. 
The  object  of  this  will  be  seen  in  Art.  56. 
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52.     Next,  to  multiply  a  +  6  into  c  -  d. 

Represent  c  —  (Z  by  a;. 

Then    (a  +  6)(c-d)  =  (a  +  6)a; 
=  aa;  +  6a; 

=  a(c-d)  +  6(c-<i) 
=  ac  -  a(i  +  6c  -  6rf,  by  Art..  49. 

From  a  comparison  of  tliis  result  with  the  factors  from 
which  it  is  produced  it  appears  that  if  we  regard  the  terms  of 
the  multiplicand  c  —  d  as  indejpendent  quantities,  and  call  them 
+  cand  —  d,  the  effect  of  multiplying  the  positive  terms  +a 
and  +  h  into  the  positive  term  +  c  is  to  produce  two  positive 
terms  +ac  and  +6c,  whereas  the  effect  of  multiplying  the 
positive  terms  +a  and  +6  into  the  negative  term  —  d  is  to 
produce  two  negative  terms  —ad  and  —bd. 

The  same  result  is  obtained  by  the  following  process  : 
c  —  d 
a  +  b 
ac  —  ad 
+  hc-id 


ac  —  ad  +  bc  —  bd 


Thifl  process  may  be  described  in  a  similar  manner  to  that 
in  Art.  51,  it  being  assumed  that  a  positive  term  multiplied 
into  a  negative  term  gives  a  negative  result. 

Similarly  we  may  shew  that  a  —  b  into  c  +  d  gives 
ac  +  ad~bc  —  bd. 

53.     Next  to  multiply  a  —  b  into  e  —  d. 
Represent  c  —  dhjx. 

Then       {a-b){c-d)  =  {a-b)x 

=  ax  —  bx 

=  a{c-d)-h(c  —  d) 

=  (ac  —  ad)  —  (bo  —  bd),  by  Art.  49, 

=^ac  —  ad  —  bc  +  bd. 

When  we  compare  this  result  with  the  factors  from  which 
it  is  produced,  Ave  see  that 

The  product  of  the  positive  term  a  into  the  positive 
term  c  is  the  positive  term  ac. 
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The  j^roduot  of  the  positive  term  a  into  the  negative 

term  —  d  is  the  negative  term  —  ad. 
The  product  of  the  negative  tenn  —  h  into  the  positive 

term  c  is  the  negative  term  —  he. 
The  product  of  the  negative  term  —  h  into  the  negative 

term  —  d  is  the  positive  term  hd. 

The  multiplication  of  c  —  dhya  —  h  may  be  written  thus  : 
c-d 
a  —  h 


ac  —  ad 
-hc  +  hd 


ac  —  ad  —  he  +  hd 


54.  The  results  obtained  in  the  preceding  Article  enable  us 
to  state  what  is  called  the  Rule  of  Signs  in  Multiplication, 
which  is 

''The  iiroduet  of  two  2^ositive  terms  or  of  txco  negative  terms 
is  positive:  the  product  of  two  terms,  one  of  which  is  positive  and 
the  other  negative,  is  negative." 

55.  The  following  more  concise  proof  may  now  be  given  of 
the  Rule  op  Signs. 

To  shew  that    (a  -  h)(c  —  d)  =  ac-ad-  he  +  hd. 

First,  (a  -  J)M= ilf + ilf  +  iW  +  ...  with  i¥  written  a-h  times, 

=  {M  +  AI  +  M+  ...vnth  M  written  a  times) 
-{M+M  +  M+  ...  with  M  written  h  times), 

^aM-hM. 

Next,  htM=c-d. 
Then  aM= a  (c-d) 

=  {c-d)a  Art.  39. 

=  ca-da.  Art.  49. 

Similarly,  hM=ch-dh. 

:.  (a  -h)(c-d)  =  (ca  -  da)  -  (eh  -  dh). 
Now  to  subtract  (ch-dh)  from  (ca-da),  if  we  take  away  cb 
we  take  away  dh  too  much,  and  we  must  therefore  add  dh  to 
the  result, 

.*.  we  get  ca-da  — cb  +  dh, 
which  is  the  same  as  ac  —  ad  — he  +  hd.  Art.  39. 
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So  it  appears  tha.t  in  multiplying  (a  — 6)(c  — rf)  we  must 
multiply  each  term  in  one  factor  by  each  term  in  the  other 
and  prefix  the  sign  according  to  this  law  : — ■ 

When  the  factors  multiplied  have  like  signs  prefix  + ,  when 
unlike  —  to  the  jyroduct. 

This  is  the  Rule  of  Signs. 


56.     We  shall  now  give  some  examples  in  illustration  of  the 
principles  laid  down  in  the  last  five  Articles. 

Examples  in  Multiplication  ivorlced  out. 

(1)  Multiply  a;  +  5  by  a;  +  7.  (2)  JMultiply  a;  -  5  by  x  +  7. 

x+   5  03  —  5 

x+   7  x+7 


+   7a;  +  35  +7a;-35 


a;2  +  12x  +  35  X'  +  'ix-Zb 

The  reason  for  shifting  t^e  second  result  one  place  to  the 
right  is  that  it  enables  us  generally  to  place  like  terms  under 
each  other. 

(3)  Multiply  a;  +  5  by  a;  -  7.  .      (4)  IMultiply  x  -  5  by  a;  -  7. 


X  — 
X- 

5 

7 

X2- 

5x 
7a; +36 

a;"-^- 12a; +  35 


(5)  Multiply  a;2  +  y-  by  x-  -  if.  (6)  Multiply  3ax  -  5by  by  7ax  -  2hy. 

x^  +  y-  Zax—   5by 

a;2-i/2  7flKC-  2by 

afi  +  xY  21n2a;2-35a&x?/ 

-  xhf  -y*  —  Gahxy  +  1  Oh-y^ 

x*-y*  21aV  -  4labxy  +  lO&Y 
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57.  The  process  in  the  multiplication  of  factors,  one  or 
both  of  which  contains  more  tha-n  two  terms,  is  similar  to  the 
processes  which  we  have  been  describing,  as  may  be  seen  from 
the  following  examples  : 


Multiply 

(1)    ';^-^Q^^'if\i^x-y. 

(2) 

a^  +  Ga  +  9hy  a^-6a  +  9. 

a;2  +  icy  +  ^2 

a"  +  6a  +9 

x-y 

a^-6a  +9 

a^  +  x^y  +  xy^ 

a*  +  6a3  +  9a2 

-x^y-xf-'^ 

-6a3-36a2-54a 

yS  _  y3 

+  9a"   +  54a +81 

a«-18a2  +  81 
(3)    Mul  tiply  3x2  ^^xy-y^  by  Zx-  -  4x1/  +  y\ 
3a;2+   4x1/    -   y"^ 

9x*+12x3i/-   3x2j/2 

-  12x^1/  -  1 6x2^/2  +  4xj/3 

+     3x2^/2 +  4xi/3- 7/* 

9a5*  -  16x2?/2  +   Sx%f  -y* 

(4)    Td  find  the  continued  product  of  x  +  3,  x  +  4,  and 
x  +  6. 

To  effect  this  we  must  multiply  x  +  3  by  x  +  4,  and  then 
multiply  the  rej^ult  by  x  +  6. 
x+3 
x+   4 


X2  + 

+ 

ox 

4X+12 

x  + 

7x  +12 
6 

+ 

7x2  +  12x 

6x2  +  42x  +  72 

x3  +  13x2  +  54x  +  72 

Note.  The  numbers  13  and  54  are  called  the  coefficients  of 
x2  and  X  in  the  expression  x^4l3x2  +  54x  +  72,  in  accordance 
with  Art.  44. 
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(5)  Find  the  continued  product  of  a;  +  a,  a-  +  &,  and  x  +  & 
a;  +  a 
x  +  6 


a^  +  aa;  +  6a;  +  oft 

Qj^  +  ax-  +  6x^  +  ahx 
+  ca;2  +  acx  +  6c«  +  a5c 


a;^  +  (a  +  6  +  c)a;2  +  (a?>  +  ac  +  6c)x  +  dbc 

Note.     The  coefficients  of  x"^  and  a;  in  the  expression  just 
obtained  are  a  f  ?)  +  c  and  ah  +  aG  +  be  respectively. 

When  a  coeflicient  is  expressed  in  letters,  as  in  this  example, 
it  is  called  a  literal  coefficient. 

Ex  AM  PLES. — viii. 
Multiply 

I.  a; +  3  by  a; +  9.  2.  a;  +  15bya;  — 7.  3.  a;  — 12  by  a;  + 10. 
4.  »-8bya;-7.  5.  «-3bya-5.  6.  y-6hy  y  +  l'S. 
7.  x^  —  4'bj  x^  +  5.  8.  x'-^  — 6a;  +  9  by  a;2  — 6a;  +  5. 

9.  a;2  +  5x-3bya;2-5x-3.        10.  a^-3a  +  2hy  a^-3a^  +  2. 
II.  x2_a;  +  i  by  a;2^j;_l^  j 2.  x^  +  xy  +  ij^  hy  X' —  xi/ +  y\ 

13.  x^  +  xy  +  y^hy  X  —  y.  14.  a-  —  x^  by  «*  +  a-x-  +  x*. 

15.  x^-3x'^  +  3x-l  by  x2  +  3x  +  l. 

16.  x^  +  3x2?/  ^  9a.y2  +  27y^  by  x  -  3i/. 

17.  a^  +  2arb  +  Aa¥  +  S¥  by  «  -  26. 

1 8.  8ft3  +  4rt26  +  2«62  +  53  by  2a  _  6. 

19.  a3  -  2«26  +  3a62  +  463  by  a^  -  2ah  -  3&*. 

20.  a^  +  3a26  -  2a62  +  36^  by'  a"  +  2ab  -  362. 

21.  o^  —  2ax  +  4x2  by  a^  -1-  2rtx  +  4x2. 

22.  9^2  +  Zax  +  x2  by  9a2  —  3ax  +  x2. 

23.  X*  -  2ftx2  +  4a2  by  x*  +  2ax2  +  4^2,     * 

24.  a^  +  h"  +  c'  —  ah  —  ac  —  hchya  +  b  +  c. 

25.  x2  +  4xy  +  5?/2  by  x^  -  3x^y  —  2xy-  +  3t/^. 

26.  ah  +  cd  +  ac  +  bd  by  «6  +  cd  -  ac  -  6(?. 

Find  the  continued  product  of  the  following  expression  : 
27.     x-a,  x  +  a,  x2  +  a2,  x^  +  a^.  28.     x-«,  x  +  6,  x-c. 
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29.  1  -  (T,  1  +  as,  1  +  V?,  1  +  a;*. 

30.  x  —  yjX  +  yjX^  —  xy  +  y^jX^  +  xy  +  y^. 

31.  a  — a;,  a  +  a;,  o^  +  a;'^,  a^  +  x*,  a^  +  x^ 

Find  the  coefficient  of  x  in  the  following  expansions  : 
32.    '(,x-5)(a;-6)(a;+7).  33.  (a;  +  8)  (a;  +  3)  (a;  -  2). 

34.     (a; -2)  (a; -3)  (a; -+4).  35.  (a;  -  a)  (a:  -  6)  (a; -  c). 

36.  (x2  +  3x-2)(a;2-3a;  +  2)(x*-5). 

37.  (a;2-a;  +  l)(x2  +  x-l)(a;*-x2  +  i). 

38.  (x"  —  tnx  + 1)  (x-  —  ???x  —  1)  (x*  —  mrx  —  1). 

58.  Onr  proof  of  the  Rule  of  Signs  in  Art.  55  is  founded 
on  the  supposition  that  a  is  greater  than  &  and  c  is  greater 
than  d. 

To  include  cases  in  which  the  mnltiplier  is  an  isolated  nega- 
tive quantity  we  must  extend  our  definition  of  Multiplication. 
For  the  definition  given  in  Art.  36  does  not  cover  this  case, 
since  we  cannot  say  that  c  shall  be  taken  —d  times. 

We  give  then  the  following  definition.  "  The  operation  of 
Multiplication  is  such  that  the  product  of  the  factors  a  —  h  and 
c  —  d  vjill  he  equivalent  to  ac  —  ad  —  hc  +  hd,  whatever  may  be  the 
values  of  a,  b,  c,  d." 

Now  since 

(a  —  5)  (c  —  c?)  =  ac  —  ad  —  hc  +  bd, 
make  «  =  0  and  rf=0. 

Then         (0-i!>)(c-0)  =  Oxc-OxO-?>(;  +  6xO, 

or  —7)  X  c=  —he. 
Similarly  it  may  he  shewn  that 

-hx  -d=  +bd. 


Examples.— ix. 

Multiply 
J.  a- by  —b.  2.  a- by  —a".  3.  aV)hj  -db\ 

4.   -4(Z-6by -SffS".     5.  5x^2/ by  - Gx?/-.     6.  a^-ah  +  h'^hy  —a. 
7.  3a3  -1-  Affi  -  5a  by  -  2ft-.         8.     -  a^  -  «-  -  a  by  -a—  1. 
9.     Zr?y  —  5x?/-  +  \y"  by  —  2x  —  ?,y. 

10.  —  5m-  —  6mji  +  7?i-  by  —  vi  +  n. 

11.  13r2-l7r-45by  -r-3. 

1 2.  7x' - 8x2z - 9z2  by  -x-z. 

13.  —  x^  +  y^y  —  x?y"  by  —y  —  x. 

14.  —y^  —  xy-  —  x-y  -  x^  by  —  x  —  y. 


III.   INVOLUTION. 

59.  To  this  part  of  Algebra  belongs  the  process  called 
Involution.  This  is  the  operation  of  multiplying  a  quan- 
tity by  itself  any  number  of  times. 

The  power  to  which  the  quantity  is  raised  is  expressed  by 
the  number  of  times  tlie  ([uantity  has  been  employed  as  a 
factor  in  the  operation. 

Thus,  as  has  been  already  stated  in  Art.  45, 
a^  is  called  the  second  power  of  a, 
a?  is  called  the  third  power  of  a. 

60.  When  we  have  to  raise  negative  quantities  to  certain 
powers  we  symbolize  the  operation  by  putting  the  quantity  in 
a  bracket  with  the  letter  denoting  the  index  (Art.  45)  placed 
over  the  bracket  on  the  right  hand. 

Thus        (  -  of  denotes  the  third  power  of  —  a, 
(  — 2x)*  denotes  the  fourth  power  of  —  2x. 

61.  The  signs  of  all  even  powers  of  a  negative  quantity 
will  be  positive,  and  the  signs   of  the  odd  j)owers  will  be 

negative. 

Thus  (-a)2  =  (-a)x(-a)  =  a2, 

(  _  a)3=(  -  a).(  -  a)  (  -  a)  =  dK{-  a)=  -  a\ 

62.  To  raise  a  simple  quantity  to  any  power  we  multiply 
the  index  of  the  quantity  by  the  number  denoting  the  power 
to  which  it  is  to  be  raised,  and  prefix  the  proper  sign. 

Thus  the  square  of  a^  is  a^, 

tlie  cube  of  a^  is  a^, 
the  cube  of  -  xhjz^  is  -  x^y^ 
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63.     We  form  the  second,  third  and  fourth  powers  of  a  +  6 
iu  the  fullowiug  manner  : 

ft +  6 


«2  +  (fh 

(a  +  6)2=«2  +  2ft6  +  62 
a  +b 


a^  +  2a%  +  ab'^ 
+  a%  +  2ab'^  +  lfi 

{a  +  bf = a^  +  Sa%  +  3a¥  +  b^ 
a  +b 

a*  +  da%  +  3aW  +  ab^ 
+   a%  +  Sa-b"  +  3a¥  +  b* 

(a  +  by =cMAa^b  +  6am  +  4a^^\ 
Here  observe  the  following  laws  : 

I.  The  indices  of  a  decrease  by  unity  in  each  term. 
II.  The  indices  of  b  increase  by  unity  in  each  term. 
III.  The  numerical  coefficient  of  the  second  term  is  always 
the  same  as  the  index  of  the  power  to  which  the 
binomial  is  raised. 

64.    We  form  the  second,  third  and  fourth  powers  of  a  -  & 
in  the  following  manner : 


(a-6)2=^2_2a6  +  62 
a  -b 


a^-2a%  +  ab^ 

-  ft25  +  2a62_63 

(a  -  6)3=a3-3ft26  +  3a62-63 
a  -b 

a'^-Sa%  +  2a^b'^-a¥ 

-  a%  +  -3aW--3a¥  +  h*' 

(a  -  by  =  a*  -  4ft36T6a26^  -  4a¥  +  b*. 
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Now  observe  that  the  powers  oia-h  do  not  differ  from  the 
powers  of  a  +  6  except  that  the  terms,  in  which  the  oM  powera 
of  6,  as  6^,  W,  occur  have  the  sign  -  prefixed. 

Hence  if  any  power  of  a +  5  he  (jivan  we  can  write  the 
corresponding  power  of  a-h  :  thus 

since        (a  +  bf  =  a^  +  ba'^b  +  10a%'^  +  lOaW  +  bab*  +  6^, 
(a-  hf  =  ftS  _  ba^h  +  lOftSft^  _  10^253  +  5^54  _  55. 

65.  Since  (a-\-hY  =  a?  +  lr-\-2ah  and  {a-b)"  =  a^  +  li'--'2ah, 
it  appears  that  the  square  of  a  binomial  is  formed  by  the 
following  process  :  * 

"Tq  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  the  terms." 

Thus  {x  +  yf^x^  +  y^  +  'ixy, 

(a;  +  3)2=x2  +  9  +  6x, 

(a;-5)2  =  x2  +  25-10a;, 

(2a;  -  7i/)2  =  4x2  +  492^2  _  28a5y. 

66.  To  form  the  square  of  a  trinomial : 

a  +  6  +  c 
a  +  b-¥G 


a?+ab  +  ac 
+  ab  +  b^+bc 

o2  +  2ab  +  b^  +  2ac  +  2bc  +  c\ 

Arranging  this  result  thus  a?  +  WJrc'^  +  2ab  +  2ac  +  2hc,  we  see 
that  it  is  composed  of  two  sets  of  quantities  : 

I.  The  squares  of  the  quantities  a,  b,  c. 
II.  The  double  products  of  a,  b,  c  taken  two  and  two. 
Now,  if  we  form  the  square  of  a  -  6  -  c,  we  get 
a~b-c 
a-b-c 

a^-ab-  ac 

-ab  +  b'^  +  bc 

-ac  +  lc  +  c^ 


a2  -  2ab +¥-2ac  +  2bc  +  c\ 
The  law  of  formation  is  the  same  as  before,  for  we  have 
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I.  The  squares  of  the  quantities. 

II.  The  double  products  of  a,-i,-c  taken  two  by  two : 
the  sign  of  each  result  being  +  or  - ,  according  as 
the  signs  of  the  algebraical  quantities  composing  it 
are  like  or  unlike. 

67.  The  same  law  holds  good  for  expressions  containing 
more  than  three  terms,  thus 

{a  +  b  +  c  +  df  =  a^  +  b-  +  c^  +  cP 

+  2ab  +  2ac  +  2ad  +  2bc  +  2bd  +  2cd, 
{a-b  +  c-dy=a'^  +  ¥  +  c'  +  d:^ 

-  2ab  +  2ac  -  2ad  -  2bc  +  2bd  -  2cd. 

And  generally,  the  square  of  an  expression  containing  2,  3, 
4  or  more  terms  will  be  formed  by  the  following  process  : 

"  To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  each  term  into  each  of  the  terms  that  follow  it." 

EXAMPLES.— X. 

Form  the  square  of  each  of  the  following  expressions  : 
I.  x  +  a.         2.  x-a.        ^.  x  +  2.       4.  x-3.  5.  x'^  +  y^. 

6.  x^~if.      7.  a?  +  b\     8.  a?-¥.      9.  x  +  i/  +  ^'.     10.  x-y-^z. 

\l.  m  +  n-'p-r.         i2.x-  +  2x-3.  13.  a;--6^  +  7. 

14.  2x^-lx  +  'd.  15.  x^  +  y'-z^.  16.  x^-ixhf  +  y^. 

17.  a?  +  b^  +  c\  18.  x^-y^-z^.  19.  x  +  2y-3z. 

20.  x^-2y"  +  5z^. 

Expand  the  following  expressions  : 
21.  (x  +  af.       22.  {x-af.        23.  (x  +  iy.         24.  (x-Vf. 
25.  (a; +  2)3.       26.  {a^-b'^f.      27.  (a  +  b  +  cf.     2S.  (a -b-cf. 
29.  (m  +  7t)-.(m  -  ?i)-.  30.  (m  +  ii)-.(m-  — «"^). 

68.  An  algebraical  product  is  said  to  be  of  2,  3 dimen- 
sions, Avhen  the  sum  of  the  indices  of  the  quantities  composing 
the  product  is  2,  3 

Thi;s  ab  is  an  expression  of  2  dimensions, 

a^b'^c  is  an  expression  of  5  dimensions. 
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69.  An  iilgebraical  expresaion  is  called  homogeneous  when 
eacji  of  its  terms  is  of  the  same  dimensions. 

Thus  x^  +  xy  +  if  is  homogeneous,  for  each  term  is  of  2  dimen- 
sions. 

Also  Zx^  +  4:X^y  +  5^/'  is  homogeneous,  for  each  term  is  of  3 
dimensions,  the  numerical  coefficients  not  affecting  the  dimen- 
sions of  each  term. 

70.  An  expression  is  said  to  be  arranged  according  to 
powers  of  some  letter,  when  the  indices  of  tliat  letter  occur  in 
the  order  of  their  magnitudes,  either  increasing  or  decreasing. 

Thus  the  expression  a^  +  a^aj  +  ^X'  +  a;^  is  arranged  according 
to  descending  powers  of  a,  and  ascending  powers  of  x. 

71.  One  expression  is  said  to  be  of  a  higher  order  than 
another  -when  the  former  contains  a  higher  power  of  some  dis- 
tinguishing letter  than  the  other. 

Thus  a^  +  a^x  +  ax^  +  x^  is  said  to  be  of  a  higher  order  than 
a^  +  ax  +  a?,  with  reference  to  the  index,  of  a. 


IV.    DIVISION. 

72,  Division  is  the  process  by  which,  when  a  product  is 
given  and  we  know  one  of  the  factors,  the  other  factor  is  deter- 
mined. 

The  product  is,  with  reference  to  this  process,  called  the 
Dividend. 

The  given  factor  is  called  the  Divisor. 

The  factor  which  has  to  be  found  is  called  the  Quotient. 

73.  The  operation  of  Division  is  denoted  by  the  sign  -^. 
Thns  ah-r-a  signifies  that  ab  is  to  be  divided  by  a. 

The  same  operation   is  denoted  by  writing  the   dividend 

over  the  divisor  with  a  line  drawn  between  them,  thus—. 

In  this  chapter  we  shall  treat  only  of  cases  in  which  the 
dividend  contains  the  divisor  an  exact  number  of  times. 

[S.A.]  0 
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Case  T. 
74.  When  the  dividend  and  divisor  are  each  inchided  in 
a  single  term,  we  can  usually  tell  by  inspection  the  factors  of 
which  each  is  composed.  The  quotient  will  in  this  case  be 
represented  by  the  factors  which  remain  in  the  dividend,  when 
those  factors  which  are  common  to  the  dividend  and  the  di- 
visor have  been  removed  from  the  dividend. 


Thus 


ah 
b 

--a, 

a  ~ 

a          ' 

a^_ 

aaaaa 

=  ff,2 

Thus,  when  one  power  of  a  number  is  divided  by  a  smaller 
power  of  the  same  number,  the  quotient  is  that  power  of  the 
number  whose  index  is  the  difference  between  the  indices  of  the 
dividend  and  the  divisor. 

Thus  ^'=ai^5^a^ 

a° 

15a%^     -  „, 
Sao 

75.  The  quotient  is  unity  when  the  dividend  and  the 
divisor  are  equal. 

Thus  -=1;         --m=l 

a  x-y 

and  this  will  hold  true  when  the  dividend  and  the  divisor  are 
compound  quantities. 

Thus  — rT-=  1 ;         ~ •'     ^' 

a  +  b  x--y 


EXAMPLES.— Xi. 
Divide 
I.  a;6  by  a^.  2.  x^°  by  x"^.  3.  xY  by  xy. 

4.  a^yh^  hy  xy-z.         5.  24:al^c  hy  4ab.        6.  '72a-b-c^hy9a-b-c. 
7.  25GaWc^  by  16akl  8.  ISSlm^^n^Y"  by  llm^/iy. 

9,  eOa^x'^y^  by  5xy.  10.  dea'^bh^  by  12bc. 
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Case  II. 

76.  If  the  divisor  be  a  single  teiiii,  while  the  dividend 
contains  two  or  more  terms,  the  quotient  will  be  foiuid  by 
dividing  each  term  of  the  djvidend  separately  by  the  divisor 
and  connecting  the  results  with  their  proper  signs. 

Thus  =  a  +  &, 

X 

a?oi?  +  a?x^  +  ax      „  „  ,        ,, 

=  a'x''  +  rtaj  + 1, 

ax 

,ljxY-H6xy-8.^^^3^         ^     ^g^ 

Axif  -^         •' 

Examples.— xii. 

Divide 

1.  x^  +  2x^  4- a;  by  a;.  4.  mpx'^  +  m^p^x^  +  im?p^  by  mp. 

2.  y^  - 1/*  +  if  -  if-  by  y^.  5 .  liiii^xij  -  iM'^x-  +  Aa^x^  by  4:a\. 

3.  8ft2  +  16rt-5  +  24a&2by8a.    6.  72ry  -  36a;y  -  ISicy  by  9j;%. 

7.  Slirfin^  -  54m'''n^  +  27mhi^p  by  ZmV. 

8.  12xY  -  Sx^i/^  -  Axh/  by  4a;^. 

.9.  169a«&  -  Il7a362  +  Q\a%  by  ISa^. 
10.  361&°c=' +  2286V -133&3c5  by  igft^c, 

77.  Admitting  the  possibility  of  the  independent  existence 
of  a  term  aftected  with  the  sign  - ,  we  can  extend  the  Exam- 
ples in  Arts.  74 — 76,  by  taking  the  first  term  of  the  dividend 
or  the  divisor,  or  both,  negative.  In  such  cases  we  apply  the 
Rule  of  Signs  in  Multiplication  to  form  a  Rule  of  Signs  in 

Division. 

—  ah 
Thus  since  —  ft  x  6=  -ah,  we  conclude  that  — y— -=  —a, 

,           ,  -ah 
ax  -o=—ao,   ; 


-b 

—  ax-h  =  ah,       — ^  = 


and  hence  the  rules 

I.  When  th"e  dividend  and  the  divisor  have  the  same 

sign  the  quotient  is  positive. 
II.  When   the  dividend  and   the   divisor  have  different 
signs  the  quotient  is  negative. 
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78.     The  following  Exauijjles  illustrutL'  tin;  conclusious  just 
obtained  : 

(1)    ----alx.  (3)    --3^  =  9x,/. 

^^>        4a5a;^   --3«&-x--  (4)    — ^-  =  -a  +  5. 

(5)       ^-T = -b-'  +  alr~a%  +  a\ 

(6) ^4^y'/ =  3a;y  -  4xy  +  2. 


Examples.— xiii. 

Di\nde 


12ah  by  -  9ab.  6.  -  a^ic^  -  aV  -  «x  by  -  ax. 

-  60a8  by  -  Aa?.  7.  -  34a3  +  51a2  _  1  ^ax"  by  1 7a. 

3.    -  84a; Y  by  4a:5^3.  8.  -8a362_ 34^5^,3 +  32tt7j8i,,^._4„3^_ 

- 18771^7*2  by  3m7i.  9.  -  144a;3  +  lOSx^j/  -  96a;?/"  by  12x. 

5.   -  128rt^6-c  by  -  8tc.  10.  J^^s^s  _  55^724  _  i^^^^  j^y  _  52^2, 

Case  III. 

79.  The  third  case  of  the  o]ieration  of  Division  is  that  in 
which  the  divisor  and  the  dividend  contain  more  terms  than 
one.     The  operation  is  conducted  in  the  following  way  : 

Arrange  the  divnsor  and  dividend  according  to  tlie 
powers  of  some  one  symbol,  and  2>lace  them  in  the 
same  line  as  in  the  process  of  Long  Division  in 
Arithmetic. 

Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor. 

Set  do^\^l  the  result  as  the  first  term  of  the  quotient. 

Multiply  all  the  terms  of  the  divisor  liy  the  first  term 

of  the  quotient. 
Subtract  the  resulting  product  from  the  dividend.     If 

there  be  a  remainder,  consider  it  as  a  mw  dividend, 

and  proceed  as  before. 
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The  process  will  best  be  understood  by  a  careful  study  oi 
the  following  Examples : 

(1)  Divide  a^  +  %ah  +  &2  by  a  +  &.     (2)  Divide  a?  -  2ah  +  b'^  by  a-b. 
a  +  b)a'^  +  2ah  +  b'^{^a  +  b  a~b)  a^  -2ab  +  h-  {^a-b 

a^  +  ab  a?-ah 

ah  +  ¥  -ab  +  V^ 

(3)    Divide  x"  -  y"  by  x^  —  y". 

a;2  -  2/2;  a;6  -  i/%xi  +  xY  +  7/* 

xhj^  -  IJ^ 
xhf  -  if 
.  (4)     Divide  x«-4tiV  +  4a4x2-f6«  by  x2_a2. 
x2  _  a-)  x«  -  4a2x4  +  4a*x2  -  ««  (x^  -  3aV  +  «* 

-3a%*  +  4aV-a« 
-3aV  +  3a''x2 


a*x-  -  a" 
a*x2  _  (j6 

(5)     Divide  3x2/  + x^  +  1/^- 1  by  y  +  x- 1. 
Arranging   the   divisor   and   dividend    by   descending   ■poicers 
of  X, 

x-^y-\)y?  +  Zxy  +  y^-l{x^-xy  +  x-]ry'^  +  y  +  \ 
a^  +  x-y-x^ 

-xhj  +  x^+^xy  +  y^-l 

-xhj-xy^  +  xy 


x^  +  xy^  +  2xy+  y^-l 
x'^  +  xy-x 


xy"^  +  xy  +  x  +  y^  —  \ 

Xy2  +  y3-y2      ^ 

xy  +  x  +  y^-1 
xy  +  y^-y 

x  +  y-1 
x+y-l 
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80.  We  must  now  direct  the  attention  of  the  student  to 
two  jjoints  of  great  importance  in  Division. 

I.  The  dividend  and  divisor  must  be  arranged  accord- 
ing to  the  order  of  the  powers  of  one  of  the  symbols 
involved  in  them.  This  oi-der  may  be  ascending  or 
descending.  In  the  Examples  given  above  we  have 
taken  the  descending  order,  and  in  the  Examples 
worked  out  in  the  next  Article  we  shall  take  an 
ascending  order  of  arrangement. 
II.  In  each  remainder  the  terms  must  be  arranged  in 
the  same  order,  ascending  or  descending,  as  that  in 
which  the  dividend  is  arranged  at  first. 

81.  To  divide     (1)     1 -x*  hy  x^  +  x^  +  x  +  l, 

arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 

thus  : 

l  +  x  +  x^  +  x^)l-x'^{^l-x 

1+x  +  x^  +  x^ 


-x-x^-x^-x^ 


""  lo  ~~  Co     "^  *C  JO 

(2)    48;b2  +  6  -  35a;5  +  58x*  -  70x^  -  23x  by  Cxc^  -  5x  +  2  -  7a^, 
arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 
thus  : 

2-bx  +  6x2  _  7a;3^  q  _  23.«  +  48a;2  -  lOx^  +  SSx*  -  35x5  (^S-4x  +  5x2 
6-15x+18.t:2-21x^ 

-8x  + 30x2 -49x3  +  58^4 
-8x  +  20x2-24x=»  +  28x* 


10x2  -  25x3 +  30x*- 35x6 
10x2  -  25x3 +  30x*- 35x5 

Examples.— xiv. 

Divide 

1.  x2+15x  +  50by  x+10.  5.  x3+ 13x2  +  54x4- 72  by  x  + 6. 

2.  x2-l7x  +  70  by  X.-7.  6.  x3  +  x2-x- 1  by  x+ 1. 

3.  X24-X-I2  by  x-3.  7.  x3  +  2x2  +  2x  +  l  by  x  +  l. 

4.  x2  +  13x  +  12byx  +  l.     8.  x5-5x3+ 7x2  +  6x  +  lbyx2  +  3x  + 1. 

9.  X*  -  4x3  ^  2x2  +  435  4. 1  by  x2  -  2x  -  1. 
10.  X*  -  4x3  ^  (33;2  _  43;  4. 1  by  x2  -  2x  + 1. 
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i  I.  a;'*  -  x^  +  2x  -  1  by  x'-'  +  a;  -  1.     1 2.  a;*  -  4»'-  +  8x  +  ItJ  by  a;  +  2. 

13.  a;^  +  4x-y  +  3x7/^  +  127/^  by  x  +  4y. 

14.  tt'  ^-  4(«.-^6  +  6a'-^6'-^  +  4ab'''  +  6*  Ijy  a  +  6. 

15.  a^  -  5tt''5  +  lOft^Z)''  -  lOft^fts  +  5a?,4  _  js  by  a  -  6. 

16.  a;*  -  12a;^  +  50a;'-^  -  84:c  +  45  by  x^-6x  +  9, 

17.  a^-  4a*b  +  4a%-  +  4a%^  -  17a¥  -  12¥  by  a^  -  2ah  -  3// 
1 8.'  4a.-a;*  -  12ahi^  +  I3a*x^  -  6a^x  +  u}'  by  2ax^  -  3«'a;  +  a^. 
19.  x*-a;"  +  2a;- 1  by  a;-  +  a;- 1. 

20.  a;*  +  a^x^  -  2a*  by  a;^  +  2(r,        23.  x'^  -  ly''  by  x  - 1/. 

21.  x^  -  13x7/  -  30i/^  by  x  -  157/.     24.  a"  -  6'^  +  26c  -  c^by «  -  6  +  c. 

22.  X'  +  y"'  by  X  +  ?/.  25.6-  36-  +  36^  -  6*  by  6  -  1. 

26.  a^  -  6-  -  c^  +  d-  -  2(rtfZ  -  6c)  by  ft  +  6  -  c  -  d 
27.  x^  +  y^  +  z^-  Zxyz  hj  x  +  y  +  z.        28.  x'^  +  7/'<*  by  a^  +  y^. 

29.  p"^  +p(i  +  2^jr  -  2q^  +  7qr  -  3r-  by  2^-1  +  3?*. 

30.  ftS  +  a%'^  +  a*¥  +  a%^  +  ¥  by  a*  +  a%  4-  a262  +  ^h^  +  ^,4^ 

31.  X*  +  x^(/^  +  x'^i)^  +  x^y^  + 1/^  by  X*  -  x'''?/  +  x^y"^  -  xy^  +  y'^. 
32.  4x^  -  x^  +  4,0  Ijy  2x-  +  3x  4-  2.     33.  a^  -  243  by  a  -  3. 

34.  ^cio  -  Jc  by  P  -  1.  35.  a;3  -  5x2  _  4(5 ,.  _  40  by  x  +  4, 

36.  48x5  -  76ax2  -  64a^x  +  lOoa^  by  2x  -  3a. 

37.  1  Sx*  -  45x5  4-  82x2  _  q'j^.  +  49  by  3x2  _  4x  +  5, 

38.  16x*  -  72(x2a;2  +  81a*  by  2x  -  3a. 

39.  81x*  -  256a*  by  3x  4-  4a.     41.  x^  +  2ax2  -  a^x  -  2rj?  by  x^  -  a\ 

40.  2a3  +  3a'^6  -  2a62  -  363bya2  -  61  42.  a*  -  ^262  -  I26*bya2  +  362. 

43.  X*  ~  9x2  _  g_gy  _  y'l  by  x2  +  3x  +  y. 

44.  X*  -  6x^7/  +  9x2;/2  -  4?/*  by  x2  -  3x7/  +  27/2_ 

45.  X*  -  8l7/*  by  X  -  37/.  47,  81a*  -  166*  by  3a 4- 26. 

46.  a*  -  166*  by  a  -  '26.  48.  16x*  -  SIt/*  r)y  2x  +  3y. 

49.  3a2  +  8a6  4-  462  +  lOac  +  86c  4-  3c2  by  a  +  26  4-  3c. 

50.  a*  4-  4a2x2  +  16x*  by  a2  +  2ax  4-  4x2. 

51.  X*  4- x27/2  +  7/*  by  x2  -  xy  4- 7/2. 

52.  256x*4- 16x27/4-7/*  by  16x2.+ 4x7/ 4- 7/2. 

53.  X^'  +  X*7/  -  x5?/2  +  X^  -  2x1/2  +  7/5  by  X5  +  X  -  ^. 
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54.  «rc3  +  3a%2  _  2a3a;  _  2^*  by  x  -  a.  55.  a?-  ^-  by  a;  +  a. 

56.  2a;2  4-  xy  -  ^jf  -  Ayz  -xz-??  by  2a;  +  3i/  +  ». 

57.  9a;  +  3a;*  +  14a;3  +  2  by  l  +  5a;  +  X".. 

58.  12  -  38;<;  +  82£c2  _  ii2x5  +  106x*  -  TOx^  by  Yx'^  -  hx  +  3.    . 

59.  x'^  + 1/5  by  X*  -  x%  4-  xV  -  *y^  +  ?/*• 

60.  (ft V  +  &2t/2^  -  {cC^W-  +  r(;2?/2)  by  ax  +  6?/  +  a&  +  xxj. 

61.  rt6  (x^  +  if)  +  x)/(a2  +  62)  by  ax  +  6j/. 

62.  X*  +  (262  -  a2)x3  +  6*  by  x^  +  «x  +  61 

82.     The  process  may  in  some  cases  be  sliortened  by  the  use 
of  brackets,  as  in  the  following  Example. 
X  +  6^  x^  +  (a  +  6  +  c)  x^  +  (a6  +  ac  +  6c)  x  +  ahc  (;i;"  ^  {a  ■\- c)  x -^  ac 
y?  +  hy? 

(a  +  c)  ■^  +  («6  +  ac  +  he)  X 
(a  +  c)  x^  +  (a6  +  6c)  x 

acx  +  a6c 

acx  +  a6c 

X  -  1^  x^  -  mx*  +  iix^  -  Jix'^  +  mx  -  1  (x*  -  {m  -  1)  x' 

x^  -  X''  -  {in  -  «  -  1)  x^  -  (in  - 1)  x  + 1. 


-  {in  -  1)  X*  +  nx^ 
-(m-  1)  x*  +  (m-  1)  X? 

- (m -11 -\)  x" - nx^ 

-  (m -^i  -  1)  x^  +  (m  -  71  -  1)  x^ 

-  (m  - 1)  x^  +  ?nx 

-(m-1)  x'+(m-l)a5 
___  __ 

x-l 

Examples. — xv. 

Divide 

1.  X*  -  (a*  -  6  -  c)  x'''  -  (6  -  c)  fflx  +  6c  by  x^  -  ax  +  c. 

2.  if-{l  +  m  +  n)y'^-\-(],m-T-ln  +  mn)y-lmn  hy  y-n. 

3.  x^  -  (m  -  c)  X*  +  (?i  -  cm  +  (Z)  x^  + 

(r  +  c?i  -  dm)  x^  +  (cr  +  dn)  x  +  dr  by  x^  -  mx^  +  nx  +  r. 

4.  xH(5+.a)x3-(4-5a  +  6)x2-(4a  +  56)x  +  46by  x2  +  5x-4. 

5.  x^-(a  +  6  +  c  +  (Z)  x3  +  (a6-tac  +  «(Z  +  6c  +  6(Z  +  c(Z)  x^ 

-  (a6c  +  a6cl -L  acd  +  6cci)  x  +  a6ccZ  by  x^-(a  +  c)x  +  ac. 
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83.     The   following   Examples    in    Division  are  of   great 
importance. 


Divisor. 

Dividend. 

Quotient. 

tc  +  y 

x^-y^ 

x-y 

x-y 

x^-'y^ 

x  +  y 

x+y 

x^  +  y^ 

x^-xy  +  y^ 

x-y 

x^-y^ 

x^  +  xy  +  y^ 

84.  Again,  if  we  arrange  two  series  of  binomials  consisting 
respectively  of  the  sum  and  the  difference  of  ascending  powers 
of  X  and  y,  thus 

x  +  y,  x^  +  y%  x^  +  y^,  x*  +  y\  3ifi  +  y^,  cc"  +  ?/•',  and  so  on, 
x  —  y,x^-  y^,  x^  -  y^,  x*  —  ?/*,  x^  —  y^,  x^  -  y^,  and  so  on, 

x  +  y  will  divide  the  odd  terms  in  the  upper  line, 
and  the  even in  the  lower 

x-y  will  divide  all  the  terms  in  the  lower, 
but  none in  the  upper. 

Or  we  may  put  it  thus  : 

If  n  stand  for  any  whole  number, 

x"  +  2/"  is  divisible  hy  x  +  y  when  n  is  odd, 
hy  x-y  never  ; 

cc"  -  i/"  is  divisible  hy  x  +  y  when  n  is  even, 
hy  x-y  always. 

Also,  it  is  to  be  observed  that  Avhen  the  divisor  is  a;- j'  all 
tlie  terms  of  the  quotient  are  'positive,  and  when  the  divisor  is 
x  +  y,  the  terms  of  the  quotient  are  alternately  positive  and 
negative. 

Thus  — — ^  ~a?  +  x"y  +  xy^  -  %f, 

~ =x^-  x^y  +  xhf'  -  o?y^  +  xhj*  -  xy^  +  y^, 

x  +  y 

— =ot^-x'h/  +  x^y^  -  xhf  +  xi/  -  y^. 
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85.  These  properties  may  be  easily  remembered  by  taking 
the  four  simplest  cases,  thus,  x-Vy,  x-y,  x^  +  y^,  x^-y^,  of 
which 

the  iii'st  is  divisible  hy  x  +  y, 

second  x-y, 

third neither, 

fourth both. 

Again,  since  these  properties  are  true  for  all  values  of  x  and 
y,  suppose  y=l,  then  we  shall  have 

x+1  x-1  ' 

—~r-=x^-x  +  l,  -=x'  +  :c  +  L 

x+l  x-1 

Also 

ar^  +  1       .       ,      o 

=-  =  X*  -  a;'*  +  a;-  -  a;  + 1, 

x+ 1  ' 

i-  =  x^  +  x^  +  x^  +  x^  +  x+l. 

x-1 


Examples. — xvi. 

Without  going  through  the  process  of  Division  write  down 
the  quotients  in  the  following  cases  : 

1.  When   the   divisor    is    m  +  n,   and  the  dividends  are 
respectively 

m.^  -  n^,  m^  +  n^,  iiv'  +  n^,  m^  -  if',  m^  +  n^. 

2.  When   the   divisor    is    m-n,   and   the   dividends    are 
respectively 

«r  -  »2,  m^  -  n^,  m*  -  n*,  m'^  -  it",  7)i^  -  n'^. 

3.  When    the    divisor    is   a+l,   and    the    dividends   are 
respectively 

0.2 -I,  a^+  1,  a^  +  1,  ci'  +  1,  a^ -  1. 

4.  When   the    divisor    is   y-1,   and    the    dividends   are 
respectively 

y2  _  1^  y3  _  1^  yb  _  1^  yT  _  1^  ,^9  _  1, 


Y.    ON    THE    RESOLUTION    OF    EXPRES- 
SIONS   INTO    FACTORS. 

8G.  We  shall  discuss  in  this  Chapter  an  operation  which 
is  the  opposite  of  that  which  we  call  Multiplication.  In  Mul- 
tiplication we  determine  the  product  of  two  given  factors  :  in 
the  operation  of  which  we  have  now  to  treat  the  product  is 
given  and  the  factors  have  to  be  found. 

87.  For  the  resolution,  as  it  is  called,  of  a  product  into  its 
component  factors  no  rule  can  be  given  which  shall  be  applic- 
able to  all  cases,  but  it  is  not  difficult  to  explain  the  process 
in  certain  simple  cases.     We  shall  take  these  cases  separately. 

So.  Case  I.  The  simplest  case  for  resolution  is  that  in 
which  all  the  terms  of  an  expression  have  one  common  factor. 
This  factor  can  be  seen  by  inspection  in  most  cases,  and  there- 
foie  the  other  factor  may  be  at  once  determined. 

Thus  rt^  +  ab=a(a  +  b), 

2^3  +  4ft2  +  8a  =  2a  (ft2  +  2a  +  4), 
9x^y  -  ISx^y^  +  54xy  =  9xy  (x^  -  2xy  +  6). 


Examples. — xvii. 

Resolve  into  factors : 

1 .  5x^  -  15a;.  5.x*-  ax^  +  bx^  +  ex. 

2.  Zx^  +  lSx^-Qx.  6.     3a;5)/3-21xV  +  27xy. 

3.  49y2-14i/4-7.  7.     bAa%^+ima%^-2AZa^W. 

4.  Axhj-Uxhf  +  SxyK  8.     45rcY0  -  90a;y  -  36(ky. 
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89.  Case  II.  The  next  case  in  point  of  simplicity  is  tlmt 
in  which  four  terms  can  be  so  arranged,  that  the  first  two  luive 
a  coniiiiou  factor  and  the  last  two  have  a  common  factor. 

Thus 

=x  (a;  +  a)4-6  (a;  +  a) 
=  (a;  +  6)(x  +  a). 
Again 

ac  -  ad  -bc  +  M={aG  -  ad)  -  {be  -  lil) 
=a{c-d)-b(G-d) 
=  {a-b)  (c-d). 

EXAMPLES. — ^xviii. 

Resolve  into  factors  : 

1.  x^-ax-bx  +  ab.  5.     abx"-axy  +  bxy-if. 

2.  ab  +  ax-bx-  x^.  6.     abx  -  ahy  +  cdx  -  cdy. 

3.  be  +  by  -cy  -  y-,  7.     cd/x^  +  dmxy  -  cnxy  -  mmj^. 

4.  bm  +  mn  +  ab-^-an,  8.     abcx-bMx-acdy  +  bdhj. 

90.  Before  reading  the  Articles  that  follow  the  student  is 
advised  to  turn  Laclc  to  Art.  56,  and  to  observe  the  manner  in 
which  the  operation  of  multijilying  a  binomial  by  a  binomial 
produces  a  trinoviial  in  the  Examples  there  given.  He  will 
then  be  prepared  to  expect  that  in  certain  cases  a  trinomial 
can  be  resolved  into  two  binomial  factors,  examples  of  which  we 
shall  now  give. 

91.  Case   III.     To  find  the  factors  of 

a;2  +  7x  +  12. 
Our  object  is  to  find  two  numbers  whose  product  is  12, 

and  whose  sum  is    7. 
These  wiU  evidently  be  4  and  3, 

:.  x^  +  7x  +  l2  =  (x  +  4)(x  +  '3). 

Again,  to  find  the  factors  of 

x^  +  5bx  +  e¥.' 
Our  object  is  to  find  two  numbers  wliose  product  is  66^ 

and  whose  sum  is  56. 
These  will  clearly  be  36  and  26, 

.-.  a;2  +  56^-  +  66^  =  (x  +  35)  (.<;  +  26). 
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Examples.— xix. 

Eesolve  into  factors : 

1.  x^  +  Wx  +  ZO.  9.  f^  +  lSiny  +  ASn^. 

2.  x^+V:x  +  (5(^.  10.  rj2^29j).-H-1002;2. 

3.  i/+13!/  +  12.  II.  x^  +  bx--\-Q. 

4.  if  +  2\y  +  \l0.  12.  rc''  +  4a;3  +  3. 

5.  i)i2  +  35m  +  300.  13.  x~if  +  \?>xy  +  22. 

6.  m2  +  23??i+102.  14.  a;y  +  7a;V+12. 

7.  a2^9a6  +  8?;l  15.  mT>  +  10m''+ 16, 

8.  rc2  +  13m,r4-3Gm2.  16.  ?i2^27?i2+ 14032. 

93.     Case   IV.     To  find  the  factors  of 
a;2-9.'c  +  20. 

Our  object  is  to  find  two  negative  terms  ulioso  product  is   20, 

and  whose  sum  is  -  i). 
Tliese  will  clearly  be  -  5  and  -  4, 

.-.  x'  -  9.1;  +  20  =  (.c  -  5)  (a;  -  4). 

Examples.— XX. 

Resolve  into  factors  : 


a;^'-7x+10.  6.  n^-hln^-h^. 

a;2  -  29a;  + 190.  7.  x''-7a;='  + 12. 

2/2-23y  +  132.  8.  a-W' -'iriah^-m. 

2/"  -  30?/  +  200.  9.  ¥c^  -  11  i'-tS  +  30. 

7i2  -  43vi  +  460.  o.  i?fz-  -  Vixyz  +  22. 


92.     Case  V.     To  find  the  factors  of 
a;2  +  5a;  -  84. 
Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  product  is  -  84,  and  whose  sura  is  5. 

These  are  clearly  12  and  -  7, 

.-.  a;2  +  5a;  -  84  =  (a;  +  12)  (a;  -  7\ 
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Examples 

— xxi. 

Eesolve  into  factors : 

I.    a;2+7a;-60. 

6. 

62  +  256-150. 

2.     a;-+12x-45. 

7. 

^  +  3x*  -  4. 

3.     (C--V\\(i-Vi. 

8. 

a;V  +  3a;f/-154 

4.     rt-  +  13«-140. 

9- 

7)iio+15??i''''-  100. 

5.     62+136-300. 

10. 

?i2+l7n-390. 

94.    Case  VI.    To 

find  tlie  factors  of 

Ovir  object  is  to  find  two  terms,  one  positive  and  one  negative, 
wliose  product  is  -  28,  and  whose  sum  is  -  3. 

These  will  clearly  be  4  and  -  7, 

.-.  x2  _  3a;  _  28  =  {x  +  4)  {x  -  7). 

Examples.— xxii. 

Resolve  into  factors  : 


I. 

a;2  -  5a;  -  66. 

6. 

22-15^-100. 

2. 

a;2-7a;-18. 

7- 

a;10  _  9.v;5  _  K). 

3- 

m2  -  9™  -  36. 

8. 

c2d2._24aZ-180. 

4- 

%2_ll7t-60. 

9- 

m%2  _  rf^i^n  -  2. 

5- 

i/-13;/-14 

10. 

/^-5jA/'-84. 

95.  The  results  of  '.he  four  preceding  articles  may  be  thus 
stated   in  general  terms  :   a  trinomial  of  one   of  the   forms 

a;2  +  ax  +  6,  a;2  -  aa;  +  6,  'j?  +  ax-b,  x^-  ax  -  h, 

may  be  resolved  into  two  simple  factors,  when  6  can  be  re- 
solved into  two  factors,  such  that  their  sum,  in  the  first  two 
fonns,  or  their  difference,  in  the  last  two  forms,  is  equal  to  a. 

96.  We  shall  now  giA^e  a  set  of  Miscellaneous  Examples  on 
the  resolution  into  factors  of  exjDressions  which  come  under 
one  or  other  of  the  cases  already  explained. 
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Examples. — xxiii. 

Eesolve  into  factors : 


I. 

a;2-15x  +  36. 

8. 

a;2  +  7n.x  +  nx  +  m??. 

2. 

a;2  +  4a;  -  45. 

9- 

7/«-4i/^  +  3. 

3- 

a262_l6a6-36. 

10. 

x^y  -  ahx  -  cxy  +  ahc. 

4. 

jc^  -  3wia;*  -  lOm^. 

II. 

a;2  +  (a  -  6)  a;  -  a.&. 

5- 

,/  +  2/3_9o. 

12. 

a;2  -  (c  -  d)  X  -  c(Z. 

6. 

x*-a;2-110. 

13- 

«?>^  -bd  +  cd-  ahc. 

7- 

'^  +  3«a;"  +  4a2a.^ 

14. 

4*2- 28x1/ +  48y2. 

97.  We  have  said,  Art.  45,  that  when  a  number  is  multi- 
plied by  itself  the  result  is  called  the  Square  of  the  number, 
and  that  the  figure  2  placed  over  a  number  on  the  right  hand 
indicates  that  the  number  is  multiplied  by  itself. 

Thus        a?'  is  called  the  square  of  a, 
(x  -  yY  is  called  the  square  of  x-y. 

The  Square  Root  of  a  given  number  is  that  number 
whose  square  is  equal  to  the  given  numljer. 

Thus  the  square  root  of  49  is  7,  because  the  square  of  7 
is  49. 

So  also  the  square  root  of  a?  is  a,  because  the  square  of  a  is 
a" :  and  the  square  root  of  (x  - 1/)^  is  x  - 1/,  because  the  square 
of  X  - 1/  is  (x  -  yY. 

The  symbol  ij  placed  before  a  number  denotes  that  the 
square  root  of  that  number  is  to  be  taken  :  tlius  ^^25  is  read 
"  the  square  root  of  25." 

Note.  The  square  root  of  a  positive' quantity  may  be  either 
positive  or  negative.     For 

since  a  multiplied  by  a  gives  as  a  result  a^, 
and  -  a  multiplied  by  -  a  gives  as  a  result  a-, 
it  follows,  from  our  definition  of  a  Square  Eoot,  that  either  a 
or  —  a  may  be  regarded  as  the  square  root  of  a^. 

But  throughout  this  chapter  we  shall  take  only  the  j^ositive 
value  of  the  square  root. 
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98.  We  may  now  take  the  case  of  Trinomials  wliich  are 
perfect  squares,  which  are  really  included  in  the  cases  dis- 
cussed in  Arts.  91,  92,  but  which,  from  the  importance  they 
assume  in  a  later  part  of  our  subject,  demand  a  separate  con- 
sideration. 

99.  Case  VII.     To  find  the  factors  of 

a;2+12x  +  a6. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art. 

91,  we  find  them  to  be  x  +  6  and  a;  4- 6. 

That  is  x2  +  1 2^  +  36  =  (cc  +  Gf. 

Examples. — xxiv. 

Resolve  into  factors  : 

l._  a;2+18a;  +  81.  6.  a*  +  14:<;"  +  49. 

2.  a;2  +  2()x  + 169,  7.  x^  ^- lOxy  +  2by\ 

3.  a;2  +  34a;  +  289.  8.  m*^  16mV  +  64n*. 

4.  y^^%]i+\.  9.  a;''  +  24x'  +  144. 

5.  g2  + 2003 +  10000.  10.  rc-i/2-162a;i/  +  656L 

100.  Case  VIII.     To  find  the  factors  of 

a:- -12a; +  36. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art. 

92,  we  find  them  to  be  a;  -  6  and  a;  -  6. 

That  is,  a;2  -  12«  +  36  ==  (a;  -  6)2. 

Ex  A  MPLES.— XXV. 

Resolve  into  factors  : 
I.  .r--8x+16.  2.  a;2-28a;  +  196.  3.  x^- 36a; +  324. 

4.  2/^-402/  +  400.         5.  s2  _  1002!  +  2500.  6.  a;*  -  22a;- +  121. 

7.  a;2  -  30x?/  +  2257/2.  g.  m*  -  32flr«,2  +  256»*. 

9.  k6_  38x3 +  361. 
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101.  Case  IX.  We,  now  proceed  to  the  most  important 
case  of  Resolution  into  Factors,  namely,  that  in  which  the  ex- 
]ires.sion  to  he  resolved  can  be  put  in  the  I'orm  of  two  squares 
with  a  negative  sign  betioeen  them. 

Since  m"  —  n^= (m  +  n)  (in  —  n), 

Ave  can  express  the  difl'ereuce  between  the  squares  of  two 
quantities  by  the  product  of  two  factors,  determined  by  the 
following  method : 

Take  the  squai'e  root  of  the  first  quantity,  and  the  square 

root  of  the  second  quantity. 
The  sum  of  the  results  will  form  tlie  fust  factor. 
The  difference  of  the  results  will  form  the  second  factor. 

For  example,  let  a^  -  W'  be  the  given  expression. 
The  square  root  of  a^  is  a. 
The  square  root  of  h"  \sh. 
The  sum  of  the  results  is  a  +  6. 
The  difference  of  the  results  is  a  -  6. 

The  factors  will  therefore  be  a  +  h  and  a-h, 
that  is,  a^-¥  =  {a  +  h)  {a  -  h). 

102.  The  same  method  holds  good  with  respect  to  com- 
pound quantities. 

Thus,  let  a^  -{h-  c)^  be  the  given  expression. 
The  square  root  of  the  first  term  is  a. 
The  square  root  of  the  second  term  is  6  -  c. 
The  sum  of  the  results  is  a  +  b-c. 
The  difference  of  the  results  is  a  —  6  +  c. 

.•.  a^ -  (6 -  cy  =  (a  +  b-c)(a-b  +  c). 

Again,  let  {a  -  6)-  -  (c  -  d)"  be  the  given  ex^jression. 
The  square  root  of  the  first  term  is  a-b. 
The  square  root  of  the  second  term  is  c~d. 
The  sum  of  the  results  is  a--b  +  c-d. 
The  difference  of  the  results  is  a-b-c  +  d. 
:.  {a  -  6)-  -  {c  -  dy  =  {a  -  b+  c  -  (I)  {a-b-c  +  d). 

[S.A.]  D 
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103.  The  terms  of  an  expression  may  often  be  arranged 
so  as  to  form  two  sc£uares  Avitli  the  negative  sign  between 
them,  and  then  the  expression  can  be  resolved  into  factors. 

Thus        a2  +  62  _  c-  _  (Z-  +  2c(  &  +  2cfi 

=  a2  +  2a&  +  6''-c"  +  2ci-£Z2 
=  (a2  +  2a&  +  W-)  -  {i?  -  %cA  +  d?) 
=  (a  +  by-{c-dy 
==(a  +  b  +  c  -  d)  {a  +  h  -  c  +  d). 

Ex  AMPLES. — XXVi. 

Resolve  into  two  or  more  factors  : 
I.  x'^-y-.  2.  x^-9.  3.  4a;2-25. 

4.  rt*-a;*.  5.  x^-1.  6.  ro"-!. 

7.  xS-1.  8.  m*-16.  9.  3()7/2-49A 

10.  Slz-y^ -  121a26'-^.    11.  (a-h)'^-  c\  12.  a;^ -  (to - nf. 

13.  (rt  +  6)- -  (c  +  tZ)-.  24.  2a;2/-a:2- 1/^+1. 

14.  (.c  +  i/)--(a;-i/)2.  25.  x2_2vj3_,/-~2^ 

15.  x2-2a;i/  +  7/2_32^  26.  a''-4&2-9c2+l26c. 

16.  (a-5)2-(7?i  +  7i)2.  27.  «^-1662. 

17.  a2-2rtc  +  c2-62-26(?-d2.       28.  l-49c2. 

18.  2?)c  -  52  -  c2  +  «2.  29.  a2  +  52  _  c2  _  f^2  _  2ft5  _  2cd. 

19.  2a;2/  +  a;2  +  y2_22_  ^o.  a^-h^  +  c'^-d?-'iac  +  2ld. 

20.  2m?i-m2-?i,2  +  a2  4-i2_2aJ.   31.  Sa^x-^  -  27rtx, 

21.  («x  +  %)2-l.  32.  «:•&«- cl 

22.  {cix  +  hy)'-{a.c-hyf.  33.  (5x  -  2)2  -  (x  -  4)3. 

23.  l-«2_i2^.2((ft.  '  34.  (7x  +  42/)2-(2x  +  32/)*. 

35.  (753)2 -(247)2. 

104,  Case  X.    Since 

=  a;2  -  arc  +  a"^,    and =  x-  +  ax  +  a^    ( Ai-t.  83). 

x+a  x-a  ^  ' 

we  know  the  following  important  facts  : 
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(1)  The  surii  of  the  cuheii  of  two  miuibers  is  divisible  by 
the  stmi  of  ths  numbers  : 

(2)  The   difference   lietween    the  cubes   of  two   numbers   13 
divisible  by  the  difference  between  the  numbers. 

Hence  we  may  resolve  into  factors  exjiressions  in  the  form 
of  the  sum  or  ditference  of  the  cubes  of  two  numbers. 

Thus  x^  +  27  =  x3  +  33  =  (j,  +  3)  (x-'  -  3a-  +  9) 

1/^  -  64  =  7/3  -  43  =  {y  -  4)  (:>/  +  47/  +  16). 

EXAMPLES. — XXVii. 
Express  in  factors  the  following  expressions  : 
I.  ((•"  +  R  2.  a^-P.  3.  «3-8.  4.  x3  +  343. 

5.  ?y3_io5_  6.  ;t3  +  64?/3.  7.  a3-21(i.         S.Sx^  +  -27if. 

9.  64rt3- 100063.  10.  729,f.3  +  512//3. 

Express  in/oi(?'  factors  each  of  the  following'  expressions  : 
II.  x^-y^.         12.  x'^-l.         13.  (i"-64.         14.  729-t/^. 


105.  Before  we  proceed  to  describe  other  processes  in 
Algebra,  we  shall  give  a  series  of  examples  in  illustration  ot 
the  principles  already  laid  down. 

The  student  will  find  it  of  advantage  to  woik  every  example 
in  the  following  series,  and  to  accustom  himself  to  read  and  to 
explain  with  facility  those  examples,  in  which  illustrations  are 
given  of  wliat  may  be  called  the  short-hand  method  of  expressing 
Arithmetical  calculations  by  the  symbols  of  Algebra. 

EXAMPLES. — xxviii. 

1.  Express  the  sum  of  a  and  h. 

2.  Interpret  the  expression  a-b  +  c. 

3.  How  do  you  express  the  double  of  x  1 

4.  By  how  much  is  a  greater  than  5  ? 

5.  If  X  be  a  whole  number,  what  is  the  number  next 
above  it  ? 

6.  Write  five  numbers  in  order  of  magnitude,  so  that  x 
shall  be  the  third  of  the  five. 


r.r.iTAnio   r>ni  i  coc   nc   cnMpnT!r>^ 
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7.  If  a  be  multiplied  into  zero,  what  is  the  result  % 

8.  If  zero  be  divided  by  x,  Avhat  is  the  result  ? 

9.  What  is  the  sum  of  «  +  a  +  «  . . .  written  d  times  1 

10.  If  the  product  be  ac  and  the  multiplier  a,  what  is  the 
multiplicand  ? 

1 1.  What  number  taken  from  x  gives  y  as  a  remainder  ? 

12.  ^  is  a;  years  old,  and  B  isy  years  old  ;  how  old  was  A 
when  B  was  born  ? 

13.  A  man  works  every  day  on  week-days  for  x  weeks  in 
the  year,  and  during  the  remaining  weeks  in  the  year  he  does 
not  work  at  all.     During  how  many  days  does  he  rest  ? 

14.  There  are  x  boats  in  a  race.  Five  are  bumped.  How 
many  row  over  the  course  ? 

15.  A  merchant  begins  trading  with  a  capital  of  x  pounds. 
He  gains  a  pounds  each  year.  How  much  capital  has  he  at 
the  end  of  5  years '? 

16.  A  and  B  sit  down  to  plaj'  at  cards.  A  has  a;  shillings 
and  £?/ shillings  at  first.  J.  wins  5  shillings.  How  much  has 
each  when  they  cease  to  play  ? 

17.  There  are  5  brothers  in  a  family.  The  age  of  the  eldest 
is  X  years.  Each  brother  is  2  years  younger  than  tlie  one  next 
above  him  in  age.     How  old  is  the  youngest  1 

18.  I  travel  x  hours  at  the  rate  of  y  miles  an  hour.  How 
nuxny  miles  do  I  travel  ? 

19.  From  a  rod  12  inches  long  I  cut  off  x  inches,  and  then 
I  cut  otf  y  inches  of  the  remainder.  How  many  inches  are 
left  ? 

20.  If  n  men  can  dig  a  piece  of  ground  in  q  hours,  how 
many  hours  will  one  man  take  to  dig  it  ? 

21.  By  how  mtfch  does  25  exceed  x  1 

22.  By  how  much  does  y  exceed  25  ? 

23.  If  a  product  has  2;n-  repeated  8  times  as  a  factor,  how 
do  you  express  the  product  ? 

24.  By  how  much  does  a  +  2b  exceed  a-  2b] 

25.  A  girl  is  X  years  of  age,  how  old  was  she  5  years  since  ? 
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26.  A  boy  is  y  year?  of  age,  how  old  will  he  be  7  years 
hence  1 

27.  Express  the  difference  between  the  squares  ol  two 
numbers. 

28.  Express  the  product  arising  from  the  multiplication  of 
the  sum  of  two  numbers  into  the  difference  between  the  same 
numbers. 


What  valixe  of  x  will  make  8a;  equ;il  to  16  ? 

What  value  of  x  will  nrake  28a;  equal  to  56  ? 

3; 
What  A'ahie  of  x  will  make  '-  ecinal  to  4  ? 
/ 

AVluit  value  of  x  will  make  a;  +  2  equal  to  9  ? 

What  value  of  x  will  make  x-  7  equal  to  16  ? 

Wliat  value  of  x  will  make  a;^  +  9  equal  to  34  ? 

What  value  of  x  will  make  re"-  8  equal  to  92  % 

Examples.— xxix. 


Explain  the  operations  symbolized  in  the  following  expres- 
sions : 

I.  a +  6.  2.  a?-})"'.  3.  4«-  +  6^.  4.  4(rt-  +  ?^-). 

5.  a2  -  26  +  3c.   6.  a  +  m  X  &  -  c.    7.  (a  +  m) {h  -  c).    8.    ij'.?] 

9.    ^x"  +  if.  10.  a  +  2(3-c.).  II.  (a  +  2)(3-c). 


Aah  x-y  ^      J^  +  y 

Examples.— XXX. 

If  a  stands  for  6,  h  for  5,  x  for  4,  and  y  for  3,  find  the  value 
of  the  follo\v  ing  expressions  : 

I.  a  +  x-b-y.  2.  a  +  y -b-x.         3.  3a  +  4y-b-2x. 

4.  S(u  +  b)  -  2(x  -  y).       5 .  (rt  +  x)  (b  -  y).       6.  2a  +  3,.  ■  +-  ij). 

7.  m  +  3)(i;  +  ?/).  8.  2rt  +  3a;  +  i/.  9.  ^^. 

10.  abx.  II.  ub(x  +  y).  12.  ay(b  +  xf. 
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13.  ah(x-yy.  14.    ^bb.  15.    Jf. 

16.  (^/xj^.  17.  (V^+6)2.  18.    ^fMi. 

l9.,s/2^.  20.  ^-±^±|.  21.  3a +  {2x-yf. 

22.  }t'-(?J-2/)[la-(a;-2/)|.         24.  3{a  +  b-yy  +  4{a  +  xf. 

23.  («-i-i/)^  +  (rt_a;  +  7/)-i.  25.  3(a-6)2  +  (4a3-i/)2. 

Examples.— xxxi. 

1.  Find  the  value  of 

?Mhc  - «3  +  P  +  c^  when  a  =  3,  h  =  2,c=l. 

2.  Find  the  vahie  of 

x^  +  y^-z^  +  3xyz,  Avhen  x  =  3,  y  =  2,z  =  5. 

3.  Subtract  a^  ^  ^^  from  («  +  c)-. 

4.  Sulitract  (a;  -  y)-  from  x^  +  7/^. 

5.  Find  the  coefficient  of  x  in  the  expression 

6.  Find  the  continued  product  of 

2x  -  m,  2x  +  n,  x  +  ^m,  x  -  2n. 

7.  Divide 

acr^  +  {he  +  ad)  r-  +  {bd  +  ae)r  +  be  by  ar  +  b  ; 
and  test  your  result  by  putting 

a  =  b  =  c  =  d  =  e  —  l,  and  r  =  10. 

8.  Obtain  the  product  of  the  four  factors 

(a  +  h  +  c),  (b  +  c-  a),  {c  +  a-  b),  (a  +  b-c). 
What  does  this  become  when  c  is  zero;  when  b  +  c=a; 
when  a  =  b  =  c1 

9.  Find  the  value  of 

((/,  +  b){b  +  c)-ic  +  d)  {d  +  a)  -{a  +  c){b-  d), 
where  b  is  equal  to  d. 

10.  Find  the  value  of 

3a  +  (26  -  c2)  +  { c'  -  (2a  +  3b)  j  +  1 3c  -  {2a  +  36)  P, 
when  a  =  0,  b  —  2,  c  =  4. 
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11.  If  a  =  l,  6  =  2,  c  =  3,  d  =  A:,  shew  that  the  numerical 
values  are  equal  of 

{(Z_(c_64.a)}j(d  +  c)-(&  +  a){, 
and  of  rf2_(c2  +  ft2)^.(j2  +  2(6c-ad), 

12.  Bracket  together  the  different  powers  of  x  in  the  follow- 
ing expressions : 

(a)  ax^  +  Sx^+cx  +  c^cc. 

(7)  4x^  -  a'3?  -  3x2  _  53,2  -5x-cx. 

(5)  («  +  x)2-(6-a;)2. 

(e)   (?)ix2  +  qx  +  ly  -  {nx^  +  qx  +  1)^. 

13.  Multiply  the  three  factors  x-a,  x-h,  x-c  together, 
and  arrange  the  product  according  to  descending  powers  of  x. 

14.  Find  the  continued  product  of  (x  +  a)  (x  +  h)  (x  +  c). 

15.  Find  the  cube  of  ar\-h  +  c;  theuce  without  further 
multiplication  the  cubes  of  a  +  b-c;  b  +  c-a;  c  +  a-b;  and 
subtract  the  sum  of  these  three  cubes  from  the  first. 

16.  Find  the  product  of  (3a  +  25)  (3rt  +  2c  -  3b).  and  test  the 
result  by  making  a  =  l,b  =  c  =  Z. 

17.  Find  the  continued  product  of 

a  -  X,  a  +  X,  a^  +  x^,  a*  +  x*,  «* +x*. 

1 8.  Subtract  (b  -  a)  (c  -  d)  from  (a  -  b)  (c  -  d). 

What  is  the  value  of  the  result  when  a  =  2&  and  d=2c'i 

19.  Add  together  (&  +  y){a  +  x),  x-y,ax-  by,  and  a(x  +  y), 

20.  What  value  of  x  will  make  the  difference  between 
(x  + 1)  (x  +  2)  and  (x  -  1)  (x  -  2)  equal  to  54  ? 

21.  Add  together  ax -hy,x-y,x(x- y),  and  (a -x){b- y). 

22.  Wliat  value  of  x  will  make  the  difference  between 
(2x  +  4)  (3x  +  4)  and  (3x  -  2)  (2x  -  8)  equal  to  96  ? 

23.  Add  together 

2mx  -  3711/,  x  +  y,  4(?/t  +  n)  (x  -  y),  and  mx  +  ny. 

24-     Prove  that 

{x  +  y-\-zf  +  x'  +  y'^  +  z^  =  {x-^y)"  +  {yJrzY  +  {x  +  zf. 
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25.  Find  the  prDduct  of  (2a  +  Zh)  {2a  +  3c  -  2h),  and  te^t  tlie 
result  by  making  <(  =  !,  b  =  4,  c  =  2. 

26.  If  a,  b,  c,  d,  e  ...  denote  9,  7,  5,  3,  1,  finci  the  values  of 
ah  —  cd     .,         7x  /,  ,       ,     h'^  -  c-         ,   ,       ^ 

27.  Find  the  value  of 

3ak  -  ft3  +  ?)3  +  c^  when  a  =  0,  i  =  2,  c  =  1. 

28.  Find  the  value  of 

^   ,     2ffl&2      c3      .  ^    ,    ■ 

3a-  H ^T,  when  «  =  4,  ?)  =  1 ,  c  =  2. 

29.  Find  the  value  of 

{a  -h  -  cf  -\-  {h  -  a  -  cf  +  {c  -  a  -hf'  when  a  =  l,  &  =  2,  c=3. 

30.  Find  the  value  of  * 

{a  +  h  ~  cf  +  (a  -h  +  cy-  +  Q)  ^  c  -  a)"^  when  o  =  l,  6  =  2,  c  =  4, 

31.  Find  the  value  of  ♦ 


(a  +  6)2  +  (6  +  c)2  +  (c  +  a.)2  Avhen  a=  -1,  6  = 


2,  c  = 


32.  Sliew  that  if  the  sum  of  any  two  numbers  divide  the 
difference  of  their  squares,  the  quotient  is  equal  to  the  differ- 
ence of  the  two  numbers. 

33.  Shew  that  the  product  of  the  sum  and  diti'erence  of  any 
two  numbers  is  equal  to  the  difference  of  their  squares. 

34.  Shew  that  tlie  square  of  the  sum  of  any  two  consecu- 
tive integers  is  always  greater  by  one  than  four  times  their 
product. 

35.  Shew  that  the  square  of  the  sum  of  any  two  consecutive 
even  whole  numbers  is  four  times  the  square  of  the  odd  number 
between  them. 

36.  If  the  number  £  be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  twice  the 
difference  of  tlie  parts. 

37.  If  the  nundjer  50  be  divided  into  any  two  parts,  the 
difference  of  their  scpiares  will  always  be  equal  to  50  times  the 
difference  of  the  parts. 

38.  If  a  number  n  be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  n  times  the 
difference  of  the  parts. 
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39.  If  two  numbers  differ  l)y  a  nnit,  their  product,  together 
with  the  sum  of  their  squares,  is  equal  to  the  difference  of  the 
cubes  of  the  numliers. 

40.  Shew  tliat  the  sum  of  the  cubes  of  any  tliree  consecu- 
tive whole  numbers  is  divisible  by  three  times  the  middle 
number. 


VI.    ON    SIMPLE    EQUATIONS. 

106.  An  Equation  is  a  statement  tliat  two  expressions 
are  equal. 

107.  An  Identical  Equation  is  a  statement  that  two  ex- 
pressions are  equal  for  all  numerical  values  that  can  be  given 
to  the  letters  involved  in  them,  provided  that  the  same  value 
be  given  to  the  same  letter  in  every  part  of  the  equation. 

Tlius,  (;<;  +  a)2  =  x2  +  2ax-|-a2 

is  an  Identical  Equation. 

108.  An  Equation  of  Condition  is  a  statement  that  two 
expressions  are  ec[ual  for  some  farticular  numerical  value  or 
values  that  can  be  given  to  the  letters  involved. 

Tims,  a; +1  =  6 

is  an  Equation  of  Condition,  the  only  number  which  x  can 
represent  consistently  with  this  equation  being  5, 

It  is  of  such  equations  that  we  have  to  treat. 

109.  The  EooT  of  an  Equation  is  that  number  which,  when 
put  in  the  place  of  the  nnlcnown  c|uantity,  makes  both  sides  of 
the  equation  identical. 

110.  The  Solution  of  an  Equation  is  the  process  of  find- 
ing what  number  an  nnknown  letter  must  stand  for  tliat  the 
equation  may  be  true  :  in  other  words,  it  is  the  method  of 
finding  the  Root. 

The  letters  that  stand  for  unknoion  numbers  are  usually 
X,  y,  z,  but  the  student  must  observe  that  any  letter  may 
stand  for  an  unknown  number. 

111.  A  Simple  Equation  is  one  which  contains  the 
first  fower  only  of  an  unknown  quantity.  This  is  also  called 
an  Equation  of  the  First  Degree. 
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1j2.  The  following  Axioms  form  the  groundwork  of  the 
solution  of  all  equations. 

Ax.  I.  If  equal  quantities  be  added  to  equal  quantities, 
the  sums  will  be  equal. 

Thus,  if  0  =  1, 

a-\-c  =  h-^c. 

Ax.  II.  If  equal  quantities  be  taken  from  equal  quantities, 
the  remaiuilers  will  be  equal. 

Thus,  if  a;=yj 

Ax.  III.  If  equal  quantities  be  multiplied  by  equal  quan- 
tities, the  products  will  be  equal. 

Thus,  if  a  =  h, 

ma  =  inb. 

Ax.  IV.  If  equal  quantities  be  divided  by  equal  quantities, 
the  quotients  -will  be  equal. 

Thus,  if  xy  =  xz,i 

y  =  z. 

113.  On  Axioms  I.  and  II.  is  founded  a  process  of  great 
utility  in  the  solution  of  equations,  called  The  Transposition 
OP  Terms  from  one  side  of  the  equation  to  the  other,  which 
may  be  thus  stated : 

"  Any  term  of  an  equation  may  be  transferred  from  one  side 
of  the  equation  to  the  other  if  its  sign  he  changed." 

For  let  x-a  =  h. 

Then  by  Ax.  I.,  if  we  add  a  to  both  sides,  the  sides  remaia 
equal : 

therelore  x-a  +  a  =  h-^a, 

that  is,  a-=6  +  a. 

Again,  let  a;  +  c  =  f?. 

Tlien,  by  Ax.  II.,  if  we  subtract  c  from  each  side,  the  sides 
remain  equal : 

therefore  x  +  c-c  =  d-c, 

that  is,  x=d-c. 
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114.  Wc  maj^  change  all  the  signs  of  eauli  ^;ide  of  an  equa- 
tion without  altering  the  equality. 

Thus,  if  a-x  =  b-c, 

x-a  =  c-h. 

115.  We  may  change  the  position  of  the  two  sides  of  the 
equation,  leaving  the  signs  imchanged. 

Thus  the  equation  a-h  =  x-c,  may  be  written  thus, 
a;  -  c  =  ffl  -  6. 

116.  We  may  now  proceed  to  our  first  rule  for  the  Sv^lution 
of  a  Simple  Equation. 

Rule  I.  Transpose  the  known  terms  to  the  right  hand  side 
of  the  equation  and  the  unknown  terms  to  the  other,  and  com- 
bine all  the  terms  on  each  side  as  for  as  possible. 

Then  divide  both  sides  of  the  equation  by  the  coefficient  of 
the  unknown  quantity. 

This  rule  we  shall  now  illustrate  by  examples,  in  whicli  x 
stands  for  the  unknown  quantity. 

Kx.  1.     To  solve  the  equation, 

5a;-6  =  3«  +  2. 
Transposing  the  terms,  we  get 

5x-3a;  =  2  +  6. 
Combining  like  terms,  we  get 

2a;  =  8. 
Dividing  both  sides  of  this  ecpiation  by  2,  we  get 
x  =  4, 
and  the  value  of  x  is  determined. 

Ex.  2.     To  solve  the  equation, 

7x  +  4  =  25a;-32. 
Transposing  the  terms,  we  get 

73;-25x=  -32-4. 
Combining  like  terms,  we  get 

-  18a;  =-36: 
Changing  the  signs  on  each  side,  we  get 

18x  =  36. 
Dividing  both  sides  by  18,  we  get 
x  =  2, 
and  the  value  of  x  is  determined. 


6o 


ON  SIMPLE  EQUATIONS. 


Ex.  3.     To  solve  the  equation, 

2x  -  3x  + 120  =  4a;  -  6a;  +  132, 
120, 


that  is, 

2a; 

-3a;-4x  +  6a;  =  132-] 

or, 

8x-7a;=]2, 

therefoi 

re. 

a;  =12. 

Ex. 

4. 

To  solve 

:  the  equation, 
3x  +  5-8(I3-a;)=0, 

that  is, 

3x  +  5-104  +  8x  =  0, 

or, 

3a;  +  8a;  =104 -5, 

or, 

therefoi 

-e, 

llx  =  99, 

a;  =  9. 

Ex.  5.  To  solve  the  equation, 

Ga;  -  2  (4  -  3x)  =  7  -  3  (17  -«), 

that  is,  6a;-8  +  6a;=7-51  +  3x, 

or,  6a;  +  6a;-3a;=7-51+8, 

or,  12a; -3a;  =  15 -51, 

or,  9a;  =  -36, 

therefore,  a;=  -4. 


Examples.— xxxii. 


1.  7a;  +  5  =  5a;  +  ll. 

2.  12x  +  7  =  8a;  +  15. 

3.  236x  +  425  =  97.<;  +  564 

4.  5a;  -  7  =  3a;  +  7. 

5.  12x-9  =  8a;-l. 

6.  124a;  +  19  =  112x  +  43. 

7.  18-2:c  =  27-5x. 

8.  125-7:c=145-12x. 


9.  26-8.«  =  80-14a;. 

10.  133-3,r=x-83. 

11.  13-3,c  =  5x-3. 

12.  127  +  9x  =  12x+100. 

13.  15-5x=6-4x. 

14.  3x-22  =  7x  +  6. 

15.  8  +  4x=12x-16. 

1 6.  5x  -  (3x  -  7)  =  4x  -  (6x  -  35) 

17.  6.C  -  2 (9  -  4x)  +  3  (5x  -  7)  =  lOx  -  (4  +  1 6x)  +  35. 

18.  9x-3(5x-6)  +  30  =  0. 

19.  12x-5(9x  +  3)  +  6(7-8x)  +  783  =  0. 

20.  X  -  7 (4x  -  11)  =  14(x  -  5)  -  19 (8  -  X)  -  61. 

21.  (x+7)(x-3)  =  (x-5)(x-15). 
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22.  (x-8)(.<;+12)  =  (a;+l)(a;-6). 

23.  {x  -  2)(7  -  x)  +  (x  -  5)  (x  +  3)  -  2(x  -  1)  +  12 =0. 

24.  (2x  -  7)  (;«  +  5)  =  (9  -  2x)  (4  -  x)  +  229. 

25.  (7-6x)(3-2x)  =  (4x-3)(3a;-2). 

26.  14^x-5(a;-3)(a;  +  2)  +  (5-a;)(4-5x)  =  45x-76. 

27.  (,,;  +  5)2-(4-a;)2=21a;. 

28.  5  (x  -2)2  +  7  (.B  -  3)2  =  (3x  -  7)  (4x  -  19)  +  42. 

29.  (3x  -  17)2  +  (4,«  -  25)2  _  (5^^  _  29)2  =  1. 

30.  (x  +  5)  (a;  -  9)  +  (cc  +  10)(a;  -  8)  =  (2x  +  3)  (.<;  -  7)  -  1 13. 
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117.  When  we  have  a  question  to  resolve  by  means  of 
Algebra,  we  represent  the  number  sought  by  an  unknown 
symbol,  and  then  consider  in  wliat  manner  the  conditions  of 
the  question  enable  us  to  assert  thai  two  expressmis  are  equal. 
Thus  we  obtain  an  equation,  and  by  resolving  it  we  determine 
the  value  of  the  number  sought. 

The  whole  ditticulty  connected  with  the  solution  of  Alge- 
braical Problems  lies  in  the  determination  from  the  conditions 
of  the  question  of  two  different  expressions  having  the  same 
numerical  value. 

To  explain  this  let  us  take  the  following  Problem  : 
Find  a  number  such  that  if  15  be  added  to  it,  twice  the  sum 
will  be  equal  to  44. 

Let  X  represent  the  number. 

Then  a;  +  15  will  represent  the  number  increased  by  15, 
and  2(x  +  15)  will  represent  twice  the  sum. 

But  44  will  represent  twice  the  sum, 
therefore  2  (x  +  15)  =  44. 

Hence  2x  +  30  =  44, 

that  is,  2x=14, 

or,  x  =  7, 

and  therefore  the  number  sought  is  7. 
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118.  We  shall  now  give  a  series  of  Easy  Problems,  in 
which  the  conditions  by  which  an  equality  between  two  expres- 
sions can  be  asserted  may  be  readily  seen.  The  student  should 
be  thoroughly  familiar  with  the  Examples  in  set  xxviii,  the  use 
of  which  he  will  now  find. 

^Ye  shall  insert  some  notes  to  explain  tlie  metliod  of  repre- 
senting quantities  by  algebraic  symbols  in  cases  where  some 
difficulty  may  arise. 

Examples. — xxxiii. 

1.  To  the  double  of  a  certain  number  I  add  14  and  obtain 
as  a  result  154.     What  is  the  number  ? 

2.  To  four  times  a  certain  number  I  add  16  and  obtain  as 
a  result  188.     What  is  the  number] 

3.  By  adding  46  to  a  certain  number  I  obtaiu  as  a  result  a 
number  three  times  as  large  as  the  original  number.  Find  the 
original  number. 

4.  One  number  is  three  times  as  large  as  another.  If  I 
take  the  smaller  from  16  and  the  greater  from  30,  the  remain- 
ders are  equal.     What  are  the  numbers  1 

5.  Divide  the  number  92  into  four  parts,  such  that  the  first 
is  greater  than  the  second  by  10,  greater  than  the  third  by  18, 
and  greater  than  the  fourth  by  24. 

6.  The  sum  of  two  numbers  is  20,  and  if  tliree  times  the 
smaller  number  be  added  to  five  times  the  greater,  the  sum  is 
84.     What  are  the  numbers  ? 

7.  The  joint  ages  of  a  father  and  his  son  are  80  years.  If 
the  age  of  the  son  were  doubled  he  would  be  10  years  older 
than  his  father.     What  is  the  age  of  each  1 

8.  A  man  has  six  sons,  each  4  years  older  than  the  one 
next  to  him.  The  eldest  is  three  times  as  old  as  the  youngest. 
What  is  the  age  of  each  ? 

9.  Add  £24  to  a  certain  sum,  and  the  amount  will  be  as 
much  above  £S0  as  the  sum  is  below  £S0.     AVhat  is  the  sum  ? 

10.  Thirty  yards  of  cloth  and  forty  yards  of  sUk  together 
cost  £66,  and.  the  silk  is  twice  as  valuable  as  the  cloth.  Find 
the  cost  of  a  yard  of  each. 
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1 1.  Find  the  number,  the  double  of  which  being  added  to 
24  the  result  is  as  much  al)Ove  80  as  the  number  itself  is  below 
100. 

12.  The  sum  of  iT)0()  is  divided  between  A,  I!,  C  and  D. 
A  and  B  have  together  .£280,  A  and  0  £260,  A  and  D  £220. 
How  much  does  each  receive  1 

13.  In  a  company  of  266  persons,  composed  of  men,  Avomen, 
and  children,  there  are  twice  as  many  men  as  there  are  women, 
and  twice  as  many  women  as  there  are  children.  How  many 
are  there  of  each  '? 

14.  Divide  J1520  between  A,  B  and  C,  so  that  A  has  £100 
less  than  B,  and  B  £210  less  than  G. 

15.  Find  two  numbers,  dift'ering  by  8,  such  that  four  times 
the  less  may  exceed  twice  the  greater  by  10. 

16.  A  and  B  began  to  play  with  equal  sums.  A  won  £5, 
and  then  three  times  yl's  money  was  equal  to  eleven  times  B's 
money.    What  had  each  at  first  ? 

17.  ^  is  58  years  older  than  B,  and  ^I's  age  is  as  much 
above  60  as  B's  age  is  below  50.     Fiml  the  age  of  each. 

18.  A  is  34  years  older  than  B,  and  A  is  as  much  above  50 
as  B  is  below  40.     Find  the  age  of  each. 

19.  A  man  leaves  his  property,  amounting  to  £7500,  to  be 
divided  between  his  wife,  his  two  sons  and  his  three  daughters, 
as  follows  :  a  son  is  to  have  twice  as  mucli  as  a  daughter,  and 
the  wife  £500  more  than  all  the  five  children  together.  How 
much  did  each  get  ? 

20.  A  vessel  containing  some  water  was  filled  up  by  pour- 
ing in  42  gallons,  and  there  was  then  in  the  vessel  7  times  as 
much  as  at  first.     How  many  gallons  did  the  vessel  hold  ] 

21.  Three  persons,  A,  B,  C,  have  £76.  B  has  £10  more 
than  A,  and  C  has  as  much  as  A  and  B  together.  How  much 
has  each  1 

22.  What  two  numbers  are  those  whose  difference  is  14, 
and  their  sum  48 1 

23.  A  and  B  play  at  cards.  A  has  £72  and  B  has  £52 
when  they  begin.  When  they  cease  playing,  A  has  three  times 
as  much  as  B.     How  much  did  A  win  ? 
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Note  I,  If  we  have  to  express  ali^cbraiciilly  two  parts  into 
wliicli  a  given  number,  suppose  50,  is  divided,  and  we  repre- 
sent one  of  the  parts  by  ic,  the  other  will  be  represented  by 
50  -  %. 

Ex.  Divide  50  into  two  such  parts  that  the  double  of  one 
part  may  be  three  times  as  great  as  tlie  other  part. 

Let  a;  represent  one  of  the  parts. 

Then  50  -  x  will  represent  the  other  part. 

Now  the  double  of  the  first  juut  will  be  represented  by 
2i',  and  three  times  the  second  part  Aviil  be  represented  by 
3  (50  -  X). 

Hence  2u;  =  3  (50  -  a;), 

or,  2a;  =  150-3x, 

or,  5x=150; 

.-.  a;  =  30. 

Hence  the  parts  are  30  and  20. 

24.  Divide  84  into  two  such  parts  that  three  times  one  part 
may  be  equal  to  four  times  the  other. 

25.  Divide  90  into  two  such  parts  that  four  times  one  part 
may  be  et|ual  to  five  times  the  other. 

26.  Diviile  60  into  two  such  parts  thai  one  part  is  greater 
than  the  other  by  24. 

27.  Divide  84  into  two  such  parts  that  one  part  is  less  than 
the  other  by  36. 

28.  Divide  20  iuto  two  such  parts  that  if  three  times  one 
part  lie  added  to  five  times  the  other  part  the  sum  may  be  84. 

Note  II.  When  we  have  to  compare  the  ages  of  two  per- 
sons at  one  time  and  also  some  years  after  or  before,  we  must 
be  careful  to  remember  tliat  hoth  will  be  so  many  years  older 
or  younger. 

Thus  if  X  be  the  age  of  A  at  the  present  time,  and  2x  be 
the  age  of  B  at  the  present  time, 

The  age  of  ^  5  years  hence  will  be  a;  +  5, 
and  tlie  age  of  5  5  years  hence  will  be  2a;  +  5. 
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Ex.  J.  is  5  times  as  old  as  £,  and  5  years  hence  A  will 
only  be  three  times  as  old  as  B.  What  are  the  agea  of  A  and 
B  at  the  present  time  ? 

Let  X  represent  tlie  age  of  B. 

Then  5x  will  rejiresent  the  age  of  A. 

Now  a;  +  5  will  represent  5's  age  5  years  hence, 
and        5x  +  5  will  represent  ^'s  age  5  years  hence. 

Hence  5a;  +  5  =  3  (a;  +  5), 

or  5a;  +  5  =  3a:  +  15, 

or  2a;=10; 

Hence  A  is  25  and  5  is  5  years  old. 

29.  A  is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.     What  is  ^'s  age  % 

30.  A  father  is  30  ;  his  son  is  6  years  old.  In  how  many 
years  will  the  age  of  the  father  be  just  twice  that  of  the  son  % 

31.  A\s,  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.     What  is  J5's  age  ? 

32.  A  is  three  times  as  old  as  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.     What  is  the  age  of  each  ? 

33.  A  man  has  three  nephews.  His  age  is  50,  and  the 
joint  ages  of  the  nephews  are  42.  How  long  will  it  be  before 
the  joint  ages  of  the  nephews  will  be  equal  to  the  age  of  the 
imcle  ? 

Note  III.  In  problems  involving  weights  and  measures, 
after  assuming  a  symbol  to  represent  one  of  the  unknown 
quantities,  we  must  be  careful  to  expr^ess  the  other  quantities 
in  the  sarnie  terms.  Thus,  if  x  represent  a  number  of  pence,  all 
the  sums  involved  in  the  problem  must  he  reduced  to  pence. 

Ex.  A  sum  of  money  consists  of  fourpenny  pieces  and  six- 
pences, and  it  amounts  to  £\.  16s.  M.  The  number  of  coins 
is  78.     How  many  are  there  of  each  sort  ? 

[S.A.}  E 


66    PROBLEMS  LEADJiYG  TO  SIMPLE  EQUATIONS. 

Let  X  be  the  number  of  fourpenny  pieces. 

Then  Ax  is  their  value  in  jience. 

Also  78  — a;  is  the  number  of  sixpences. 

And  6  (78  —  3;)  is  their  value  in  pence. 

Also  ^1.  16s.  M.  is  equivalent  to  440  perux. 

Hence  4a;  +  6(78-a;)  =  440, 

or  4a; +  468 -6a;  =  440, 
from  which  we  find  x  =  14. 

Hence  there  are  14  fourpenny  pieces, 
and  64  sixpences. 

34.  A  bill  of  ,£100  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  were  used.  How  many 
of  each  were  paid  ? 

35.  A  person  paid  a  bill  of  £3.  14s.  with  shillings  and 
half-crowns,  and  gave  41  pieces  of  money  altogether.  How 
many  of  each  were  paid  ? 

36.  A  man  has  a  sum  of  money  amounting  to  ^11.  13s.  4d., 
consisting  only  of  shillings  and  fourpenny  pieces.  He  has  in 
all  300  pieces  of  money.     How  many  has  he  of  each  sort  1 

37.  A  bill  of  J50  is  paid  with  sovereigns  and  moidores  of 
27  shillings  each,  and  3  more  sovereigns  than  moidores  are 
given.     How  many  of  each  are  used  1 

38.  A  sum  of  money  amounting  to  J42.  8s.  is  made  up  of 
shillings  and  half-crowns,  and  there  are  six  times  as  many 
half-crowns  as  there  are  shillings.  How  many  are  there  of 
each  sort  ? 

39.  I  have  ^5.  lis.  3d  in  sovereigns,  shillings  and  pence. 
I  have  twice  as  many  shillings  and  three  times  as  many  pence 
as  I  have  sovereigns.     How  many  have  I  of  each  sort  1 . 


VIII.     ON    THE    METHOD    OF    FINDING 
THE  HIGHEST  COMMON  FACTOR. 

119.  An  expression  is  said  to  be  a  Factor  of  another 
expression  when  the  latter  is  divisible  by  the  former. 

Thus  2a  is  a  factor  of  12a, 
5xij of  15£cy. 

120.  An  expression  is  said  to  be  a  Common  Factor  of  two 
or  more  other  expressions,  when  each  of  the  latter  is  divisible 
by  the  former. 

Thus  3a.  is  a  common  factor  of  12a  and  15a, 

2xy of  15x-i/'' and  %\xhf, 

Az oiSz,\2:fi  M\Ci\Qz^. 

121.  Tlie  Highest  Common  Factor  of  two  or  more  expres- 
sions is  the  expression  of  highest  dimensions  by  which  each  of 
the  former  is  divisible. 

Thus  6a^  ia  the  Highest  Common  Factor  of  12a"  and  18a^, 

b^t^y  of  IGx^y,  15a;y 

and  25a:*i/^, 

Note.  That  which  we  call  the  Highest  Common  Factor  is 
-inmed  by  others  the  Greatest  Common  Measure  or  the  Highest 
Jommon  Divisor.  Our  reasons  for  rejecting  these  names  will 
be  given  at  the  end  of  the  chapter. 

122.  The  words  Highest  Common  Factor  are  abbreviated 
thus,  H.C.F. 

123.  To  take  a  simple  example  in  Arithmetic,  it  will 
readily  be  admitted  that  the  highest  number  which  will 
divide  12,  18,  and  30  is  6. 

Now,  12  =  2x3x2, 

18  =  2x3x3, 
20  =  2  X  3  X  5. 
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Having  thus  reduced  the  nniubers  to  their  simjjlest  fiictors, 
it  appears  that  we  may  determine  the  Highest  Common  Factor 
in  the  following  way. 

Set  down  the  factors  of  one  of  the  numbers  in  any  order. 

Place  beneath  them  the  factors  of  the  second  numl)er,  in 
such  order  that  factors  like  any  of  those  of  the  first  number  shall 
stand  tinder  those  factors. 

Do  the  same  for  the  third  n^imber. 

Tben  the  number  of  vertical  columns  in  which  the  numbers 
are  alike  will  be  the  number  of  factors  in  the  h.c.f.,  and  if 
we  multiply  the  figures  at  the  head  of  those  columns  together 
the  result  will  be  the  h.c.f.  required. 

Thus  in  the  example  given  above  two  vertical  columns  are 
alike,  and  therefore  there  are  two  factors  in  the  h.c.f. 

And  the  numbers  2  and  3  which  stand  at  the  heads  of 
those  columns  being  multiplied  together  will  give  the  H.c.F. 
of  12,  18,  and  30. 

124.     Ex.  1.     To  find  the  h.c.f.  of  aWx  and  a-¥x\ 
a^'^x—aaxi.hh  .x, 
aWx^ =aa   .bbb.xx; 
:.  Ti.c.F.=aabbx 
=  a^b^x. 

Ex.  2.     To  find  the  h.c.f.  of  Z4a'h'''c^  and  blrJ¥c^ 
'iia^'^'c'^  =  2  X  1 7  X  aa   .  bbbbbb .  cccc, 
51a%*c-  =  3  X  1 7  X  aaa .  bbbb    .  cc  ; 
:.  B..c.v.  =  l1aahbbbcc 
=  l7a26V. 


Examples.— xxxiv. 


Find  the  Highest  Common  Factor  of 

1.  a%  and  aW.  3.  l-^x^y-  and  24xhf. 

2.  x^y-z  and  x^y^z^.  4.  Abmhi-p  and  GOm^wp** 
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5.  Y^aVhH  and  7>%a^>cA\  8.  172^32,  342^22  and  b\ff. 

6.  aW,  aV  and  a^6*.  9.  Sx^^/S^*,  Xlxhf-z^  and  20x*i/3a2. 

7.  4a6,  lOac  and  306c.  10.  30xV,  OOx^i/^  and  ISOx^i/*. 

125.  The  student  must  be  urged  to  commit  to  memory  tlie 
following  Table  of  forms  which  can  or  cannot  be  resolved  into 
factors.  Where  a  blank  occurs  after  the  sign  =  it  signifies 
that  the  form  on  the  left  hand  cannot  be  resolved  into  simpler 
factors. 

a;2  - 1/2  =  (x  +  ?/)  (x  - 1/)  x2  - 1  =  (x  + 1 )  (x  - 1 ) 

a;2  + 1/2  =  x2  +  1  = 

X3  —  1/3  =  (x  —  7/)  (x2  +  X1/  +  1/2)  X^  —  1  =  (X  —  1)  (x2  +  X  +  1) 

ajS  + 1/3  =  (x  4- 1/)  (x2  —  X1/  +  1/2)         x^  +  1  =  (x  + 1)  (x2  —  X  +  1) 

a;*  - 1/  =  (x2  +  1/2)  (x2  - 1/2)  X*  -  1  =  (x2  +  1)  (x2  -  l) 

X*  +  l/=  X'*+l  = 

X2  +  2X7/  +  1/2  =  (X  + 1/)2  x2  +  2X  +  1  =  (X  +  1)^ 

a;2  —  2x1/  + 1/^  =  (x  —  1/)^  «2  _  2a;  +  1  =  (x  —  1)2 

X^  +  3x2l/  +  3x1/2  ^  ,^3  =  (a;  +  ^)3         X^  +  3x2  +  3x  +  1  =  (x  +  1)3 

x^  —  3x2i/  +  3x!/2  — 1/3= (a;  —  i/)^      x^  —  3x2  +  3a;  —  1  =  (x  —  1)' 

The  left-hand  side  of  the  table  gives  the  general  forms,  the 
right-band  side-the  •particular  cases  in  which  y  =  \. 

126.  Ex.  To  find  the  h.c.f,  of  x2-l,  x2-2a;+l,  and 
x2  +  2x-3 

x2-l  =  (x-l)(x4  1), 
a;2-2x  +  l=.(x-l)(x-l), 
a2  +  2x-3  =  (x-l)(x-(-3), 

.*.  H.C.F.  =X—  1. 

Examples. — xxxv. 

1.  a^  —  b^  and  a^  —  h^.  4.  a^  +  x^  and  (a  +  xf. 

2.  a-  -  h^  and  a*  -¥.  5.  9x2  _  1  ^nd  (3x  + 1)*. 
J.  ^2  _  a;2  and  (a  -  x)2,                     6.  1  -  25^2  and  (1  -  baf, 

7.  x2  - 1/2,  (x  + 1/)2  and  x2  +  3xi/  +  2j/2. 

8.  x2  — 1/2^  a;^  —  1/  and  x2  —  7xi/  +  Qy\ 

9.  x2  —  1,  x^  —  1  and  x^  +  x  —  2. 
10.  1  —  a2.  1-1-  ft3  and  a'^  +  ba-V^ 
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127.  In  large  niuubers  the  lactors  cannot  often  be  deter- 
mined by  inspection,  and  if  we  have  to  find  the  h.g.f.  of  two 
such  numbers  we  have  recourse  to  the  following  Arithmetical 
Rule  : 

"  Divide  the  greater  of  the  two  numbers  by  the  less,  and  the 
divisor  by  the  remainder,  repeating  the  process  until  no  re- 
mainder is  left :  the  last  divisor  is  the  h.c.f.  required." 

Thus,  to  find  the  h.c.f.  of  689  and  1573. 
689;  1573(2 
1378 

~195;  689  (3 

585 

loi;  195(1 
104 

~9i;  104(1 

91 


13;  91  (7 

91 

.'.  13  is  the  H.C.F.  of  689  and  1573. 

Examples.— xxxvi. 

Find  the  h.c.f.  of 


I. 

6906  and  10359. 

4- 

126025  and  40115. 

2. 

1908  and  2736. 

5- 

1581227  and  16758766. 

3- 

49608  and  169416. 

6. 

35175  and  236845. 

128.  The  Arithmetical  Rule  is  founded  on  the  following 
operation  in  Algebra,  which  is  called  the  Proof  of  the  Rule  for 
finding  the  Highest  Common  Factor  of  two  expressions. 

Let  a  and  h  be  two  expressions,  arranged  according  to  de- 
scending powers  of  some  conmion  letter,  of  which  a  is  not  of 
lower  dimensions  than  h. 

Let  h  divide  a  with  i?  as  quotient  and  remainder  c, 

c h  q^  rf, 

A c r  with  no  remainder. 
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The  form  of  the  operation  may  be  shewn  thus  : 

h)  a  l^p 

pb 

T)b(,q 

d)  c{r 

rd 

Then  we  can  shew 

I,  That  d  is  a  common  factor  of  a  and  6. 

11.  That  any  other  common  factor  of  a  and  5  is  a  factor  of 
d,  and  that  therefore  d  is  the  Highest  Common  Factor 
of  a  and  b. 

For  (I.)  to  shew  that  d  is  a  factor  of  a  and  b  : 
b  =  qc  +  d 
=  qrd  +  d  , 

=  {qr+l)d,  and  .•.  d  is  a  factor  of  o , 

and  a  =]ib  +  c 

=2?  {qc  +  d)  +  c 

=  pqc+pd  +  c 

=pqrd-¥pd  +  rd 

=  {pqr  -\-p  +  r)d,  and  .'.  d  is  a  factor  of  a. 

And  (II.)  to  shew  that  any  common  factor  of  a  and  6  is  a 
factor  of  d. 

Let  S  be  any  common  factor  of  a  and  b,  such  that 

a=m^  and  b  =  n8. 

Then  we  can  shew  that  8  is  a  factor  of  d. 

For  d=b-qG 

=  b-q{a-pb) 

=  b-qa+pqb 

=  nS  -  qmS  +pqn8 

=  {n-qm  +pqn)  8,  and  .*.  S  is  a  factor  of  d. 

Now  no  expression  higher  than  d  can  be  a  factor  of  d  ; 
.-.  d  is  the  Highest  Common  Factor  of  a  and  6. 
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129.     Elx.     To  find  the  h.c.f.  ofx'''  +  2x+  1  and 

x3  +  2a;2-r2x  +  l. 

»2  +  2a;  + 1;  x^  +  2a;2  +  2x  + 1  (^a; 

a;+l^a;'^  +  2a;+l(x+l 


a;  +  l 
x+1 

Hence  «  + 1  being  the  last  divisor  is  the  h,c.f.  required. 

lov,.  m  the  algebraical  process  four  devices  are  frequently- 
useful.  These  we  shall  now  state,  and  exemplify  each  in  the 
next  Ai'ticle. 

L  If  the  sign  of  the  first  term  of  a  remainder  be  negative, 
we  may  change  the  signs  of  all  the  terms. 

II.  If  a  remainder  contain  a  factor  which  is  clearxy  not  a 
common  factor  of  the  given  expressions  it  may  be 
removed. 

III.  We  may  multiply  or  divide  either  of  the  given  expres- 

sions by  any  number  which  does  not  introduce  or 
remove  a  common  factor. 

IV.  If  the  given  expressions  have  a  common  factor  which 

can  be  seen  by  inspection,  we  may  remove  it  from 
both,  and  find  the  Highest  Common  Factor  of  the 
parts  which  remain.  If  we  multiply  this  result  by 
the  ejected  factor,  we  shall  obtain  the  Highest  Com- 
mon Factor  of  the  given  expressions. 

131.     Ex.  I.    To  find  the  h.c.f.  of  2x2 -a;- 1  and 

6x2-4a;-2. 

2x2-x-i;6a;2-4x-2(^3 
6x2-3x-3 

-.x+l 
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Change  the  signs  of  the  remainder,  and  it  becomes  »  —  1. 

x-lj2a;2_a;-l(2x  +  l 

2x2  _  2x 


x-1 
x-1 

The  H.c.F.  required  is  x- 1. 

Ex.  II.     To  find  the  h.c.f.  of  x^  +  3x  +  2  and  x^  +  5x  +  6. 

x2  +  3x  +  2;x2  +  5x  +  6(l 
x2  +  3x  +  2 


2x  +  4 

Divide  the  remainder  by  2,  and  it  becomes  x  +  2. 
x  +  2;x2  +  3x  +  2(^x+l 
a;2  +  2x 


x  +  2 
x  +  2 

The  H.c.F.  required  is  x  +  2. 

Ex.  III.    To  find  the H.C.F.  of  12x2  + x-1  and  15x2  + 8x+l 
Multiply  15x2  +  8x  +  l 

by     _4 

12x2  +  x  - 1;  60x2  +  32a;  +  4  (5 
60x2+   5a;  _  5 


27x  +  9 

Divide  the  remainder  by  9,  and  the  result  is  3x  +  1. 
3x+i;i2x2  +  x-l(4x-l 
12x2 +  4x 


-3x-l 
-3x-l 

The  H.c.F,  is  therefore  3x  + 1. 

Ex.  IV.     To  find  the  H.c.F.  of  x^  -  5x2  +  g^;  and 

x3-10x2  +  21x 

Eemove  and  reserve  the  factor  x,  which  is  common  to  both 
expressions. 
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Then  we  have  remaining  a;^  -  5a;  +  6  and  x^  _  lOa;  +  21. 

The  H.c.F.  of  these  expressions  is  x  — 3. 

The  H.CF.  of  the  original  exjiressions  is  therefore  a?— 3* 

Examples.— xxxvii. 

Find  the  h.c.f.  of  the  following  expressions : 

1.  x2  +  7a;  +  1 2  and  x^  +  9x  +  20. 

2.  a;2  +  12a;  ^■  20  and  a;^  +  14a;  +  40. 

3.  x2-l7x  +  70anda;2-13a;  +  42. 

4.  x2  +  5x  -  84  and  a;-  +  21x  +  108. 

5.  a;2  +  a;-12  and  x2-2a;-3. 

6.  a;2  +  5a;?/  +  6?/2  and  %'■  +  6a;?/  +  Qt/^. 

7.  a;2  -  6a;?/  +  %]}"-  and  a;^  -  8a;?/  +  16i/2. 

8.  a;2  -  13a;?/  -  30i/2  and  x^  -  18a;i/  +  ^hf. 

9.  x^  —  1/^  and  3?  —  2x?/  + 1/^. 

10.  x^  + 1/^  and  -3?  +  3x-?/  +  3x?/2  +  j/'. 

11.  X*  - 1/*  and  x'-^  —  2x?/  +  ?/2. 

12.  x^  +  ?/°  and  x^  +  ?/^. 

13.  x*  —  ?/*  and  X"  +  2x?/  4-  i/^. 

14.  a^  _  j2  ^  2&C  -  c^  and  a^  +  2ab  +  b^-2ac-2bc  +  c*. 

15.  1 2x2  +  73-^  ^  ^2  and  28x2  +  3xy  -  y'\ 

1 6.  6x2  +  jp,^  _  ,^2  ar  (i  39^2  _  22x?/  +  3i/. 

1 7.  15x2  _  gy.y  ^  yi  and  40a;'-  _  3a;?/  —  i/'-. 

18.  x*-5x^  +  5x2-l  and  x*  +  x^  — 4x2  +  x  +  l. 

19.  X*  +  4x2  +  16  and  x^  +  x*  -  2x3  +  17x2  -  lOx  +  20. 

20.  X*  +  x2?/2  + 1/*  and  x*  +  2x^1/  +  3x2i/2  +  2x?/3  +  2/*. 

21.  x^ - 6x'*  +  9x2 - 4  and  x''  +  a;*-2x*  +  3x2-x-2. 
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22.  15a*  +  \^a?h  f  ^a^h'^  +  Gab^  -  3i*  and  %a?  +  lOft^t  +  Sfi^^  -  563. 

23.  15a;3  -  14a;2i/  +  24x7/2  _  7,^3  .^„ci  27x3  +  33x2?/  _  20xi/2  +  2i/. 

24.  2 1x2  _  83x7/  -  27x  +  227/  +  997/  and  12x2  _  35^.,^  _  g^; 

-  337/2  +  227/. 

25.  3*3  -  12a2  -  d?h  +  10a6  -  26^  and  Ga^  -  I7a26  +  8a62 _  l\ 

26.  18^3  -  I8a2x  +  6ax2  -  Gx^  and  60a2  _  75ax  +  15x2. 

27.  2 1x3 - 26x2 +  8x  and  6x2 -a; -2.       s^-i^ 

28.  6x*  +  29^2x2  +  9a*  and  3x3  _  15^^332  +  aH  -  5a'. 

29.  x^  +  x^7/2  +  x27/  H-  7/3  and  x*  —  7/*. 

30.  2x3  4. 10x2  +  i4x  +  6  and  x3  +  x2  +  7x  +  39. 

3 1 .  45ft3a;  +  3^2x2  -  9ax3  +  6x*  and  1 8a2x  -  Sx'.      ?  ^  ^  z-  X 

132.  It  is  sometimes  easier  to  find  the  H.C.F.  by  reversing 
the  order  in  which  the  expressions  are  given. 

Thus  to  find  the  h.c.f.  of  21x2  +  38x+  5  and  129x2  +  221x  +  10 
the  easier  course  is  to  reverse  the  expressions,  so  that  they 
stand  thus,  5  +  38x  +  21x2  and  10  + 221x+ 129x2,  and  then  to 
proceed  by  the  ordinary  process.  The  h.c.f.  is  3x  +  5.  Other 
examples  are 

(1)  187x3  _  84x2  +  31x  -  6  and  253x3  -  14x2  +  29x  -  12, 

(2)  37 17/  +  26y2  -  5O7/  +  3  and  4697/3  +  75,^2  _  io3y  _  2I, 
of  which  the  h.c.f.  are  respectively  llx-3  and  ly  +  'S. 

133.  If  the  Highest  Common  Factor  of  three  expressions 
a,  h,  c  be  required,  tind  fii-st  the  h.c.f.  of  a  and  b.  If  d  be  the 
H.C.F.  of  a  and  b,  then  the  h.c.f.  of  d  and  c  will  be  the  h.c.f. 
of  a,  b,  c. 

134.  Ex.     To  find  the  h.c.f.  of 

x3  +  7x2 _x-'j^  x^  +  5x2 - X - 5,  and  x2 - 2x  + 1. 

The  H.C.F.  of  x3  +  7x2  -  X  -  7  and  x3  +  5x2  - x  -  5  ^j^  \)q  found 
to  be  x2  —  1. 

The  H»c.F.  of  x2-l  and  x2-2x+l  will  be  found  to  be 
x-1. 

Hence  X- 1  is  the  h.c.f.  of  the  three  expres-sions. 
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Examples.— xxxviii. 

Find  the  Higtest  Common  Factor  of 

1.  x2  ^  5a;  +  6,  a;2  +  7a;  +  10,  and  y?  +  12a;  +  20. 

2.  ^-v\':^--b,  x3-3a;  +  2,  and  a;^  +  4x'- - 8a;  +  3. 

3.  2x2  +  a;-l,  a;2  +  5a;  +  4,  and  a;3  +  l. 

4.  2/^-^/-2/  +  l,  31/2-22/-1,  andi/-7/  +  i/-l. 

5.  a;3  -  4a;2  +  9x  -  10,  a;^  +  2a;2  -  3a;  +  20,  and 

x^  +  5x2-9a;  +  35. 

6.  ar^  -  7a;-  +  16x  - 12,  Sx^  -  Ux^  +  16x,  and 

5x3- 10x2+ 7x- 14. 

7.  2/3  -52/2  +  1  ly  - 15, 1/3  _  ,y2  +  3^/  +  5,  and 

22/^^-72/2 +16?/ -15. 

Note.  We  use  the  name  Highest  Counnon  Factor  instead 
of  GrrmUst  Common  Measure  or  Highest  Common  Divisor  for  the 
following  reasons  : 

(1)  We  have  used  the  word  "Measure''  in  Art.  33  in  a 
different  sense,  that  is,  to  denote  the  number  of  times  any 
quantity  contains  the  unit  of  measurement. 

(2)  Divisor  does  not  necessarily  imply  a  quantity  which 
is  contained  in  another  an  exact  number  of  times.  Thus  in 
performing  the  operation  of  dividing  333  by  13,  we  caU  13 
divisor,  but  we  do  not  mean  that  333  contains  13  an  exact 
number  of  times. 


IX.    FRACTIONS. 

135.     A  QUANTITY  a  is  called  an  Exact  Divisor  of  a  quan- 
tity h,  when  h  contains  a  an  exact  number  of  times. 

A  quantity  a  is  called  a  Multiple  of  a  quantity  h,  when  a 
contains  h  an  exact  number  of  times. 
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136.  Hitherto  we  have  treated  of  quantities  which  contain 
the  unit  of  measurement  in  each  case  an  exact  number  of 
times. 

We  have  now  to  treat  of  quantities  which  contain  some  exact 
divisor  of  a  primary  unit  an  exact  number  of  times. 

137.  We  must  first  explain  what  we  mean  by  a  primary 
unit. 

We  said  in  Art.  33  that  to  measure  any  quantity  we  take  a 
known  standard  or  unit  of  the  same  kind.  Our  choice  as  to 
tlie  quantity  to  be  taken  as  the  unit  is  at  first  unrestricted,  but 
when  once  made  we  must  adhere  to  it,  or  at  least  we  must 
give  distinct  notice  of  any  change  which  we  make  with  respect 
to  it.     To  such  a  unit  we  give  the  name  of  Primary  Unit. 

138.  Next,  to  explain  what  we  mean  by  an  exact  divisor  of 
a  primary  xinit. 

Keeping  our  Primary  Unit  as  our  main  standard  of  mea- 
surement, we  may  conceive  it  to  be  divided  into  a  number  of 
parts  of  equal  magnitude,  any  one  of  which  we  may  take  as  a 
Subordinate  Unit. 

Thus  we  may  take  a  pound  as  the  unit  by  which  we  mea- 
sure sums  of  money,  and  retaining  this  steadily  as  the  primary 
unit,  we  may  still  conceive  it  to  be  subdivided  into  20  equal 
parts.  We  call  each  of  the  subordinate  units  in  this  case  a 
shilling,  and  we  say  that  one  of  these  equal  subordinate  units  is 
one-twentieth  part  of  the  primary  unit,  that  is,  of  a  pound. 

These  subordinate  units,  then,  are  exact  divisors  of  the 
primary  unit. 

139.  Keeping  the  primary  unit  still  clearly  in  view,  we 
represent  one  of  the  subordinate  units  by  the  following  nota- 
tion. 

We  agree  to  represent  the  words  one-third,  one-fifth,  and 

one-twentieth  by  the  symbols  -,     -,    ^,  and  v/e  say  that  if 

the  Primary  Unit  be  divided  into  three   equal  parts,  ^  will 

o 

represent  one  of  these  parts. 
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If  we  have  to  represent  txijo  of  these  subordinate  units,  we 
2  3 

do  so  by  the  symbol  -  ;  if  three,  by  the  symbol  -  ;  if  four,  Ijy 
o  o  ■      ■ 

4 
the  symbol  -,  and  so  on.     And,  generally,  if  the  Primary  Unit 

be  divided  into  6  equal  parts,  we  represent  a  of  those  parts  by 

the  symbol  -^. 

140.  The  symbol  ^  we  call  the  Fraction  Symbol,  or,  more 

briefly,  a  Fraction.  The  number  Moic  the  line  is  called  the 
Denominator,  because  it  denominates  the  number  of  equal 
parts  into  which  the  Primary  Unit  is  divided.  The  number 
above,  the  line  is  called  the  Numerator,  because  it  enumerates 
how  many  of  these  equal  parts,  or  Subordinate  Units,  are 
taken. 

141.  The  term  numher  may  be  correctly  applied  to  Frac- 
tions, since  the}'  are  measured  by  units,  but  we  must  be 
careful  to  observe  the  following  distinction  : 

An  Integer  or  Whole  Number  is  a  multiple  of  the  Primary 

Unit. 
A   Fractional   Number  is  a  multiple  of  the  Subordinate 

Unit. 

142.  The  Denominator  of  a  Fraction  shews  what  multiple 
the  Primary  Unit  is  of  the  Subordinate  Unit. 

The  Numerator  of  a  -Fraction  shews  what  multiple  the 
Fraction  is  of  the  Subordinate  Unit. 

143.  The  Nmnerator  and  Denominator  of  a  fraction  are 
called  the  Terms  of  the  Fraction. 

144.  Having  thus  explained  the  nature  of  Fractions,  we 
next  proceed  to  treat  of  the  operations  to  which  they  are  sub- 
jected in  Algebra'. 

145.  Dep.  If  the  quantity  x  be  divided  into  h  equal  parts, 
and  a  of  those  parts  be  taken,  the  result  is  said  to  be  the 

fraction  r  of  x. 

0 

If  X  be  the  unit,  this  is  called  the  fraction  j-. 
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146.     If  the  unit  be  divided  into  h  equal  parts, 


5-  will  represent  one  of  the  parts. 


2 

S 

...  two , 

6  

3 

6 

...  three  , 

And  generally, 

■T  will  represent  a  of  the  parts, 

147.  Next  let  us  suppose  that  each  of  the  b  parts  is  sub- 
divided into  c  equal  parts  :  then  the  unit  has  been  divided 
into  be  equal  parts,  and 

J-  will  represent  one  of  the  subdivisions. 

2 


, tow 

be 


And  generally, 
a 

Tc  •••■ 


148.     To  shew  that  -r-  =  x- 
be      b 

Let  the  unit  be  divided  into  b  equal  parts. 

Then  .-  will  represent  a  of  these  jMrts (1). 

Next  let  each  of  the  h  parts  be  subdivided  into  c  equal 
parts. 

Then  tne  primary  unit  has  been  divided  into  be  equal  parts, 

and  ,—  will  represent  ae  of  these  subdivisions '...  (2). 

be 

Now  one  of  the  parts  in  (1)  is  equal  to  c  of  the  subdivisions 
in  (2), 

.".  a  parts  are  equal  to  ac  subdivisions  ; 
.  a _ae 
'•b~W 
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Cor.     We  draw  from  this  proof  two  inferences  : 

I.  If  the  numerator  and  denominator  of  a  fraction  be 
mAiltiflieA  by  the  same  number,  the^value  of  the  frac- 
tion is  not  altered. 

II.  If  the  numerator  and  denominator  of  a  fraction  be 
divided  by  the  same  number,  the  value  of  the  fraction 
is  not  altered. 

149.     To  make  the  important  Theorem  established  in  the 

preceding  Article  more  clear,  we  shall  give  the  following  proof 

4     16 
tliat  -  =  --,  by  taking  a  straight  line  as  the  unit  of  length. 


I    I    I    I    I    I    I    I    I    I    I    I    I    I    I    I    I    I    I    I    I 
A  E  D  F  B  C 

Let  the  line  AG  be  divided  into  5  equal  parts. 
Then,  if  B  be  the  point  of  division  nearest  to  G, 

ABh  ^oiAG.  (1). 

Next,  let  each  of  the  parts  be  subdivided  into  4  equal  parts. 

Then        A  G  contains  20  of  these  subdivisions, 
and  AB  16 

.-.ABis^oiAG.  (2). 

Comparing  (1)  and  (2),  we  conclude  that 

4_16 

5~20" 

j» 

150.  From  the  Theorem  established  in  Art.  148  we  derive 
the  following  rule  for  reducing  a  fraction  to  its  lowest  terms  : 

Find  the  Highest  Common  Factor  of  the  numerator  and  denomi- 
nator and  divide  both  by  it.  The  residting  fraction  will  be 
one  equivalent  to  the  original  fraction  expressed  in  the  simplest 
terms. 
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151.  When  the  numerator  and  denominator  each  consist  of 
a  single  term  the  h.c.f.  may  be  determined  by  inspection,  ol 
we  may  proceed  as  in  the  following  Example : 

To  reduce  the  fraction  ,^  „,,  ,  to  its  lowest  terms, 
lOa^ft'c*     2  X  5  X  aaabbcccc 


12a-b^c^       2  X  6  X  aabbbcc  ' 
We  may  then  remove  factors  common  to  the  numerator  and 

denominator,  and  we  shall  have  remaining  -- — j-; 
'  °    6x0 

.'.  the  required  result  will  be  -^r-. 

152.     Two  cases  are  especially  to  be  noticed, 

(1)  If  every  one  of  the  factors  of  the  numerator  be  removed, 
the  number  1  (being  always  a  factor  of  every  algebraical 
expression)  will  still  remain  to  form  a  numerator. 

Sa^c  3aac  1 


Thus 


12a^c2     3  X  4  X  aaacc     Aac 


(2)  If  every  one  of  the  factors  of  the  denominator  be  removed, 
the  result  will  be  a  whole  number. 

_,  \'2,a?c'^     3  X  4  X  aaacc 

Thus  „  o    =  — 15 =  4ac. 

Sa-'c  3  X  aac 

This  is,  in  fact,  a  case  of  exact  division,  such  as  we  have 
explained  in  Art.  74. 


Examples.— xxxix. 


Reduce  to  equivalent  fractions  in 

their 

simplest  terms  the 

following  fractions : 

4a2 

8a^ 

lOaW 

'•     12a3- 

"■     36a;2' 

-"-     24aW 

18.^•51/V 
4-     Abxhfz^' 

7a567c8 
5-     21«36V' 

^     Aaxy 
'dabc' 

blay^z 
7-     34^V 

15a6*c^ 

8a;3?/V 

[8.A.] 

V 

82  FRACTIONS. 


AS.m?-v?f^'  '     a^  +  ab'  '     21m^p-7mx' 

xy  4ax  +  2x^^  ay  +  y"  ^ 

^'     3xy'^  —  5xhjz  Sax^  —  2x^'  ■''     abc+bcy' 

4a^x  +  6ahj  12a¥-6ab  „  c^-4a2 

'      8a;2-18i/^'  ^7'       Sft^c-Sc  '  ^  "     c2  +  4ac  +  4a2 

3a;*  +  3a;  V  *Ia¥x^  -  labhf 

'9-     5»*  +  5xV'  ''^     lAa%cx^-\Aa?bcy^' 

10a; -lOy  5x^  +  45(Zx^ 

^°'     4a;2-8x?/  +  4y*  ^^*     10ca;'J  +  OOccZx^' 

ax  +  by  10a'"  +  20a6+10&^ 

6a6  +  Sec?  4x^-8xy  +  4y^ 

^^'     27a262a;_48c2dV  ^7-        48(x-y)2    * 

x;/  -  xt/2!  „       3mx  +  5nx^ 

^^'     2az  -  2az^'  '     3my  +  5nxy' 

153.  We  shall  now  give  a  set  of  Examples,  some  of  which 
may  be  worked  by  Resolution  into  Factors.  In  others  the 
H.c.F.  of  the  numerator  and  denominator  must  be  found  by 
the  usual  process.  As  an  example  of  the  latter  sort  let  us 
take  the  following : 

To  reduce  the  fraction  ^-5 — ^-^ — ^^ ^  to  its  lowest  terms. 

JiXi    —  yX"  —  OOX  "T  ^L 

Proceeding  by  the  usual  rule  for  finding  the  H.C.F.  of  the 
numerator  and  denominator  we  find  it  to  be  x  -  7. 

Now  if  we  divide  x^  — 4x2  — 19x— 14  by  x  — 7,  the  result  is 
x2  +  3a;  +  2,  and  if  we  divide  2x3  _  9^2  _  333; +  21  byx-7,  the 
result  is  2x^  +  5x  —  3. 

Hence  the  fraction  ,^-s — ^ x  is  equivalent  to  the  proposed 

fraction  and  is  in  its  lowest  terms. 


Examples.— xl. 

a?+*la  +  \0  x^-Qx  +  20  x^-2x-Z 

a2  +  5a+6*  ^'    x2-7x  +  12*  ^'    x2_ioa;  +  2r 
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II. 
12. 

13- 

21. 
24. 
25. 

26. 
27. 


x3-18a;i/  +  45i/^ 
a;^  — 8x1/—  105y^' 

a;^-4x2  +  9x-  10 
a;3  +  2x2-3x  +  20* 

x^-5x2  +  llx-15, 
x3-x2  +  3a;4.5 

x3-8x2  +  21x-18 
3x^-16x2  +  21x  ' 

x3-7x2  +  16x-12 
3x^— 14x2  +  16x 

X*  +  x^^  +  xy^  -  y* 
X*  —  x^y  —  xy^  —  y^' 

a^  +  4a^  -  5 
a^-Sa  +  2' 

¥  +  4b^-5b 
63-66  +  5  • 

3x2  +  2x-l 


X*  +  x^  + 1 

5     -2 


x^  +  2xh/  +  y^ 


x^  +  X  +  1  ■  ■  x^-y'^ 

w?  +  Sm^  —  4m 


m^  —  7m  +  6 

a^  +  1 

a^  +  2a^  +  2a+i' 

3ax2-13ax  +  l4a 
7x3- 17x2  + 6x  • 
14x2-34x+12 

9ax2-39ax  +  42a 

10a-24a.2  +  14a8 
15-24a  +  3a^  +  6a^ 

2a¥  +  ab'^  -  Sab  +  5a 
763^02^+56     ' 

a^-3a^  +  3a-2 

a?  —  4a^  +  6a  -  4* 


22. 


a^-a-20 


x^  +  x^  — X  — r        ""'  a^  +  a  — 12' 
{x  +  y  +  z)'^  +  {z-yy  +  {x-zf  +  {y  -xY 

x^  +  y^  +  z^ 
2x*-x3-9x2+13x-5 


a;3-3x2  +  4x-2 

^3-   a;3-x2_2x  +  2' 


7x3-19x2  +  l7x-5 
16x^-53x2  +  45x  +  6 
8x4-30x3  +  31x2- 12* 
4x2-12ax  +  9a2 
8s^-27a3      • 

6x3-23x2  +  16x-3 
6x3-17x2+llx-2' 
x3-6x2  +  llx-6 
x3-2x2-x  +  2 
m^  +  7n^  +  m  —  3 
m3  +  3m2  +  5m  +  3* 

x^  +  5x*  —  x2  —  5a3 
IcU-SaP-x-S  ' 
a2_52_26c-c2 
a2  +  2a6  +  62-c2* 


33- 
34- 
35- 
36. 
37- 
38. 
39- 


15a2  +  ft6-26^ 
9a2  +  3a6-262" 
x2  -  7x  + 10 
2x2-x-6' 
x3  +  3x2  +  4x  +  12 
x3  +  4x2  +  4x  +  3  ■ 
X*  -  x2  -  2x  +  2 

2x3  -  X  - 1 
x3-2x2-15x  +  36 
3x2-4x-15     ' 

3x3  +  x2-5x  +  21 
6x3  +  29x2  +  26x-2r 
x*-x3-4x2-x  +  l 
4x3-3x2-8x-l  • 
a3_7a2+16a-12 


^°'      3a3-l4a2+i6a  * 
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154.  The  fraction  t  is  said  to  be  a  proper  fraction,  wlien  a 
is  less  tlian  6. 

The  fraction  t  is  said  to  be  an  improper  fraction,  when  a  is 
greater  than  K 

155.  A  whole  number  x  may  be  written  as  a  fractional 
number  by  writing  1  beneath  it  as  a  denominator,  thus  =-. 

156.  To  prove  that  j-  of  t  =  7-t- 
Divide  the  unit  into  hd  parts. 


Then| 

of 

c     a    ^hc 
d~h       hd 

(Art. 

148) 

=  j-  oibc  of  these  parts 

(Art. 

147) 

(JLC 

= J-  of  be  of  these  parts 

(Art. 

148) 

=  ac  of  these  parts 

(Art. 

147). 

But 

-Y~.  =  ac  oi  these  parts : 
ba 

a    ^  c     ac 
•'•  b       d~bd' 

This  is  an  important  Theorem,  for  from  it  is  deriA'ed  the 
Eule  for  what  is  called  Multiplication  of  Fractions.     We 

extend  the  meaning  of  the  sign    x    and  define  ^  x  t  (which 

according  to  our  definition  in  Art.  36  has  no  meaning)  to  mean 

=-  of  -i,  and  we  conclude  that  t  x  j  =  tj5  which  in  words  gives 
0       d  0     a     ba 

us  this  rule — "  Take  the  product  of  the  numerators  to  form 

the  numerator  of  the  resulting  fraction,  and  the  product  of  the 

denominators  to  form  the  denominator." 

The  same  rule  holds  good  for  the  multiplication  of  three  or 
more  fractions. 
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157.     T.0  mew  that  r  "^  7  =  7^* 


The  quotient,  x,  of  t  divided  by  ^  is  such  a  number  that  x 
multiplied  by  the  divisor  t  will  give  as  a  result  the  dividend  t. 


xc 

a 

J  of 
c 

a 
P 

xcd 

ad 

■   cd  ' 

'^Tc' 

:  x= 

ad 

Hence  we  obtain  a  rule  for  what  is  called  Division  of 

Fractions. 

„.        a     c    ad 

Since  T-^-j^T—i 

b     d     be' 

a    c  __a    d 
b'^d~b^c' 

Hence  we  reduce  the  process  of  division  to  that  of  multipli- 
cation by  inverting  the  divisor. 

158.     The  following  are  examples  of  the  Multiplication  and 
Division  of  Fractions. 

2x      o   _  2^      3a_6ax_2x 

3a;  .  3x ^3a_Sx    J__^_  x 

*•     2&"^         26  •   1  ""26^3a"6a6~2a5* 

4a2     3c     3x4xa%_2a  ' 

*     9c^^2«~2x9xac''^~3c' 

14x2  ,  7a;_14cc2     Qy _9xl4x^y _2x 
^    2Tf'^9y~¥ff^7x^1x27xxy^~3y 

2a      96      5c_  2ax96x5c  _3 
5-     36  ^ lOc  ^ 4a"36 x  10c x 4a~4" 
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"*    W^^^  x-4:~x\x  +  1)^    x-4 
_x{x  —  ^)x{x  +  1)  _^ 
~  x\x  +  1){x-^)~  ' 

gi-yi       ^  A{a?-ah)_      a^-h^  a^  +  ah 

'^'    aF+2ab  +  ¥'     a^  +  ab    " a^  +  2ab  +  ¥^^ 4{a^-ab) 
_  {a  +  b)(a-b)      a(a  +  b) 
~(a  +  b){a  +  b)     4a{a-b) 
(a  +  b){a-b)a{a+b)  _1 
^(a  +  b){a  +  b)'ia(a-b)    4' 


EXAMPLES.— Xli. 
Simplify  the  following  expressions  : 
3x     7x  3a2&  -i^x  — 

8a%^      15xy^  9xYz     20a%^c        ,      ^^^^^ 

•  ^^^24aW      ^'     10a%h^  ISxy^z'         '     5b     3c     6a' 

Zx^y    5t/z     I2xz  „      la^h*    20f(P     4ac 

•  4^''6^''20xy^'  5cW''42a%3     Sbd' 
9m^n^    52)\    24a;V  25Bm'^     TOnPq  ^3pm 

'     8pV  ^  ^  ^  90mre*  *°'      14»Y  ^  TSp^m  ^  4k^n' 

EXAMPLES.— Xlii. 

Eeduce  to  simple  fractions  in  their  lowest  terms : 

a-b      a?-¥  x^  +  x-2    x^-13x  +  42 

•  d^  +  ab^a^-aV  ^      x^-1x   ^      x^  +  2x 
a;2  +  4x     4a;--12x  a;''-lla;  +  30  ^  a:"-3g 

•  x2-3x^3a;2  +  12x*  ^'      a;2-6«  +  9       a^-Sx 
x^  +  3x  +  2     x2-7x  +  12           g      a;2-4  .^g:--25^ 

'    a;2-5x  +  6^      x-  +  x     '  '     x^  +  Sx    x2  +  2x' 

a2_4(x,  +  3     a3-9a  +  20     a^-7a 
7-     ^2_5(j  +  4^a2_ioa  +  21^a2-5a 

62_75  +  6     fc2^10&  +  24     6^-852 
^    PT3F^^i2_i45  +  48''  62  +  6&* 


I 
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a;2  - 1/2  x%j-  2i/    y?  -  xy 

"'    »2  _  ^xy  +  2y^     x^  +  xy     {x-yY 

'°-    a2-(6-c)2^c2-(a  +  6)2" 

(x  -  m)2  -  n^    x^-in-  m)^ 
'     (x  -  Tif  -  m?    a;2  _  (m  -  ?i)2 

^  ^-     (a  +  c)2  -  (6  +  ri)' ""  (« -  c)2  -  (d  -  6)2* 

x2  —  23;i/ +  2/^  -  2^    X  +  1/-2 
'^*    «2  +  2xj/  +  i/2-»2    x-y  +  z 


EXAMPLES.— xliii. 

Simplify  tlie  following  expressions  : 
2a,  3b  l^^^  8a^j  .   2x^ 

^     nx  2p-2    p-l  5x 

5x  „  1  .     1  1  .1 

7-      7   •  ^-       ^'  a;2-3x  +  2 'x-l'        9'  x2_i7a;  +  30  '  x- 15' 

158.     We  are  now  able  to  justify  the  use  of  the  Fraction 
Symbol  as  one  of  the  Division  Symbols  in  Art,  73,  that  is, 

we  can  shew  that  y  is  a  proper  representation  of  the  quotient 

resulting  from  the  division  of  a  by  &. 

For  let  X  be  this  quotient. 

Then,  by  the  definition  of  a  quotient,  Art.  72, 
bxx  =  a. 

But,  from  the  nature  of  fractions, , 

bx-r=a; 

a 
"6 
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159.     Here  we  may  state  an  important  Theorem,  which  we 
shall  require  in  the  next  chapter. 

If  arf  =  Z)c,  to  she w  that  ? = 4 


Since  ad  =  be, 

ad     he 
bd~bd' 

.  a     c 
''b~d' 

X.  THE  LOWEST  COMMON  MULTIPLE. 

160.  An  expression  is  a  Common  Multiple  of  two  or 
more  other  expressions  when  the  former  is  exactly  divisible  by 
each  of  the  latter. 

Thus  24x3  is  a  common  multiple  of  6,  8x^  and  12a;3. 

161.  The  Lowest  Common  Multiple  of  two  or  more 
expressions  is  the  expression  of  lowest  dimensions  which  is 
exactly  divisible  by  each  of  them. 

Thus  18x*  is  the  Lowest  Common  Multiple  of  6a:*,  9x% 
and  3x. 

The  words  Lowest  Common  Multiple  are  abbreviated 
into  L.c.M. 

162.  Two  numbers  are  said  to  be  prime  to  each  other 
which  have  no  common  factor  but  unity. 

Thus  2  and  3  are  prime  to  each  other. 

163.  If  a  and  b  be  prime  to  each  other  the  fraction  - 

b 
is  in  its  lowest  terms. 

Hence  if  a  and  b  be  prime  to  each  other,  and  r  =  -3.  and 
if  m  be  the  h.c.p.  of  c  and  d, 

a  =  —  and  b= — , 
m  m 


THE  LOWEST  COMMON  MULTIPLE. 


89 


164.  In  finding  the  Lowest  Common  Multiple  of  two  or 
more  expressions,  each  consisting  of  a  single  term,  we  may 
proceed  as  in  Arithmetic,  thus  : 

(1)  To  find  the  l.c.m.  of  ^a?x  and  18aa?, 


2 

4a^x, 

18aa;3 

a 

2a\ 

9aa? 

X 

2a%, 

9a;3 

2a% 

9a;2 

L.C.M.  =  2  X  a  X  a;  X  2*2  X  9x2  ^  36^3^3 
(2)  To  find  the  L.C.M.  of  ab,  ac,  be, 


a 

ah, 

ac,  be 

b 

i, 

c,  be 

c 

1, 

c,    c 

1, 

1,    1 

L.C.M.  =  a  X  6  X  c=abc. 
(3)  To  find  the  l.c.m.  of  12a\  Ubc^  and  36aB2, 


2 

12a% 

14bc% 

d6a¥ 

6 

6a\ 

lbc\ 

I8a¥ 

a 

a^c, 

7bc\ 

•Sab'^ 

b 

ac, 

1hc\ 

362 

c 

ac, 

7c% 

36 

a. 

7c, 

36 

I1.0.M.  =  2  x6xax6xcxax7cx  3h  —  252aW(^. 


Examples.— xliv. 

Find  the  L.C.M.  of 


1.  4a^x  and  6a^x^. 

2.  Sx^y  and  l^xy^. 

3.  4a%  and  8a%\ 

4.  ax,  a"x  and  a^x^. 

5.  2ax,  4ax^  and  ofi. 


6.  cd,  a-c  and  62c^. 

7.  a^x,  a^y  and  xhj^. 

8.  510.2x2,  34ax^  and  ax*. 

9.  5p\  lOq'^r  and  202J5r. 
10.  18ax2,  72ay^  and  •12x2/. 


90  THE  L  0  WEST  COMMON  MUL  TIPLE. 

165.  The  method  of  finding  the  L.C.M.,  given  in  the  pre- 
ceding article,  may  be  extended  to  the  case  of  compound 
xpressions,  when  one  or  more  of  their  factors  can  be  readily 
determined.     Thus  we  may  take  the  folloAving  Examples  : 

(1)  To  find  the  l.c.m.  of  a-o;,  o^  —  's?-,  and  ofi-^aaiy 


a—x 

a  —  x,  a^  —  x%  a^  +  ax 

a  +  x 

1,      a  +  x,   a^  +  ax 

1,      ,  1,          a 

L.c.M.  =  (a  —  x)(a  +  x)a  =  (cfi  —  a;^)  a  =  a^  —  aa?. 

(2)  To  find  the  l.c.m.  of  a;^-  1,  «■*-  1,  and  4;r«-4a;*, 
a;2  -  1  I  a;2  - 1,  a;*  - 1,  4x<' -  4x* 
I       1,      x^+1,      4x* 
L.C.M.  =  (a;2  - 1)  (a:2  +  1)  4x*  =  (x*  - 1)  4x*  =  4x^  -  4x\ 

166.  The  student  who  is  familiar  with  the  methods  of 
resolving  simple  expressions  into  factors,  especially  those. given 
in  Art.  125,  may  obtain  the  l.c.m.  of  such  expressions  by  a 
process  which  may  be  best  explained  by  the  following  Ex- 
amples : 

Ex.  1.     To  find  the  l.c.m.  of  a^  —  x^  and  a^-a?. 
a?  -  x"^  =  {a-x){a  +  x), 
a^-x^  —  {a  —  x)  {a^  +  ax  +  x^ 

Now  the  L.C.M.  must  contain  in  itself  each  of  the  factors  iu 
each  of  these  products,  and  no  others. 

.*.  L.C.M.  is  (a  -  a;)  («  +  a;)  {a^  +  ax  +  x^, 
the  factor  a  —  x  occurring  once  in  each  product,  and  therefore 
once  only  in  the  l.c.m. 

Ex.  2.     To  find  the  l.c.m.  of 

a2  _  ^,2^  a--2ah  +  h%  and  a"^  +  2ah  +  h^ 
a^-l'^  =  {a  +  l)(a-b), 
a^-2ab  +  h^=ia-b){a-b), 
a2  +  2ab  +  b^={a  +  b)  {a  +  b)  ; 
X.C.M.  is  (a  +  b){a-  b)  {a  -b)(a  +  b), 
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tlie  factor  a  —  h  occurring  tvyice  in  one  of  the  jiroducts,  and  a  +  & 
occurring  twice  in  another  of  the  products,  and  therefore  each 
of  these  factors  must  occur  tvnce  in  the  l.c.m. 


Examples.— xlv. 

Find  the  l.c.m.  of  the  following  expressions  : 

1.  3?  and  ace  +  a;2.  10.  a;^  _  1^  a;^  + 1  and  a;*  - 1. 

2.  %^-\  and  x^-x.  11.  'j?-x,  y?  —  \  and  cc'  +  l. 

3.  a^  — 6^  and  a^  +  ah.  12.  x^-  1,  -x^  —  x  and  x^  —  \. 

4.  2x  - 1  and  4a;2  - 1.  13.  2a  + 1,  4fl,2  _  1  and  Sa^  + 1. 

5.  a  +  &  and  a^  +  Z*^.  14.  a;  + 1/  and  2a;2  +  2a;2/. 

6.  a;  + 1,  a;  — 1  and  a;2_i.  15.  (a  +  5)2  and  a^  —  ^a^ 

7.  a;  +  l,a;^  — 1  anda;-  +  a;  +  l.  16.  «  +  ?>,  a  — ?;  and  a^  — 2*2. 

8.  a;  +  l,  a;2+l  and  a;3  +  l.  17.  4(1 +  a;),4(l-a;)and2(l -a;^). 

9.  aj  — 1,  a;--l  and  x^— 1.  18.  a;— 1,  a;2  +  a;  +  l  and  a;^  — 1. 

19.  (a  —  6)  (a  —  c)  and  (a  —  c)  (6  —  c). 

20.  (a;  +  l)(a;  +  2),  (a;  +  2)(a;  +  3)  and  (x+l)(x+3). 

21.  x'^-y'^,  (x  +  y)"  and  (a;  —  ?/)-. 

22.  (a  +  3)(a+l),  (a  +  3)(a-l)  anda2_i. 

23.  x-(x  —  y),  xix^  —  y-)  and  a;  +  ?/. 

24.  {x  + 1)  (x  +  3),  (x  +  2)  (x  +  3)  (x  +  4)  and  (x  + 1)  (x  +  2). 

25.  x^  —  y^  Z{x  —  yY  and  12  (x^  +  j/^). 

26.  Q(y?  +  xy),  8{xy  —  y^)  and  10  (x^  —  ?/^). 

167.  The  chief  use  of  the  rule  for  finding  the  l.c.m.  is  for 
the  reduction  of  fractions  to  common  denominators,  and  in  the 
simple  examples,  which  we  shall  have  to  put  before  the  student 
in  a  subsequent  chapter,  the  rules  which  we  have  alreadj^  given 
will  be  found  generally  sufficient.  But  as  we  may  have  to  find 
the  L.C.M.  of  two  or  more  expressions  in  which  the  elementary 
factors  cannot  be  determined  by  inspection,  we  must  now  pro- 
ceed to  discuss  a  Rule  for  finding  the  l.c.m.  of  two  expressions 
which  is  applicable  to  every  case. 
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]  68.     The  rule  for  finding  the  l.c.m.  of  two  expressions  a 
and  h  is  this. 

Find  d  the  highest  common  factor  of  a  and  6. 

Then  the  l.c.m.  of  a  and  b  =^xb, 
a      ' 

h 
or,    =  T  X  a. 
a 

In  words,  the  l.c.m.  of  two  expressions  is  found  by  the  fol- 
lowing process  : 

Divide  one  of  the  expressions  by  the  h.c.p.  and  multiply  the 
quotient  by  the  other  expression.     The  result  is  the  L.C.M. 

The  proof  of  this  rule  we  shall  now  give. 

169.     To  find  the  L.C.M.  of  two  algebraical  exjaressions. 
Let  a  and  b  be  the  two  algebraical  expressions. 
Let  d  be  their  h.c.p., 

X  the  required  L.C.M. 

Now  since  ic  is  a  multiple  of  a  and  b,  we  may  say  that 
x=ma,     x  =  nb; 

:.  ma  =  nb  ; 

:.VlJ_    (Art.  159). 
n     a     ^  ' 

Now  since  x  is  the  Zowesf  Common  Multiple  of  a  and  J, 
m  and  n  can  have  no  common  factor ; 

.'.  the  fraction  —  must  be  in  its  lowest  terms  : 
n 

:.  '»!'=  J  and    «  =  T     (All.  163). 

Hence,  since  x  =  ma, 

b 

x  =  -.xa. 

a 

Also,  since  x  =  nb, 

*    J. 
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170.  Ex.     Find  the  L.C.M.  of  a;2  -  13x4-42  and  a;2_i9x  + 84. 

First  we  find  the  H.C.F.  of  the  two  expressions  to  be  x  —  7. 

„,                          (x2  -  13x  +  42)  X  (x2  -  19x  +  84) 
Then      l.g.m.  =  ^ '- — ^ '. 

x-1 

Now  each  of  the  factors  composing  the  numerator  is  divisible 

by  X  -  7. 

Divide  x^  —  13x  +  42  by  x  —  7,  and  the  quotient  is  x  —  6. 
Hence  l.o.m.  =  (x-6)(x2-19x  +  84)=x3-25x2+  198x-504. 

Examples. — xlvi. 

Find  the  l.c.m.  of  the  following  expressions  : 

1.  x^  +  5x  +  6  and  x2  +  6x  +  8. 

2.  a^  -  a  -  20  and  a^  +  a-  12. 
'    3.     X-  +  3x  +  2  and  x^  +  4x  +  3. 

4.  x^  +  llx  +  30  and  x-  +  12x  +  35. 

5.  x2  -  9x  -  22  and  x^  -  1 3x  +  22. 

6.  2x2  +  3x  +  1  and.  x^  -  x  -  2. 

7.  a?  +  x^y  +  xy  +  y^  and  x*  -  y*. 

8.  x2-8x  +  15  andx2  +  2x-15. 

9.  21x2  _  26x  +  8  and  Ix^  -  4x^  -  21x  + 12. 

10.  x^  +  xhj  +  X1/2  4-  y^  and  x^  -  X"y  +  xy^  -  y\ 

11.  a?  +  2a?h  -  a¥  -  26^  and  a^  -  2a^  -  aW  +  263. 

171.  To  find  the  l.c.m.  of  three  expressions,  denoted  by 
a,  b,  c,  we  find  m  the  l.c.m.  of  a  and  b,  and  tlien  find  M  the 
L.C.M.  of  m  and  c.     M  is  the  l.c.m.  of  a,  b  and  c. 

The  proof  of  this  rule  may  be  thus  stated  : 

Every  common  multiple  of  a  and  b  is  a  multiple  of  m, 
and  every  multiple  of  m  is  a  multiple  of  a  and  b, 
therefore  every  common  multiple  of  m  and  c  is  a  common 

multiple  of  a,  b  and  c, 
and  every  common  multiple  of  a,  b  and  c  is  a  common 

multiple  of  m  and  c, 
and  therefore  the  l.c.m.  of  m  and  c  is  the  l.c.m.  of  a,  b 

and  c. 
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Examples. — xlvii. 

Find  the  l.c.m.  of  tlie  following  expressions  : 

1.  a;- -  3a;  +  2,  o;'-^  -  4j;  +  3  and  x^  _  5a;  +  4. 

2.  c"  +  5a;  +  4,  ic2  +  4a;  +  3  anda;2  +  7a;-)-i2. 

3.  a;2_9a.  +  20,  a;2-12a;  +  35anda;2-lla;  +  28. 

4.  6a;2  -  a;  -  2,  21a;2  -  17a;  +  2  and  \4a?  +  5a;  -  1. 

5.  x2-l,  a;"  +  2a;-3  and  6a;2-x-2. 

6.  x^  -  27,  x2  -  15a;  +  36  and  x^  -  Sx^  -  2a;  +  6. 


XI.  ON  ADDITION  AND  SUBTRACTION 
OF  FRACTIONS. 

172.  Having  established  the  Enles  for  finding  the  Lowest 
Common  Multiple  of  given  expressions,  we  may  now  proceed 
to  treat  of  the  method  by  which  Fractions  are  combined  by 
the  processes  of  Addition  and  Subtraction. 

173.  Two  Fractions  may  be  replaced  by  two  equivalent 
fractions  with  a  Common  Denominator  by  the  following 
rule  : 

Find  the  L.C.M.  of  the  denominators  of  the  given  fractions. 

Divide  the  L.C.M.  by  the  Denominator  of  each  fraction. 

Multiply  the  first  Numerator  by  the  first  Quotient. 

Multiply  the  second  Numerator  by  the  second  Quotient. 

The  two  Products  will  be  the  Numerators  of  the  equivalent 
fractions  whose  common  denominator  is  the  l.c.m.  of  the 
original  denominators. 

The  same  rule  holds  for  three,  four,  or  more  fi-actions. 

174.  Ex.  1.  Reduce  to  equivalent  fractions  with  the 
lowest  common  denominator, 

2a; +  5       ,  4a;-7 
— — —  and  — : — . 
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Denominators  3,  4. 

Lowest  Common  Multiple  12. 

Quotients  4,  3. 

New  Numerators  8a; +  20,  I2x-21. 

8X  +  20    12a; -21 


Equivalent  Fractions 


12    '        12 


Ex.  2.     Reduce  to  equivalent  fractions  with,  the  lowest 

common  denominator, 

56  + 4c    6a -2c    3ct-5& 

a6    '      ao    ^      be     ' 

Denominators  ab,  ac,  be. 

Lowest  Common  Multiple  dbc. 

Quotients  c,  b,  a. 

New  Numerators  56c  +  4c2,  6ab  -  26c,  3a^  -  5ab. 

-n,     •     1     J.  T-.      ^-        56c  +  4c^    6ab  -  26c    3a^  -  5ab 

Hjquivalent  1<  Tactions ; ,    = ,  ; . 

^  a6c  a6c     '       abc 


Examples. — xlviii. 

Reduce  to  equivalent  Ixactiona  with  the  lowest  common 

denominator : 

# 
3a;       ,  4a;  ,     a-b       ■,  a^  —  ab 

1.  -7-  and  —•  o.     — ^j5-  and  — -r^. 

4  5  ft^6  06^ 

3x-7      J  4x-9  ^3         J     3 

2.  — 5—  and     ,„    .  7.     - — -  and . 

6  18  1+x  1-a; 

2x-4y      ,  3x-8y  -2,2 

•^        5a;'*  lOx  1-2/  1+2/ 

4a  +  56       ,  3a-46    "  5,6 

1,     r; —  and  .  o.     and j,. 

^        2a2  5a  ^      l-x  l-x^- 

4a  — 5c       ,  3a  — 2c  a       ,        6 

'*        5ac  12a2c  *  '     c  c(6  +  x)' 

1  ,1 

1 1.     ; jr- Tj and 


(a-6)(6-c)         (a-6)(a-c)' 
12.     -r-> rn ^\  ^^^ 


ab  (a  — 6)  {a  —  c)  ac  (a  —  e)  (6  — c)* 
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175.     To  shew  that  ?  +  ^  =  ^^'. 
ha,        bd 

Suppose  the  unit  to  be  divided  into  bd  equal  parts. 
Then  ^^  will  represent  ad  of  these  parts, 

and  T-v  will  represent  be  oi  tnese  parts. 

.,  c     be 

and  j  =  ^-f. 

d     bd 

Hence  ^  +  ^  will  represent  ad  +  he  of  the  parta. 

But  — j-j—  will  represent  ad  +  be  of  the  parts. 

Therefore -  +  -  =  "^  +  ^' 
b     d        bd 

By  a  similar  process  it  may  be  shewn  that 
a     c  _ad  —  bc 
b~d^~W' 

.„„  „.  a  c  ad  +  bc 
176.  Since  r  +  J  =  ,  ,  , 
^  b     d        bd    ' 

our  Eule  for  Addition  of  Fractions  will  run  thus  : 

"Eeduce  the  fractions  to  equivalent  fractions  having  th# 

Lowest  Common  Denominator.     Then  add  the  Numerators  of 

the  equivalent  fractions  and  place  the  result  as  the  Numerator 

of  a  fraction,  whose  Denominator  is  the  Common  Denominator 

of  the  equivalent  fractions. 

The  fraction  will  be  equal  to  the  sum  of  the  original  fiac- 
tions." 

The  beginner  should,  however,  generally  take  two  fractions 
at  a  time,  and  then  combine  a  third  with  the  resulting  fraction, 
as  will  be  shewn  in  subsequent  Examples. 

.,         .        a     c     ad  — be 

Also,  smce  r  — j  =  — n — > 

'  b     d        bd    ' 

the  Rule  for  Subtracting  one  fraction  from  another  will  be. 
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"  Reduce  the  fractions  to  equivalent  fractions  having  the 
Lowest  Common  Denominator.  Then  subtract  the  Numerator 
of  the  second  of  the  equivalent  fractions  from  the  Numerator 
of  the  first  of  the  equivalent  fractions,  and  place  the  result  as 
the  Numerator  of  a  fraction,  whose  Denominator  is  the  Common 
Denominator  of  tlie  equivalent  fractions.  This  fraction  will  be 
equal  to  the  difi'erence  of  the  original  fractions." 

These  rules  we  shall  illustrate  by  examples  of  various  degrees 
of  difficulty. 

Note.  When  a  negative  sign  precedes  a  fraction,  it  is  best 
to  place  the  numerator  of  that  fraction  in  ar  bracket,  before 
combining  it  with  the  numerators  of  other  fractions. 

177.     Ex.  1.  To  simplify 

4x  —  3y     3x  +  7y     5x-2y     9x  +  2y 
7       "^      14  2T~'^~42^' 

Lowest  Common  Multiple  of  denominators  is  42. 

Multiplying  the  numerators  by  6,  3,  2,  1  respectively^ 

24x-18y     9x  +  2ly     10x-4y     9x  +  2y 
'      42        ^      42  42       ^      42 

_24x-\8y  +  9x  +  21y-{10x-4y)  +  9x  +  2i 

~  42 

24a5  -I8y  +  9x  +  21y  -  lOx  +  4y  +  9x  +  2y 

"^  42 

_32:r  +  9?/ 

~      42~  ' 

■n,^      O      rr        •         Tf      2X+1       4x  +  2       1 

Ex.2.  ToBimplifv— —  +  -. 

oX  DX  i 

Lowest  Common  Multiple  of  denominators  is  105x. 
Multiplying  the  numerators  by  35,  21,  15a3,  respectively, 

70a: +  35     84x  +  42-     15^ 

105a;  105a;    "*"  105^ 

_  70a; +  35 -(84a; +  42)  +  15a; 

~  105a; 

70a;  +  35-84x-42  +  15a;  _  a:-7 

^  105a;  ~'l05x' 

[S.A.]  Q 
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Examples.— xlix. 

4a;  +  7     3a; -4  3a-4&     2a-6  +  c     13a-4c 

5     '*'     15    •  ^'7  3~~"^      i2~' 

^-3y     3x+7y     5x  —  2y     9x  +  2y 
f~"^~U  21^''"     42     • 


3- 


3x-22/     5x-7y    8a; +  2^ 
^'    "Sx""*"     lOx     "^"25'^* 

4x2-^^2    3a; -8y     5-% 

5'        3x2      +     ga;     +     12    • 

,     4ft2  +  562    3aj^2&     7-2g 

262      +     5i      "^     9    • 

4a: +  5  _  3a;- 7        9 
''■        3~"        5x    "^12a;^" 

5a +  26  _  4c - 3?j     (iah-Tbc 
3c  2a  14ac 

2a  +  5c     4ac  -  3c2    5ac  -  20^ 
a^c  ac-  a2c2 

3a-y  -  4  _  bif  +  l  _  6x2-11 

X-i/2  XJ/S  X^J/ 

a  -  6     4a  -  56     3a  -  7& 
a^6         a'-'6c  62^2 

178.     Ex.     To  simplify 

a-b     a+h 

a  +  b     a~b' 
L.c.M.  of  denominators  is  a2  -  62. 

Multiplying  the  numerators  liy  a  -  6  and  o  +  6  respectively, 

we  get 

a2-2a6  +  62    a2  +  2a6  +  62 

a2  -  62  a2  -  62 

_CT2-2ffl6  +  62  +  a2  +  2a6  +  62 

a2-62 
_2a2  +  262 
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EXAMPLES.- 

-1. 

J       i     1     1 

a;  -  6     a;  +  5' 

1 

^-    x-7- 

1 
x-3' 

3- 

\+x'^\ 

1 

-X 

a;  +  y     x-y 
x-y     x+y 

s./.- 

2 
l-a;2- 

6. 

a     (ad  -  be)  x 

c  (c  +  dx)  ' 

X               X 

'     x+y    x-y 

8. 

1 

X- 

—  + 
•2/ 

X 

(x-yf 

2 

3« 

10. 

1 

-„    .1 

1 

^'   x  +  a    {x  +  a)-' 

2a 

(«  + 

x)     2a( 

fl-x)' 

179.    Ex.  1. 

To  simplify 

3          5 

1+y     1-1/ 

6 

1  +  2/'" 

Taking  the  first  two  fractions 

3    + 

1+y    I 

5 
-2/ 

3-3y    5  +  5y 

8  +  21/ . 
~i~y" 

we  can  now  coml: 

line  with  this  result  the  third  of  the 

original 

fractions,  and  we 

have 

1  +  2/1 

5            6 

-y    i+y- 

- 

, 

_8  +  2i/ 

6 

1-^2  Ij^y-i 

8  +  2i/  +82/^  +  21/3  _  6-6y» 
1_^      ^     -    1-2/* 

8  +  2t/  +  8j/-^  +  22/^  -  6  +  6y» 
1-1/ 

2?/^  4- 14?/  +  2?/  +  2 
1-2/* 
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,- s  +  ; 


Ex.  2.     To  simplify 

2     _       2 

(a-6)  (?.-c)"'"(a-6)  (c-a)"^(6-c)  (c-a)' 

L.c.M.  cif  first  two  denominators  being  (a-t)  (6-c)  {c-d) 

_  2c -2a   26 -2c    .  2 

~(a-h)  {b-  c){c~^a)  ^(a-b){b-  c)  {c-a)     {b-  c)  (c  -  o) 

26 -2a  2 

^(a-6)  (6-c)  (c-a)     (6-c)(c-a)' 

L.C.M.  of  the  two  denominators  being  (a  -  6)  (6  -  c)  (c  -  o) 

26  -  2a  +  2a -26  0 


■  (a  -  6)  (6  -  c)  (c  -  a)     (a  -  6)  (6  -  c)  (c  -  a) 


=0. 


Examples.— 11. 

1  ^  2a  _1 ^1 26     _    463 

'•    TTa'^T^'^r-a^"'  '*'    a -6     a  +  6'  a-'+P    a*  +  if*' 

1           1           2x  X       y  x^ 

a;  ■X?  X ,     a:  +  3     a:-4    a;  +  5 

a;-l     a;-2     re -3 

7. 1 1 ■ — . 

'     aj-2     x-'i    x-4 

3  4a  5a^ 

a; -a    (x-a)"-'     (x-a)^ 

1 1 3 

^'    x-1     x  +  2     (x+l)(a;  +  2)' 

1  3 

lo. 


(x  +  l)(a;  +  2)     (x  +  l)(x  +  2)(x  +  3)' 

x^  x  r, 

"•   ^sTT'*'^^    x+r 

1 1 

'^*    {a  +  c){a  +  d)     {a  +  c){a-\-e)' 

a-b  b-c  c-a  

'3-    (6  +  c)(c  +  a)'*'(c  +  a)(a  +  6)  (a  +  6)  (6  +  6)' 
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x-a     x-b  (a  -  b)^ 

x-b     x-a     {x-a)  (x-b)' 

x  +  y       2x         xhf  —  a? 
'■      y       x  +  y     y{x--y-)' 

a  +  b  6  +  c  c  +  a 

1 6.      77 TT X  +  / w vC  +  ; 


(6-c)(c-a)     {c  —  a){a-h)    (a  — 6)(6-c)* 

X  2x11 

x^  +  xy  +  y'^    X?  —  y^' 

l8        2,2^2     ^(a-by^  +  {b-cf  +  (c-aY^ 
a-b      b-c      c  —  a  {a  —  b)  (b  —  c)  {c  -  a) 

a  +  b       2rt       a'b  -  a' 
'9-    'b        ^+b'^^bZW 

1  1  1 

20. 


(/i  +  l)(n  +  2)     (?i  +  l)(?i  +  2)(n  +  3)     (n  + 1)  (»  +  3)* 
a-  —  be  ¥-ac  (?  —  ah 

21.       ,         .     tx    ,         .        S+.I     .         X/L    .        X  +  , 


(«  +  6)  (rt  +  c)     ; 6  +  a)  (6  +  c)     (c  +  6)  (c  +  a) ■ 

180.     feince  'h~'^>  ^'^'^  ~irh~^>  ■^^*-  ' '5 

ab_—ab 

From  this  we  learn  that  we  may  change  the  sign  of  the 
denominator  of  a  fraction  if  we  also  change  the  sign  of  the 
numerator. 

Hence  if  the  niuuerator  or  denominator,  or  both,  be  expres- 
sions with  more  than  one  term,  we  may  change  the  sign  of 
every  terra  in  the  denominator  if  we  also  change  the  sign  of 
every  term  in  the  numerator 

,,  a  —  b     —(a-b) 

For  =  — ^^ ~ 

c-d      -{c-d) 

_-a  +  b 
~ -c+d '    . 

or,  writing  the  tei'ms  of  the  new  fraction  so  that  the  positive 
terms  may  stand  first, 

_b  —  a 

~df-<}' 
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181.  Ex.     To  simplify  ^——^-^^^^-. 

a-x         x—a 

Changing  the  signs  of  the  numerator  and  denominator  of  the 
second  fraction, 

X  (a  +  x)     —  5ax  +  x^ 
a-x  a  —  x 

_ax  +  x^-{-  bax  +  x')    ax  +  r?  +  bax  -  x^     Qax 
a—x  a—x  a-x 

182.  Again,  since  —ah=  the  product  of  -a  and  b, 

and       ab=  the  product  of  +a  and  b, 

the  sign  of  a  product  will  be  changed  by  cUanging  the  signs  of 
one  of  the  factors  conijjosing  the  product. 

Hence  (a  —  b)(b-  c)  will  give  a  set  of  terms, 

and  (6  -  a)  (b  -  c)  will  give  the  same  set  of  terms  with  dif- 
ferent signs 

This  may  be  seen  by  actual  multiplication 

(a  -  b)  {b  -  c)  =  ab  -  ac  -  b"  +  be, 
(b  -  a)  {b  -c)=  -  ah  +  ttc  +  6^  — 

Consequently  if  we  have  a  fraction 

1 

{a-b){b-cY 

and  we  change  the  factor  a-b  into  b-a,  we  shall  in  effect 
change  the  sign  of  every  term  of  the  expression  which  would 
result  from  the  multiplication  of  {a  -  b)  into  {b  -  c). 

Now  we  may  change  the  signs  of  the  denominator  if  we  also 
change  the  signs  of  the  numerator  (Art.  180) ; 
1 -1 

'*•  {a-b){b-c)~{b-a){b-c)' 

If  we  change  the  signs  of  txvo  factors  in  a  denominator,  the 
sign  of  the  numerator  will  remain  unaltered,  thus 
1  1 

{a-b){b-c)~{b-a){c-b)' 
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183.     Ex.     Simplify 
1 


(a  -b){b~  c)     (b  -a)  (a-  c)     (c  -a){c-  b)' 

First  change  the  signs  of  the  factor  {b-a)  in  the  second 
fraction,  changing  also  the  sign  of  the  numerator  ;  and  change 
tlie  signs  of  the  factor  (c-a)  in  the  third  fraction,  changing 
also  the  sign  of  the  numerator, 

1.-  1  -1  -1 

the  result  is  -. rr-n c  +  / ix 


(a  -  6)  (6  -  c)     {a  -b){a-  c)     {a  -c)  (c-  b)' 

Next,  change  the  signs  of  the   factor  (c-6)  in   tlie  third, 
changing  also  the  sign  of  the  numerator, 

tlie  result  is  -. rm ^  +  /— 


[a -b)  {b- c)     {a -b)  (a- c)     (a -c)(b- c)' 
L.c.M.  of  the  three  denominators  is  (a  -b)  (b~  c)  (a  -  c), 

a-c  -b+e  a-b 

' (a -b){b- c)  (a - c)     (a- b)  (a -c)  (b- e)     (a -b){a- c)  Q>^) 
a-c-b  +  c-  (a-b)  0 


(a -b)(b- c)  {a -c)     {a- b)  (6 - c)  (a - c) 


=0. 


Examples. — lii. 

X       x-y  3  +  2x     2-3a;     16a; -x^ 

x-y    y-x  2  —  x      2  +  x       x^-'i 

X  X  a?  114 

3'    x+l~Y^^x^-l'  ^    6y  +  ()~2y-2^3^^3y^ 

1^ 2 1 


(m-2)(m-3)     (m-l)(3-m)     (m-l)(m-2)' 

,  1  1  d^  +  b"^      2a62      J^J 

^i-b){x-^hy{b-a){x  +  a)'       7-    ^2_52    ^a.^a  +  aS  +  js- 

1  1  1 

+  : 


l-(H-x)     4(a;-l)     2(l  +  a;2)" 

1  1  1 

^'    («-2/)  (y-2)^  (y-a;)  (a;-^)     {z-x)  (z-yy 


lO. 


a(a-&)(a-c)    6(6-a)(6-c)     c(c-a)(c-0' 
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.  184.     Ex.     To  simplify 

1  1 

;  + 


Here  the  denominators  may  be  exi^ressed  in  factors,  and  we 
have 

1  1 

4- 


(a;-5)(a;-G)^(a;-5)(a;-7)* 

The  L.c.M.  of  the  denominators  is  (a; -5)  (a; -6)  (x-7),  and 
we  have 

a;-7  a;-6 


(»-5)  («-6)  (.x- 7)     (x-5)  (a;-6) "(a;-7) 
_  2x-13 

"'(x-5)(x-6)(x-7)* 


Examples.— liii. 
1  1 


a;2  -  13x  +  42     a;2  -  15.k  +  54* 


a;2  +  7j;-44    a;2-2x-143* 

1 2a;  1    __ 

^   a;2  +  3^:c  +  2     x2  +  4a;  +  3'^a;2  +  5a;  +  6' 

m       2??i,  2m?i. 


-        1  +  a;  1  -  a; 

6-        ,~ 7~Ty  + 


1  +  :c  +  a;2     1  -  a;  +  a;^     1  +  .>;-  +  x** 
2     ,      7;c  7a; 


''    3(1 -a;)     1+a;     3x^  +  3     3a;2-3* 
o  1  1  1 


8(a;-l)     4(3-x)     8(x-5)     (1-a)  (a;-3)  (a-5}" 
Q.    1— X  +  X-  — a;^  +  -- . 


XII.    ON    FRACTIONAL    EQUATIONS. 

185.  "We  shall  explain  in  this  Chapter  the  method  of 
solving,  first,  Equations  in  which  fractional  terms  occur,  and 
secondly,  Problems  leading  to  such  Eipiations. 

186.  An  Equation  involving  fractional  terms  may  be 
reduced  to  an  equivalent  Equation  without  fractions  hy  mul- 
tiplying every  term  of  the  equation  by  the  Loivest  Common 
Multiple  of  the  denominators  of  the  fractional  terms. 

This  process  is  in  accordance  with  the  principle  laid  down 
in  Ax.  III.  page  58  ;  for  if  both  sides  of  an  equation  be  multi- 
plied by  the  same  expression,  the  resulting  products  will,  by 
that  Axiom,  be  equal  to  each  other. 

187.  The  following  examples  will  illustrate  the  process  of 
clearing  an  Equation  of  Fractions. 

Ex.  I.   i  +  |=8. 

The  L.c.M.  of  the  denominators  is  6. 
Multiplying  both  sides  by  6,  we  get 


or, 

or, 


Ex.  2.   2  +  — 7  -  =  a=-2. 

The  L.c.M.  of  the  denominators  is  14. 

Multiplying  both  sides  by  14,  we  get 

14,<;     14a; +  14     ,, 


6x     6x 

=  48, 

3x  +  x= 

=  48, 

4x  = 

=  48; 

:.  x= 

=  12. 
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or,  7x  +  2x  +  2  =  14c-28, 

or,  7x  +  2x-14x= -28-2, 

or,  -535= -30. 

Changing  the  signs  of  both  sides,  we  get 
5.-;  =  30; 
.-.  x  =  6. 

188.  The  process  may  be  shortened  from  the  following 
considerations.  If  we  have  to  multiply  a  fraction  by  a  multiple 
of  its  denominator,  we  may  first  divide  the  multiplier  by  the 
denominator,  and  then  multiply  the  numerator  by  the  quotient. 
The  result  will  be  a  whole  number. 


Thus,  -X  12  =  xx4  =  4a;, 

^^x56  =  (x-l)x8=:8a;-8. 


EX.  1.    I+I  +  I-39. 

The  L.c.M.  of  the  denominators  being  12,  if  we  multiply  the 
numerators  of  the  fractions  by  6,  4,  and  3  respectively,  and  the 
other  side  of  the  equation  by  12,  we  get 

6x  +  4a;  +  3x  =  468, 

or,  13a; =468; 

.-.  x=36. 

The  L.c.M.  of  the  denominatois  is  12x.  Hence,  if  we  mul- 
tiply the  numerators  by  12,  6,  4,  and  x  respectively,  we  get 

96- 90  +  28  =  I7x, 

or,  ,       34  =  l7x, 

or,  17x  =  34; 

.'.  x=2. 
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Ex  AM  PLES. — liV. 

I.    2  =  8.  2.    -^  =  9.                       3.    3  +  5  =  8. 

a;    X     „  ^     Oft     4a;                           2a;     176 -4a5 

4.    ^-^=3.  5.    36-^  =  8.              6.    y=  -5— . 

2a-^7x_  x  +  2    x-l     x-2 

7-    y  +  4  =  12  +  ^-  '7.    -5r  +  -7-  =  -2-- 

8.    |+12  =  $  +  6.  18.    t  +  h4~l 

3               5  2     3       4     4 

3a;     ^     5a;     „  a; +  9     2.c     3a;  -  6     ^ 

9-    -4+'  =  ¥  +  2-  ^9.    -4--+7=-X-  +  ^- 

7x     ^     9a;     „  17 -3x     29-llx     28x+14 

'°-    ¥-'  =  IO-^-  ^°-    -5-  =  — 3— +^21— 

„.    l^-8  =  74-g.  21.    ^:-i^  =  0. 


9  12 


12. 

i--^-i- 

13- 

4              8 

14. 

3x     180-5x_ 
4  +        6       -29 

15- 

3x             x-8 
T  ~             2~' 

16. 

X     X     X     13 
2"*'3'^4^l2* 

3x  +  4     4x-51     ^ 

22.  --^-  +  -^^  =  0. 

23.  ^-3  =  1-1. 

"^       X  X 

12  +  x     ,     6 
24. 5  =  -. 

X  X 

,     _1       3-x     „5       ^^1 
26.    2^x  +  -^=3-x-43^. 


„3     3     1     325 

27.    2 = . 

^       4     X     X     100 

„     „1  ,  18-x       1        1     3-2x     2 
^^-    '2  +  -3-  =  ¥  +  -3  +  -l(r  +  5- 

X     X     5x     ,^     ,2 

7x  +  2     ,„     3a;     3x  +  13     17a; 
3°-    -10— 12— 4-  =  -5 T"- 
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189.  It  must  next  be  observed  tbiit  in  clearing  an  equation 
of  fractions,  wlienever  a  fraction  is  preceded  by  a  negative  sign, 
we  must  place  the  result  obtained  by  multiplying  that  nume- 
rator in  a  bracket,  after  the  removal  of  the  denominator. 

For  example,  we  ought  to  proceed  thus : — 

Ex    1      ^"^^  —  ^~^ _  "^ ~  ^ 
5    ~~^  i~' 

Multiply  by  70,  the  l.c.m.  of  the  denominators,  and  we  get 
14;c  +  28  =  35..;  -  70  -  (10/;  -  1 0), 
or         14x  +  28  =  35x-70-10u;+10, 
from  which  we  shall  find  x  =  8. 

Ex.2.     l7-2:o     4x  +  2^^ 
5x  3x 

Multiplying  by  15x,  the  l.c.m.  of  the  denominators,  we  get 
51-6r<;-(20a;  +  10)  =  15a;, 
or         51 -6.7; -20a; -10  =  15a;, 
from  which  we  shall  find  x=  1. 

Note.  It  is  from  want  of  attention  to  this  way  of  treating 
fractions  preceded  by  a  negative  sign  that  beginners  make  so 
many  mistakes  in  the  solution  of  equations. 

Examples.— iv. 

,     5a._*  +  2_7,  .     5.';     5.>;_9     3-x 

I.    5x     -2  —  71.  4.    _--^_--^_. 

3-a;     _2  „      5x-4     ^     l-2a; 


3         3'  '65* 

+  2_14 
2    ~~9 


5-2x  ,  „          6x-8  -     03  +  2     14     3  +  5a! 

3.    — ^-  +  2  =  a; — -.  6. 


5x  +  3     3  -  4x     x_31     9 -5.x 


3         2      2  6     ■ 

-     x+5     x-2     x+9  „     x+2    X 

8.  -^-~^=~jr'  ^°-  *-3— 8-=3 

x+l     X  — 4_£c  +  4  x  +  5_x  +  2     X  — 2 

9-  -3        7~-~5~'  "•  "7'      4        aT* 
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12. 

X     x-\           _ 
3-    11   =^-'- 

15- 

X  +  1     X  -  3     X  +  30 
2           3           13    * 

13- 

a;  +  2     x-2     x-l 

5    ~    2           7    ■ 

16. 

2;=-^f  =  3x-21. 

14. 

a; +  9     3a; -6           2cc 
4           5         "^      7- 

17- 

2x  +  7     9x-8    x-11 
7            11           2    * 

^     7a; -31     8  +  15x 
^^'         4              26 

7x-8 

22    • 

8a; -15     llx- 
^9-        3-             7 

1_ 

7x  +  2 
13    ■ 

7x4-9     3x  +  l 
2°-        8-7 

_9j 

;-13     249 -9a; 
4               14      ■ 

X      ,^,      XX      X      10-x  ,  _-3 
21.    _  +  10x  =  -  +  -  +  -— ^4-93-. 

190.  Literal  equations  are  those  in  whicli  known  qnantities 
are  represented  by  Utters,  nsually  the  first  in  the  alphabet. 
The  following  are  examples  : — 

Ex.  1.     To  solve  the  equation 

ax  +bc  =  bx  +  ac, 
that  is,  ax-bx  =  ac-  be, 

or,  {a-b)x  =  {a-  b)c, 

therefore,  x  =  c. 

Ex.  2.     To  solve  the  equation 

ft%c  +  hx-c  =  ¥x  +  cx-d, 
that  is,  a^x  +  bx-b'^x- cx  =  c-d, 

or,  (a^  +  b-b'^-c)x  =  c  —  d, 

c  —  d 


therefore. 


'  a'^  +  b-b^-c 


Examples.— Ivi. 

1.  ax  +  hx=c.  4.    dm  -  bx  =  bc  -  ax. 

2.  2a  — cx  =  3c— 5ix.  5.    ate  -  a-x  =  «x  —  a% 

3.  bc  +  ax-d  =  a-b-fx.  6.    3acx-66cd=12cdx  +  a6c. 


no  ON  FRACTIONAL  EQUATIONS. 


7 .  /c-  +  3ac/»;  +  S/c  =  fa  +  'i>ahk  —  U-  -  oc'/«. 

8.  -  ftc^  +  Vh  +  aftcx  =  ohc  +  cmx  -  ac-a;  +  6-c  —  mc. 

9.  («  +  a;  +  6)(a  +  6-a;)  =  (a  +  a;).(6-«)-a&. 
I  o.  (ft  -  a;)  (rt  +  a;)  =  2a2  +  2aa;  -  x^. 

11.  (a'-^  +  a;)2  =  a;2  +  4a2  +  a*. 

1 2.  («2  -  x)  {cC-  +  a;)  =  a*  +  2rta;  -  a;^. 

ax-h           x-\-ac                         m(  n^x  +  or?)             ,  mx^ 
I  ■J. +  a  = .  17.    — '=mq:c  + 

3a-bx     1  o    X    J     c 


,4.    ax 2— =  2-  '"■    a~"^d 

4ax-2b  x^  —  a    a-x     2x 

15.  6« 3— =(«.  19.   -^^ r=T- 

bx+l     a(x2-l)  3     «6-x2    4x-ac 

16.  ax =  -^ -.        20. rr"'^^ — ' 

XX  c       ox  ex 

ab  +  x     b^-x    x-b     ab-x 
21. 


22. 


3ax  —  26     ax  —  a_ax    2 
36  2F"~T~3* 

ax     X 


2%.    am  —  b  —  -r-i =0. 

-'  b      m 

2aW         bH         Zah  _2acx     W-2a¥x 
^4-    {^Tb)~ a{a  +  b)'^ a  +  h"    b  {a-\-b)\i^ 

ax^  ax     ^  ab     ,       ,    1 

25.  r +  a  +  ~  =  0.  27.    —  =  bc  +  d  +  -. 

^     b-cx  c  '      x  X 

,     aidr  +  x"^)  ax  „  m{a-x) 

26.  -^ ^  =  ac  +  -T-.  28.    c  =  a  +  -^'        ^ 

rfx  d  sa  +  x 

29.    (rt  +  x)(6  +  a;)-ff(6  +  c)  =  -p+x2. 

«ce     (a  +  by.x    ,  „, 

•JO.    -^-  —  ^ bx  =  ae-  3ox. 

■'da 

191.  In  the  examples  already  given  the  L.c.M.  of  the 
denominators  can  generally  he  determined  hy  inspection. 
When  compound  expressions  appear  in  the  denominators,  it 
is  sometimes  desirable  to  collect  the  fractions  into  two,  one 
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on  each  side  of  the  equation.  When  this  lias  been  done,  we 
can  clear  the  equation  of  fractions  by  multiplying  the  nu- 
merator on  the  UJt  by  tlie  denominator  on  the  ricjlit,  and  the 
numerator  on  the  right  by  the  denominator  on  the  Ujt.  and 
niakin;^  the  products  equal. 

For.  if  ?=^,  it  is  evident  that  ad  =  l)C. 
'      b    0/ 

4x  +  b     13a; -6     2x-3 


Ex. 


"To"""  lx  +  4:  ~     5      '. 
4x  +  5  _  2x-3_13x-6  _ 
"To  5  7:c  +  4  ' 

4a;  +  5-(4a;-6)_13x-G 


10 

Ix 

+  4' 

11 

13x-6 

••    10  ~ 

7x  +  4  ' 

11 

(7x  +  4) 

1  =  10  (13a; 

-6); 

x= 

104 

whence  we  find 

Examples.— Ivii. 

3a:  +  7_3a:  +  5  .        2  ^     -p 

'*    4x+5^4x  +  3'  ■  l-5x     l-2a; 

a;  +  6  _     X  11^ 3 

^*    2«T5~2a;-5*  "*  x-\     ar+l      x^-l* 

2x  +  7_4x-l  J,  4a;  +  3^8x+19     7a;-29 

3-    ^T2"~2^^*  9  18         5a;- 12" 

5a;-l     5a;-3  x    x^-bx_'2. 

9'  3     3x-7     3'  .  , 

^  3a;  +  2     2a;-4_ 

^-    3S:i2  +  4r-"3  =  ^-  '°-  ^^  +  ^^-^- 

II.    ^(^■  +  3)-^(ll-r<;)  =  |(x-4)-^(a;-3). 

(a;  +  l)(2a;  +  2)  l3__x  +  l^_a;^ 

(2x  +  3)a;^  1         ^.  ,^        2  8    _    45 
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•    a; -8"^  "2a; -16       24     3a; -24" 


17- 


x*  -  (4x2  -  20x  +  24) 

^ — ^  =  a:2  +  2x-4. 

x^  -  2x  +  4 

2x*  +  2x3-9x2  +  12     „  ,      .       „ 
=  2x'  -  4x  -  3. 


x2  +  3x-4 

.        /_1     2\     1        3x-(4-5a;) 

192.  Equations  into  which  Decimal  Fractions  enter  do  not 
present  any  serious  difficulty,  as  may  be  seen  from  the  follow- 
ing Examples : — 

Ex.  1.     To  solve  the  equation 

•5x  =  -03x  +  l-41. 

Turning  the  decimals  into  the  form  of  Vulgar  Fractions, 
we  get 

5a;_J3x^     141 

Io~Ioo'^ioo' 

Then  multiplying  both  sides  by  100,  we  get 
50x  =  3x+141; 
therefore  47x  =  141  ; 

therefore  x=3. 

Ex.2.     l-2x-^i^'^^  =  -4x  +  8-9. 
■5 

First  clear  the  fraction  of  decimals  by  multiplying  ita 
numerator  and  denominator  by  100,  and  we  get 


l-2x- 

18x-5       .     ,  jj  „ 

-    50    -4^- +  8-9; 

therefore 

12x 
10 

18x-5     4x     89 
50     ~10^10' 

therefore 
therefore 

60x- 

-18x  +  5  =  20x  +  445; 
22x  =  440; 

therefore 

x=20. 
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Examples.— Iviii. 

1.  •ox-2  =  -25x  +  -2x-l. 

2.  3-25a;-5'l  +  a;--75x  =  3-9  +  '5x. 

3.  •125a;  +  -01x=13--2a;+-4. 

4.  -Sx  +  1-305.C  +  •5,»;  =  22-95  -  -IDSx. 

5.  •2x--01x+-005;-,:=ll-7. 

6.  2-4x-^-^^^==-8r.  +  8-9. 

•5 

7.  2-4a;- 10-75  =  -25x.  8.    •5x  +  2--75x  =  -4a;-ll. 

4*05 
9.    -g^  + 3-875  =  4-025. 

-_       2  +  a;/l     „\      _     5x  +  3 

8-5     -2       1      l-'lx-                         •48x     3-4x     ,„„„ 
II.    -5 =4 .  12.    ^,,^ ^—=1993. 

2       X       4  X  6  '2 

2-3x      5x       2x-3     x-2     J 
^       1-5        1-25         9  1-8        9 

91. no       1 

14.   :::i^+-.-04(x  +  -9)  =  24i-2. 

,       •45X--75      1-2     -Sx-'e 
15-    •5x  + Tg-   -  =  :2- ^9-. 

^      ,      3-5x     24 -3x      .,„, 

16.  '5 jr ,^ — =-3 /OX. 

X  — 2  8 

•135X--225     -36     -Ogx-'IS 

17.  .15X  + =  - ^— . 

193.     2'o  s/ie^y  that  a  simple  equation  can  only  have  one  root. 

Let  x  =  rt  be  the  equation,  a  form  to  which  all  equations  of 
the  first  degree  may  he  reduced. 

Now  suppose  a  and  (3  to  he  two   roots  of  the  equation. 
Then,  by  Art.  109, 

a  =  a, 

and  /3  =  «, 

therefore  «■  =  /^  ; 

in  other  words,  the  two  supposed  roots  are  identical. 

[S.A,]  H 


XIII.    PROBLEMS    IN    FRACTIONAL 
EQUATIONS. 

194.     We  shall  now  >^ive  a  series  of  Easy  Problems  resulting 
lor  the  most  part  in  Fractional  Equations. 

Take  the  following  as  an  example  of  the  form  in  which  such 
Problems  should  be  set  out  by  a  beginner. 

"  Find  a  number  such  that  the  sum  of  its  third  and  fourth 
parts  shall  be  equal  to  7." 

Suppose  X  to  represent  the  number. 

Then  -  will  represent  the  third  part  of  the  number, 

and  -  will  represent  the  fourth  part  of  the  number. 

Hence  5  + 1  ^^^  represent  the  sum  of  the  two  parts. 

But  7  will  represent  the  sum  of  the  two  parts. 

Therefore  5  +  7  =  7. 

Hence  4a3  +  3a; = 84, 

that  is,  7x  =  84, 

that  is,  a;  =  12, 

and  therefore  the  number  sought  is  12, 

EXAMPLES.— liX. 

1.  What  is  the  number  of  which  the  half,  the  fourth,  and 
the  fifth  parts  added  together  give  as  a  result  95  ? 

2.  What  is  the  number  of  which  the  twelfth,  twentieth, 
and  fortieth  parts  added  together  give  as  a  result  38  ? 

3.  What  is  the  number  of  which  the  fourth  part  exceeds 
the  fifth  part  by  4  ? 


PROBLEMS  IN  FRACTIONAL  EQUATIONS.       IT5 

4.  What  is  the  nimiher  of  which  the  twenty-fifth  part 
exceeds  the  thirty- fifth  part  by  8 '? 

5.  Divide  60  into  two  such  parts  that  a  seventh  part  of  one 
may  be  equal  to  an  eighth  part  of  the  other. 

6.  Divide  50  into  two  such  parts  that  one-fourth  of  one 
part  being  added  to  five-sixths  of  tlie  other  part  the  sum  may 
be  40. 

7.  Divide  100  into  two  such  parts  that  if  a  third  part  of  tlie 
one  be  subtracted  from  a  fourtli  part  of  tlie  other  the  remainder 
may  be  11. 

8.  What  is  ^ne  number  which  is  greater  than  the  sum  of  its 
third,  tenth,  and  twelfth  parts  by  58  % 

9.  When  I  have  taken  away  from  33  the  fourth,  fifth,  and 
tenth  parts  of  a  certain  number,  the  remainder  is  zero.  What 
is  the  number  % 

10.  What  is  the  number  of  which  the  fourth,  fifth,  and 
sixth  parts  added  together  exceed  the  half  of  the  number 
by  112? 

1 1.  If  to  the  sum  of  the  half,  the  third,  the  fourth,  and  the 
twelftli  parts  of  a  certain  number  I  add  30,  the  sum  is  twice  as 
large  as  the  original  number.     Find  the  number. 

12.  The  difl'erence  between  two  numbers  is  8,  and  the 
quotient  resulting  from  the  division  of  the  greater  by  the  less 
is  3.     What  are  the  numbers  ? 

13.  The  seventh  part  of  a  man's  projjerty  is  equal  to  his 
whole  property  diminished  by  ^1626.      What  is  his  property  \ 

14.  The  dift'erence  between  two  numbers  is  504,  and  the 
quotient  resiTlting  from  the  division  of  the  greater  l)y  the  less 
is  15.     What  are  the  numbers  ? 

15.  The  sum  of  two  numbers  is  5760,  and  their  difl'erence 
is  equal  to  one-third  of  the  greater.  -  What  are  the  numbers '? 

16.  To  a  certain  number  I  add  its  half,  and  the  result  is  as 
much  above  60  as  the  number  itself  is  below  65.  find  the 
number. 
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17.  The  difference  between  two  numbers  is  20,  anil  one- 
seventli  of  tlie  one  is  equal  to  one-third  of  the  other.  What 
are  the  numbers  ? 

18.  The  sum  of  two  numbers  is  31207.  On  dividing  one 
by  the  other  tlie  (quotient  is  found  to  be  15  and  the  remainder 
1335.     What  are  the  numbers  l 

19.  Tlie  ages  of  two  brothers  amount  to  27  years.  On 
dividing  the  age  of  the  elder  by  that  of  the  younger  the  quo- 
tient is  3^.     What  is  the  age  of  each  ? 

20.  Divide  237  into  two  such  parts  that  one  is  four-fifths  of 
the  other. 

21.  Divide  ^1800  between  A  and  B,  so  that  5's  share  may 
be  two-sevenths  of  yl's  share. 

22.  Divide  46  into  two  such,  parts  that  the  sum  of  the 
quotients  obtained  by  dividing  one  part  by  7  and  the  other  by 

3  may  be  equal  to  10. 

23.  Divide  the  number  a  into  two  such  jwrts  that  the  sum 
of  the  quotients  obtained  by  dividing  one  part  by  m  and  the 
other  by  n  may  be  equal  to  h. 

24.  The  sum  of  two  numbers  is  a,  and  their  difference  is  h. 
Find  the  numbers. 

25.  On  multiplying  a  certain  number  by  4  and  dividing 

the  product  by  3,  I  obtain  24.     What  is  the  number  ? 

5 

26.  Divide  ,£864  between  A,  B,  and  G,  so  that  A  gets  — 

of  what  B  gets,  and  C"s  share  is  equal  to  the  sum  of  the  shares 
of  A  and  B. 

27.  A  man  leaves  the  half  of  his  property  to  his  wife,  a 
sixth  part  to  each  of  his  two  children,  a  twelfth  part  to  his 
brother,  and  the  rest,  amounting  to  di'BOO,  to  charitable  uses. 
What  was  the  amount  of  his  property  ? 

28.  Find  two  numbers,  of  which  the  sum  is  70,  such  that 
the  first  divided  by  the  second  gives  2  as  a  quotient  and  1  as 
a  remainder. 

29.  Find  two  numbers  of  which  the  difference  is  25,  such 
that  the  second  divided  by  the  first  gives  4  as  a  quotient  and 

4  as  a  remainder. 
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30.  Divide  the  numl)er  208  into  two  parts  such  tliat  the 
sum  of  the  fourth  of  the  tjreater  and  the  tliird  of  the  less  is 
less  by  4  than  four  times  the  difference  between  the  two  parts. 

31.  There  are  thirteen  days  between  division  of  term  and 
the  end  of  the  first  two-thirds  of  the  term.  How  many  days 
are  there  in  the  term  ? 

32.  Out  of  a  cask  of  wine  of  which  a  fifth  part  had  leaked 
awa}''  10  gallons  were  drawn,  and  tlien  the  cask  was  two-thirds 
full.     How  much  did  it  hold  ? 

33.  The  sum  of  the  ages  of  a  father  and  son  is  half  what  it 
■will  be  in  25  years  :  the  difference  is  one-third  what  the  sum 
will  be  in  20  years.     Find  the  respective  ages. 

34.  A  mother  is  70  years  old,  her  daughter  is  exactly  half 
tliat  age.  How  many  years  have  passed  since  the  mother  was 
Z\  times  the  age  of  the  daughter  ? 

35.  A  is  72,  and  B  is  two-thirds  of  that  age.  How  long  is 
it  since  A  was  5  times  as  old  as  i?  ? 

Note  I.  If  a  man  can  do  a  piece  of  work  in  x  hours,  the 
part  of  the  work  which  he  can  do  in  one  hour  will  be  repre- 
sented by  -. 

Thus  if  A  can  reap  a  field  in  12  hours,  he  will  reap  in  one 
hour  --  of  tlie  field. 

Ex.  A  can  do  a  piece  of  work  in  5  days,  and  B  can  do  it 
in  12  days.  How  long  will  A  and  B  working  together  take  to 
do  the  work  ] 

Let  :*;  represent  the  number  of  days  A  and  B  will  take. 
Then  -  will  represent  the  part  of  the  work  they  do  daily. 

Now  -  represents  the  part  A  does  daily, 


5 

1^ 
12 


and  -—  represents  the  part  B  does  dailj. 
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Hence  -  +  t^  will  represent  the  part  A  and  B  do  daily. 

Consequently -  +  j^  =  -. 

Hence  1 2a;  +  5a;  =  60, 

or  17x  =  60; 

60 
•••  *=T7- 

9 
That  is,  they  will  do  the  work  in  3—  days. 

36.  A  can  do  a  piece  of  work  in  2  days.  B  can  do  it  in  3 
days.     In  what  time  will  they  do  it  if  they  work  together  ? 

37.  A  can  do  a  piece  of  work  in  50  days,  B  in  60  days, 
and  C  in  75  days.  In  what  time  will  they  do  it  all  working 
together  ] 

38.  A  and  B  together  finish  a  work  in  12  days  ;  A  and  G 
in  15  days  ;  B  and  G  in  20  days.  In  what  time  will  they 
finish  it  all  working  toyether? 


in  3-  hours  ;  B  and  G  in  5~  hours.     In  what  time  can  A  do 
5  / 


39.  A  and  B  can  do  a  piece  of  work  in  4  hours  ;  A  and  G 

'A 

it  alone  ? 

40.  A  can  do  a  piece  of  work  in  2-  days,  B  in  3-  days, 

3 

and  G  in  3^  days.     In  what  time  will  they  do  it  all  working 

together  ] 

41.  A  does  -  of  a  piece  of  work  in  10  days,     xle  then  calls 

in  B,  and  they  finish  the  work  in  3  days.     How  long  would  B 
take  to  do  one-third  of  the  work  by  himself  ? 

Note  II.  If  a  tap  can  fill  a  vessel  in  x  hours,  the  part  of 
the  vessel  filled  by  it  in  one  hour  will  be  represented  by  -. 

Ex.  Three  taps  running  separately  will  fill  a  vessel  in  20, 
30,  and  40  minutes  respectively.  In  what  time  will  they  fill  it 
when  they  all  run  at  the  same  time  ? 
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Let  %  represent  the  number  of  minutes  they  will  take. 

Then  -  will  represent  the  part  of  the  vessel  filled  in  1 
minute. 


-^""  20  ^^ 

JJX. 

^ 

1 

... 

.  second 

30"* 

1 
40"" 

... 

.third 

Hence 

1111 

20^3(»^40~a;' 

- 

or,  multiplying 

both 

sides  by  120x, 

6a;  +  4x  +  3x  =  120, 

that  is. 

13;i;  =  120; 

120 
•■•^=13- 

3 

Hence  they  will  take  9  —  minutes  to  fill  the  vessel. 

42.  A  vessel  can  be  filled  by  two  pipes,  running  separately, 
in  3  hours  and  4  hours  respectively.  In  what  time  will  it  be 
filled  when  both  run  at  the  same  time  ? 

43.  A  vessel  may  be  filled  by  three  different  pipes :  by  the 

1  1 

first  in  1-  hours,  by  the  second  in  3-  hours,  and  by  the  third 

o  o 

in  5  hours.     In  what  time  will  the  vessel  be  filled  when  all 
three  pipes  are  opened  at  once  ? 

44.  A  bath  is  filled  by  a  pipe  in  40  minutes.  It  is  emptied 
by  a  waste-pipe  in  an  hour.  In  what  time  will  the  bath  be 
full  if  both  pipes  are  opened  at  once.? 

45.  If  three  pipes  fill  a  vessel  in  «,  6,  c  minutes  running 
separately,  in  what  time  will  the  vessel  be  filled  when  all  three 
are  opened  at  once  \ 
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46.  A  vessel  containing  755  -  gallons  can  be  filled  by  three 
pipes.     The  first  lets  in  i2  gallons  in  ?>-  niinntes,  the  second 

15-  gallons  in  2  -  minutes,  the  third  17  gallons  in  3  minutes  : 

in  what  time  will  the  vessel  be  filled  by  the  three  pipes  all 
running  together  ? 

47.  A  vessel  can  be  filled  in  15  minutes  by  three  pipes, 
one  of  which  lets  in  10  gallons  more  and  the  other  4  gallons 
less  than  the  third  each  minute.  The  cistern  holds  2400  gallons. 
How  much  comes  through  each  pipe  in  a  minute  \ 

Note  III.  In  questions  involving  distance  travelled  over  in 
a  certain  time  at  a  certain  rate,  it  is  to  be  observed  that 

Distance     „. 

— =  Time. 

Kate 

That  is,  if  I  travel  20  miles  at  the  rate  of  5  miles  an  hour, 

20 
number  of  hours  I  take  =  —  . 
0 

Ex.  A  and  B  set  out,  one  from  Newmarket  and  the  other 
from  Cambridge,  at  the  same  time.  The  distance  between  the 
towns  is  13  miles.  A  walks  4  miles  an  hour,  and  B  3  miles  an 
hour.     Where  will  they  meet  % 

Let  X  represent  their  distance  from  Cambridge  when  they 
meet. 

Then  13 -a;  will  rei^resent  their  distance  from  Newmarket. 

Then  ^  =  time  in  hours  that  B  has  been  walking, 


13- 
4 

X 

A 

And 

since 

botl 

have  been  walking 

the 

same 

time, 

X 

3~ 

13- 

-X 

4 

> 

or 

4a;  = 

39- 

-3,r, 

or 

7.x  = 
.•.  a;  = 

=  39; 

39 

''  7' 
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That  is,  they  meet  at  a  distance  of  5-  miles  Irum  Cam- 
bridge. 

48.     A  person  starts  from  Ely  to  walk  to  Cambridge  (which 

4 
is  distant  16  miles)  at  the  rate  of  4-  miles  an  hour,  at  the 

same  time  that  another  person  leaves  Cambridge  for  Ely 
walking  at  the  rate  of  a  mile  in  18  minutes.  Where  will  they 
meet  \ 


49.     A  person  walked  to  the  top  of  a  mountain  at  the  rate 
3 


of  2-  miles  an  hour,  and  down  the  same  way  at  the  rate  of 


3-  miles  an  hour,  and  Avas  out  5  hours.     How  far  did  he  walk 
altogether  % 

50.  A  man  walks  a  miles  in  &  hours.     Write  down 

(1)  The  number  of  miles  he  will  walk  in  c  hours. 

(2)  The  number  of  hours  he  will  be  walking  d  miles. 

51.  A  steamer  whi(;h  started  from  a  certain  place  is  fol- 
lowed after  2  days  by  another  steamer  on  the  same  line.  The 
first  goes  244  miles  a  day,  and  the  second  286  miles  a  da3^  In 
how  man}'  days  will  the  second  overtake  the  first  ] 

52.  A  messenger  who  goes  31-  miles  in  5  hours  is  followed 

after  8  hours  by  another  who  goes  22-  miles  in  3  hours.    When 

J  '^  2 

will  the  second  overtake  the  first  ? 

53.  Two  men  set  out  to  walk,  one  from  Cambridge  to 
London,  the  other  from  London  to  Cambridge,  a  distance  of 
60  miles.     The  former  walks  at  the  rate  of  4  miles,  the  latter 

at  the  rate  of  3-  miles  an  hour.     At  what  distance  from  Cani- 
4 

bridge  will  they  meet  ? 

54.  A  sets  out  and  travels  at  the  rate  of  7  miles  in  5  hours. 
Eight  hours  afterwards  B  sets  out  from  the  same  place,  and 
travels  along  the  same  road  at  the  rate  of  5  miles  in  3  hours 
After  what  time  will  B  overtake  A  ? 
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Note  IV.  In  problems  relating  to  clocks  the  chief  point  to 
be  noticed  is  that  the  niinnte-hand  moves  11  times  as  fast  as 
the  hour-hand. 

The  following  examples  should  be  carefully  studied. 

Find  the  time  between  3  and  4  o'clock  when  the  hands  of  a 
clock  are 

(1)  Opposite  to  each  other. 

(2)  At  right  angles  to  each  other. 

(3)  Coincident. 


r     Fig^ 


(1)     Let  ON  represent  the  position  of  the  minute-hand  in 
Fig.  I. 

OD  represents  the  position  of  the  hour-hand  in  Fig.  I. 
Al  marks  the  12  o'clock  point. 
T 3  o'clock  

The  lines  OM,  OT  represent  the  position  of  the  hands  at 
3  o'clock. 

Now  suppose  the  time  to  be  x  minutes  past  3. 

Then  the  minute-hand  has  since  3  o'clock  moved  over  the 
arc  MDN. 

And   the  hour-hand   has  since  3  o'clock  moved  over  the 
arc  TD. 

Hence  arc  MDN=  twelve  times  arc  TD. 

If  then  we  represent  MDN  by  x, 

X 


we  shall  represent  TD  by 


12" 


Also  we  shall  represent  MT  by  15, 
and  DN  by  30. 
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Now  MDN=MT+  TD  +  DN, 

tliatis,  a;  =  15  +  ~  +  30, 

or     12a;=180  +  x  +  360, 

or     11a;  =  540; 

540 
:.x=--. 


Hence  the  time  is  49—  minutes  past  b. 


(2)  111  Fig.  11.  the  description  given  of  the  state  of  the 
clock  in  Fig.  I.  applies,  except  that  DN  will  be  represented  hy 
15  instead  of  30. 

Now  suppose  the  time  to  he  x  minutes  past  3. 

Then  since 

MBN=  MT+  TD  +  DN, 

x=l5  +  ~  +  15. 

from  which  we  get 

360 

•'^=Tr' 

8 
that  is,  the  time  is  32—  minutes  past 

(3)     In  Fig.  III.  the  hands  are  both  in  the  position  ON. 
Now  suppose  the  time  to  be  x  minutes  past  3. 
Then  since 

MN=MT+TN, 

or     12x=180  +  a;, 

180 
or    x=--, 

that  is,  the  time  is  16—  minutes  past  3, 

55.     At  what  time  are  the  hands  of  a  watch  opposite  to 
each  other, 

(1)  Between  1  and  2, 

(2)  Between  4  and  5, 

(3)  Between  8  and  9  ? 
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56.  At  what  time  are  the  hands  of  u  watcli  at  right  auglea 
to  each  other, 

(1)  Between  2  and  3. 

(2)  Between  4  and  5, 

(3)  Between  7  and  8  % 

57.  At  what  time  are  the  hands  01  a  watch  together, 

(1)  Between  3  and  4, 

(2)  Between  6  and  7, 

(3)  Between  9  and  10  ? 

58.  A  person  buys  a  certain  number  of  apples  at  the  rate 
of  five  for  twopence.  He  sells  half  of  them  at  two  a  penny, 
and  the  remaining  half  at  three  a  penny,  and  clears  a  penny 
by  the  transaction.     How  many  does  he  buy '? 

59.  A  man  gives  away  half  a  sovereign  more  than  half  as 
many  sovereigns  as  he  has :  and  again  half  a  sovereign  more 
than  half  the  sovereigns  then  remaining  to  him,  and  now  has 
nothing  left.     How  much  had  he  at  first  ? 

2(t  -r  n 


60.     "^^Hiat  must  be  the  value  of  n  in  order  that 
may  be  equal  to  ,--  when  a  is  -  ] 


3«  +  69a 


61.  A  Tiody  of  troops  retreating  before  the  enemy,  from 
"which  it  is  at  a  certain  time"  25  miles  distant,  mai'ch(>s  18  miles 

a  day.  The  enemy  jmrsues  it  at  the  rate  of  23  miles  a  day, 
but  is  first  a  day  later  in  starting,  then  after  2  days  is  forced 
to  halt  for  one  day  to  repair  a  bridge,  and  this  they  have  to  do 
again  after  two  days'  more  marching.  After  how  many  days 
from  the  beginning  of  the  retreat  will  the  retreating  force  be 
overtaken  ] 

62.  A  person,  after  paying  an  income-tax  of  sixpence  in  the 
pound,  gave  away  one-tl.irteenth  of  his  remainiug  income,  and 
had  ^540  left.     What  was  his  original  income  ? 

^  63.  From  a  sum  of  money  I  take  away  £50  more  than  the 
lialf,  then  from  the  remainder  J30  more  than  the  filth,  then 
from  the  second  remainder  J20  more  than  the  fourth  part : 
and  at  last  only  £10  remains.     What  was  the  original  sura  ? 
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64.  I  bought  a  certain  number  of  eggs  at  2  a  penny,  and 
the  same  number  at  3  a  penny.  I  sold  tliem  at  5  lor  twopence, 
and  lost  a  penny.  How  many  eggs  did  I  buy  ? 
^,65.  A  cistern,  holding  1200  gallons,  is  tilled  by  3  pipes 
A  B,  G  in  24  minutes.  The  pijie  A  requires  30  minutes  more 
than  C  to  fill  the  cistern,  and  10  gallons  less  run  through  0  per 
minute  than  through  A  and  B  together.  What  time  would 
each  pipe  take  to  fill  the  cistern  by  itself  l 

66.  A,  B,  and  G  drink  a  barrel  of  beer  in  24  days.  A  and 
B  drink  -  rds  of  what  G  does,  and  B  drinks  twice  as  much  as  A. 
In  what  time  would  each  separately  drink  the  cask  '\ 

67.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bullets 
out  of  12  into  the  centre,  and  B  puts  in  9  out  of  12.  Between 
them  they  put  in  32  Imllets.     How  many  shots  did  each  fire? 

68.  A  farmer  sold  at  market  100  head  of  stock,  horses, 
oxen  and  sheep,  selling  two  oxen  for  every  horse.  He  obtained 
on  the  sale  £2,  7s.  a  head.  If  he  sold  the  horses,  oxen,  and 
sheep  at  the  respective  prices  i>'22,  £12,  10s.,  and  £l,  10s.,  how 
many  horses,  oxen,  and  sheep  respectively  did  he  sell  ? 

69.  In  a  Euclid  paper  A  gets  160  marks,  and  5  just  passes, 
A  gets  full  marks  for  book-work,  and  twice  as  many  marks 
for  riders  as  jB  gets  altogether.  Also  B,  sending  answers 
to  all  the  questions,  gets  no  marks  for  riders  and  half  marks 
for  book-work.  Supposing  it  necessary  to  get  -  of  full  marks 
in  order  to  pass,  find  the  number  of  marks  which  the  paper 
carries. 

70.  It  is  between  2  and  3  o'clock,  but  a  person  looking  at 
the  clock  and  mistaking  the  hour-hand  for  the  minute-hand, 
fancies  that  the  time  of  day  is  55  minutes  earlier  than  the 
reality.     What  is  the  true  time  ? 

71.  An  army  in  a  defeat  loses  one-sixth  of  its  number  in 
killed  and  wounded,  and  4000  prisoners.  It  is  reinforced  by 
3000  men,  but  retreats,  losing  a  fourth  of  its  number  in  doing 
80.     There  remain  18000  men.     What  was  the  original  force '^ 

72.  The  national  debt  of  a  country  was  increased  by  one- 
fourth  in  a  time  of  war.     During  twenty  years  of  peace  which 
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followed  ^25,000,000  was  paid  off,  and  at  the  end  of  that  time 
the  interest  was  reduced  from  4|-  to  4  per  cent.  It  was  then 
Found  that  the  interest  was  tlie  same  in  amount  as  before  the 
wax.     What  was  the  amount  of  the  debt  before  the  war  1 

73.  An  artesian  well  supplies  a  brewery.  The  consump- 
tion of  water  goes  on  each  week-day  from  3  a.m.  to  6  p.m.  at 
double  the  rate  at  which  the  water  flows  into  the  well.  If 
the  well  contained  2250  gallons  when  the  consumption  began 
on  Monday  morning,  and  it  was  just  emptied  wlien  the  con- 
sumpti(m  ceased  in  tlie  evening  of  the  next  Thursday  but  one, 
what  is  the  rate  of  the  influx  of  water  into  the  well,  in  gallons 
per  hour  ? 


XIV.  ON  MISCELLANEOUS  FRACTIONS. 

195.  In  this  Chapter  we  shall  treat  of  various  matters  con- 
nected with  Fractions,  so  as  to  exhibit  the  mode  of  applying 
the  elementary  rules  to  the  simplification  of  expressions  of  a 
more  complicated  kind  than  those  which  have  hitherto  been 
discussed. 

196.  The  attention  of  the  student  must  first  be  directed 
to  a  point  in  which  the  notation  of  Algebra  differs  from  that  of 
Arithmetic,  namely  xvhen  a  lohole  number  and  a  fraction  stand 
side  hij  side  tviih  no  sign  between  them. 

Thus  in  Arithmetic  2=  stands  for  the  sum  of  2  and  ~. 

7  7 

But  in  Ali^ebra  x-  stands  for  the  product  of  a;  and  -. 

So  in  Algebra  3 stands  for  the  product  of  3  and ; 

^,    ^  .     ^a  +  b    3(1  +  36 

that  is,  3— — = . 

'      c  e 
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EXAMPLES.— IX. 
Simplify  the  following  fractions : 


x2  "'a; 


'y     :^ —   —  'Jt .  4.»    ^ 1^  —  -^"o — To* 


197.  A  fraction  of  which  the  Numerator  (u-  Denominator 
is  itself  a  fraction,  is  called  a  Complex  Fraction. 

y  X 

Thus  -,  -,  and  -  are  complex  fractions. 
a  d         m 

b  n 

A  Fraction  whose  terms  are  whole  numbers  is  called  a 
Simple  Fraction. 

All  Complex  Fractions  may  be  reduced  to  Simple  Fractions 
by  the  processes  already  described.  We  may  take  the  follow- 
ing Examples  : 

a 

b_a^m_a     n  _an 
^  ^    m    b  '  n     b    m     bm 

n 

a     c 

b~d     fa    c\     /m    P\_(^d-bc^mq-np 
'^     m    p~\b~7l/  '\n     q'         bd      '       nq 
n     q 

ad  —  bc^       nq     _  nq  (ad  -  be) 
~~     bd        mq  -  np     bd  (mq  —  np)' 


(3)    i±|  =  (l+.x)-(l+l)=(l+*)- 


1+- 

X 


X 


l+x       X    _x(l+x)_ 
1        x+1       l+x 
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1  1 


^'       a;     ,      1    ~\l-a;     1 +  .x/  *  Vl -u;"*"  1 +x/ 
1  +  a;  -  1  +  ;c     :<;  +  ro-  +  1  -  X 


1  —  X     1  +  a; 


1  —  a;^        *         1  -x^ 
2x        1  —  x-       2a; 


(5) 


l-X^       l+x2       l+x2- 

3  3 


3  l-x  +  3  l-:c  +  3  4-a; 

Y-x  \-x 

3  3(4-,'c)         12-3a; 


'4-x  +  3-3a;    4-x  +  3-3x      7-4x* 
4— a; 


Examples.— Ixi, 

Simplify  the  following  expressions : 

4  x_^ 

5  X  y    X  1  -x^ 

'■    ^""3*  ^'   *-2/*  ^'    1.1* 

23  a; 


4. 


/x       \  ^1  1 

n^+v         •  ^+-"+^^        ^  ^+x^ 

— 7^ r-.  •;. 6. 


2-X  +  4  1+- 

x-  X 


8, 


X  X 

X  +  ft     x-a  2x 


7'  — T-  ^-  ^7 •  9-  -; T" 

1 — 5  X-  +  , 5 

X-^^X+J/ 

^__.i_JL  II  "'+^^   ^-y 

'°'      1       x+r  '  ^-_i_^+i/' 

X  25  +  2/       X-«/ 
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2m -3  +  — 

l+ct  +  a;^  ,^  m 

,2.     — --p  14.         2m- 1  '■ 

1  +  -  +  -  -.,  

XX'  m 

a  +  5        6_  _L  +  -L  +  J_ 

6        (1  +  6  a6     ac     6c 

13.  1     1       ^-  *5-     -^i~{f^f' 

a    b      •  ah 

198.     Any  fraction  may  be  split  up  into  a  number  of  frac- 
tions equal  to  the  number  of  terms  in  its  numerator.     Thus 

a;^  +  a;^  +  a;+l     a?    a-?     x      1 

=  -.  +  -,+-,  +  - 


~x     7?     a?     i?* 


EXAMPLES. — Ixii. 

Split  up  into  four  fractions,  each  in  its  lowest  terms,  the 
following  fractions  : 

a*  +  3a^  +  2a^  +  5a  9a^  ~  12a^"  +  6a  -  3 

I.  y^5-  .  4-     ^  jQg 

a26c  +  a62^  +  ahc"^  +  led?  1 8p2  +  I2g2  _  36r2  +  72s8 

2      ^ —  c,     — — 

abed  Spqrs 

x^  -  Sxhj  +  3x7/"  —  y^  -.      lOx^  -  25a;2  +  75x  -  125 

3-  -^  ■'  •  1000  ■ 

199.  The  quotient  obtained  by  dividing  the  unit  by  any 
fraction  of  that  unit  is  called  The  Reciprocal  of  that  fraction. 

Thus  -,  that  is,  -,  is  the  Reciprocal  of  j-. 
a  a  0 

b 

200.  We  have  shewn  in  Art.  158,  that  the  fraction  symbol 
J-  is  a  proper  representative  of  the  Division  of  a  by  b.     In 

fs.A.l  I 
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Chapter  IV.  we  treated  of  ca?es  of  division  in  wliich  the  divisor 
is  contained  an  exact  numoer  of  times  in  the  dividend.  We 
now  jiroceed  to  treat  of  cases  in  wliich  the  divisor  is  not  con- 
tained exactl}^  in  the  dividend,  and  to  shew  the  proper  method 
of  representing  the  Quotient  in  such  cases. 

Sujjpose  we  have  to  divide  1  by  l-«.     We  may  at  once 

represent   the   result   by   the    i'raction   r .       But   we   may 

actually  perform  the  operation  of  division  in  the  following 
Avay. 

1-rt^  1  (1 +a  +  a--t-fr-|-... 


The  Quotient  in  this  case  is  interminable.  We  may  carry 
on  the  operatioji  to  any  extent,  but  an  exact  and  terminable 
Quotient  we  shall  never  find.  It  is  clear,  however,  that  the 
terms  of  the  Quotient  ore  formed  by  a  certain  law,  and  such 
a  succession  of  terms  is  called  a  Series.  If,  as  in  the  case 
before  us,  the  series  may  be  indefinitely  extended,  it  is  called 
an  Infinite  Series. 

If  we  wish  to  express  in  a  concise  form  the  result  of  the 
(operation,  we  may  stop  at  any  term  of  the  quotient  and  write 
the  result  in  the  following  way. 

I— a  1-a 

1        ,  a2 

:; =  l+«  +  i , 

1-a  1-a' 

1        ,  .      «^ 

■r. =  1  +  o  +  n-  +  z , 

{-a  1-a 

1        ,  .,      „       a* 

=  1  +  a  +  a-  +  cr  +  ^ , 

1-a  1  —  a' 
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always  beiiii;  careful  t(j  attach  to  that  term  of  the  quotient,  at 
which  we  intend  to  stop,  the  remawdcr  at  that  point  of  the 
division,  placed  as  the  numerator  of  a  fraction  of  whish  the 
divisor  is  tlie  (h^nominator. 


Examples.— Ixiii. 

Carry  on  each  of  the  following  divisions  to  5  terms  in  the 
quotient. 

1.  2  by  1  +  a.  7,     1  by  1  +  2x-2jc2, 

2.  m  by  m  +  2.  8.1+  .r  by  l-x  +  x\ 

3.  a-h  by  a^-h.  9.     1  +  6  by  1  -  26. 

4.  a?  +  y?  by  a"  -  x\  10.     a;^  -  6^  by  a;  +  b. 

5.  ax  by  a-x.  1 1.     a^  by  x-b. 

6.  b  by  a  +  x.  1 2.     a^  by  {a  +  xf. 

13.     If  the  divisor  be  x-a,  the  quotient  x--2ax,  and  the 
remainder  4a^,  what  is  the  dividend  ? 

.14.     If  the  divisor  be  m  -  5,  the  quotient  m^  +  5?n,-  +  \bm  +  34, 
and  the  remainder  75,  what  is  the  dividend  ? 

201.     If  we  are  required  to  multiply  such  an  expression  as 
rc^     X     \  .      X     I 
^-  +  3  +  4^^2-3' 
we  may  multiply  each  term  of  the  former  Ijy  each  term  of  the 
latter,  and  combine  the  results  by  the  ordinary  methods  of 
addition  and  subtraction  of  fractions,  thus 


.x^ 

X 

1 



+  ?:  + 

2 

3 

4 

X 

1 

2 

3 

a?     x^    X 

T  +  T  +  8 

x-     X 

1 

~~^~V 

"12 

X^  X  I 

4      ■*'72~ia 
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Or  we  may  first  reduce  the  multiplicand  and  the  multiplier 
to  single  fractions  and  proceed  in  the  following  way  : 
t  x^    X     1\     /x     1\ 

_6«2  +  4x  +  3     3a;-2_18a;^  +  g!-6 
~        12         ^      6     ~        72 
.18x3^      x__^_al      x^_]^ 
"^  72   "^72     72~  4  "*"  72     12' 

This  latter  process  will  be  found  the  simpler  by  a  beginner. 


Examples.— ixiv. 

Multiply 

'■    f-  +  l  +  -5  ^'^hl  4.   x^-1+^by.HH-^. 

a^al,«l  11,11 

5      6     3-45  •'     a^     b-      -^  a?     ¥ 

„  11,  1  ^111,111 

3.   a;3  +  a;  +  -  +  -^  by  a; — .  o.   -_-+ ^  by -  +  v-  +  -. 

7.    1  +  -+  TT  by  1  -    +^. 

5       3     7,       2      11 

9-    ^— Q  -I o  by  ^r ^• 

^     "ix-     X     i     -^  X'      X     2 

lo.    v^  +  -7r  +  2  by  j^--2--2. 
202.     If  we  liave  t  >  divide  such  an  expression  as 

a;3+3,,-  +  -  +  4r 

re     x-* 

by  X  +  -,  we  may  proceed  as  in  the  division  of  whole  numbers, 

carefully  observing  that  the  order  of  descending  jjowers  of  x 
is 

so       111 
■*' '     '    '  a;'  a;2 '  a^s 
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Any  isolated  digits,  as   1,  2,  3  ...  will  stand  between  x 
and  -. 

X 

Thus  the  expression 

yr  x^  X 

rranged  according  to  descending  jjowers  of  x,  will  stand  thus, 

x^  +  2x'  +  5x  +  4:  +  -  +  -^  +  -^. 

JO      tJO        hK 

The  reason  for  this  arrangement  will  be  given  in  the  Chapter 
on  the  Theory  of  Indices. 

Ex.-  x  +  -)3^  +  3x  +  -  +  -Ax'^  +  2  +  \ 

x/  X    x^^  a^ 

JC^+    X 

20;+? 

2u;  +  - 

X 


1  \ 

X  7? 

1  1_ 

X  a? 


Or  we   may  proceed  in  the  following  way,  which  will  be 
found  simpler  by  the  beginner. 

ix^  +  Zx  +  '~  +  ~i)-^{x  +  -\ 
\  X     x-v      \       x/ 

_a;''  +  3x*  +  3a;'^  +  1  .  x^  + 1 
x^  '  ■  X 

a56  +  3x*  +  3a;2  +  i        x 


^3 


■  X-  + 1 


cc* +  2x2  +  1  _x*     2x''^      1_.2     o      1 
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EXAMPLES.— IXV. 
Divide : 

2        1    1                  1  fill                 i 

1                       \  (C                   7/               T       7/ 

2.    a2_     ijyft_  c.    — +  2  +  ^,  bv-+-. 

0-             0  y           X-    "  y    X 

ol,  1                                            -111,111 


8. 


cc*    I/-*     „x     „■!/ ,     X    y 
-5-  ^,  -  3-  +  3-  by  -  -  -. 

7/^    x'*      1/      X       y     X 

3x5  77        43        33 


-T--4x*  +  -5-x3--j-x2_      x  +  27  by'^-x  +  3. 
4  0  4  4  ^ 


"'    b^     a^       b     a  '    a^     l?     c^    abc    "a    b     c' 

203.  Ill  dealing  with  expressions  involving  Decimal  Frac- 
tions two  methods  may  be  adopted,  as  will  be  seen  from  the 
following  example. 

Multiply  •lx--2y  by  •03x+-4y. 

We  may  proceed  thus,  applying  the  Rules  for  Multiplication, 
Addition,  and  Subtraction  of  Decimals. 

•Ix  —  •2y 
•03x  +  •4y 


•003x2 --OOGxy 

+  "04  xy  —  "OS?/* 
•003x2 +  -034x^  -082/2  * 
Or  thus, 

_x-2y  3.;; +  40// 
~  10  ^^"lOO""" 
_3x2  +  34xy-80?/ 

1000 
=  -003x2  +  .034x?/  -  -082/2 

The  latter  method  will  be  found  the  simpler  for  a  beginner, 
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Examples.— Ixvi. 

Multiply  : 
I .     -Ice  -  -3  by  -Sx  +  07,  2.     -Qlbx  +  7  by  •2x  -  3, 

3.     •3x  -  -27/  by  •4x  +  -77/,  4.     4-3x  +  5-2y  by  04x  -  -OOi/. 

5      Find  tbe  value  of 

«3  -  6-'  +  c^  +  Zaho  when  a  =  -03,  ?)  =  '1,  and  c  =  -07. 
6.     Find  the  value  of 

■x"  -  3«x^  +  3a"X  -  a^  Avhen  x=  '7  and  rt=  1)3. 

204.     When  any  exj^vession  F,  is  put  in  a  funn  of  \vldcli/ia 

a  factor,  then  -^  is  the  other  factor. 

Thus  a+(,  =  <,(1-+l) 

So  ao  +  ac  +  w  =  «6(;.      -  , 

abc 

1                         9     o          ■'      •'  /'x2  +  2x»  +  y^\ 
and  X'^  4-  2x(/  +  y-  =  x^ .  I ^^^ — ^  I 

.X=.(l+^H-'4). 

Examples.— Ixvii. 

1 .  Write  in  factors,  one  of  which  is  rt^x,  the  series 

ttjX  +  a.2fi^  +  a^^  +  O4X*  +  . . . 

2.  Write  in  i'actors,  one  of  Avhich  is  xijz,  the  expression 

XV/-XS  +  7/2. 

3.  "Write  in  factors,  one  of  which- is  x^,  the  expression 

x''  +  xy  + 1/'-^. 

4.  Write  in  factors,  one  of  which  is  a  +  6,  the  expression 

(«  +  6)^  -  c  (tt  +  6)2  -  rf  (ct  +  6)  +  e. 
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205.  We  shall  now  give,  two  examples  of  a  process  by 
which,  when  certain  fractions  are  known  to  be  equal,  other 
relations  between  the  quantities  involved  in  them  may  be 
determined. 

This  process  will  be  found  of  great  use  in  a  later  part  of 
the  subject,  and  the  student  is  advised  to  pay  particular 
attention  to  it. 

(1)     If  ^=^,  shew  that 

a  +  6     6  +  f? 


Let 

Then 

Now 
and 


a—h     c—£ 

\-^ 

5=^' 

.".  rt  =  X&, 

and       c  =  \<l. 

a  +  h     Xh  +  b     h(\  +  lj 
a-b~Xb-b~b(K-l)~ 

X  +  1 
~X-1» 

c  +  d     \d  +  d    d{\  +  l) 

X  +  1 

c-cl     \d-d~~d{\-l) 

"x-r 

„         a  +  b       ,  c  +  d  ,    .            ,           ,  ^    X  +  1  , ^ 

Hence        ,  and ,  bemg  each  equal  to are  equal  to 

one  another. 


(2)     If    ™,=-        = 
^         a-b     b-c 

= ,  shew  that  m +  »(.  +  »•= 0 

c  —  a 

Le. 

—      -X- 

b-c       ' 

C-a     '  ' 

en 

m^Xa-Xo, 

n  =  '\b-\c, 

r=Xc-Xffl  ; 

/.  m  +  n  +  r-- 

=  Xa  —  X6  +  X6  -  Xc  +  Xc  -  Xa=0» 
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Examples. — Ixviii. 


^-^,...v.    ........ 

uty.ijQ   .ojtiu.i^iia  . 

a-h     c-d 
b    ~    d   ' 

.  .  8a  +  b  8c  +  d 
^5^  4a  +  7b~4c  +  7d: 

a           c 
a  +  b~  c  +  cT 

,^,   a^-b"     ab 

3a             3c 

4(1  -  56  ~  4c  -  6d' 

,  .  11a +  &  13a +  6 
^''^  llc  +  cZ~13c  +  (i* 

(I) 


(3) 

.  .  ft2  +  &2^c2  +  (Z2  a2-a6  +  ?>2^c^-c(Z  +  ^ 

^'^''  a2-6^    c^-cZ2-  W  a^  +  ab  +  b'^''c'^  +  ccl  +  d^ 

2.     It r  =  1 = >  then  l  +  m  +  n=0. 

a-b     b-c     c-a 

y..ace  ,,    ^a    la  +  vic  +  ne 

3-     -^^  r  =  J  =  J-)  prove  tliat  y-  =  j-. -. — -^ 

b     d    j'  '■  b     Ib  +  md  +  nf 

^fa  +  b     b  +  c    c  +  a  ,,    ^        , 

4*     li  — 7 —  = = J  prove  that  a  =  b  =  c. 

b  c  a     '■ 

If  J  =  «^  =  «3,  shew  that  J-i  =  |^^  +  =;;''^  +  ff«. 
Oi     ^3     63  61      2bi  +  Sb.  +  4b3 

6.  li'  T,    ^,    J  be  in  descencling  order  of  magnitude,  shew 

,-,    ,  a  +  c  +  e  .    -,       ^ ,        a       ,  ,       ,        e 

tnat  ,  --—. — -.IS  leys  than  j-  and  greater  than  -^. 

0+d+f  b  ^  f 

7.  If  ^-^  =  ^^  shew  that  p±^^p±J^f2, 

„      -,,.  a     c     ,              .  (X^  +  ft^     ab-b'^ 
0.     It  J-  =  J,  shew  that  —, ,  =    ,     ,„. 

-,,.  a     c    ,        ,,    .    7rt  +  6       7c +  f? 

9.     It  T  =  J,  shew  that  -  — -.  = —,. 

^  b    d'  Za  +  bb    3c-l-5d 
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10.  If  r  Ije  a  proper  fraction,  shew  tfcat  v- —  is  greater 
than  r,  c  being  a  positive  quantity. 

11.  If  ^  be  an  improper  fraction,  shew  that  ^^ is  lesa 

6  -'     ^  o-f  c 

than  r,  c  being  a  positive  quantity. 


200.  We  shall  now  give  a  series  of  examples  in  the  working 
of  which  most  of  the  processes  connected  Avith  fractions  will 
be  introduced. 


Examples.— Ixix. 

1.  Find  the  value  of  Sa'-i r,  when 

c       cr 

2.  Smiphty    ^^^_^^,^^^     -"''^  a^  +  4ct~4b- 

3.  SimpUfvC^^-^-C-^  +  ^-J^Y 
*'  ^    '  \a-p    a+p/     \a~p    a+p/ 

4.  Add  together 

X-       ))'      Z'    xfl      Z^      3?         ,   Z^      X^      "ifi 

4 -^6  +  8'  46+ 8  ""'^^^1+6  + 8' 
and  subtract  z--x^  +  ~  from  the  result. 

„.    ,    .         ,        ,.a-  +  62_c2  +  2a6     , 
c.     r  lud  the  value  ol  -^ — rs — g — ?jt-  when 

a=4,   h  =  ^,   c  =  l. 
6.     ^lultiply  ^x-  +  3ax  -  -ct-  by  2x-  -  ax  -  -7-,, 


7.     Shew  that  r— 


6)-  0"5 
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„      ^.       T,.    x-y       2?/       ■ifl-xy'^ 

8.     Siniv)lii  y ^  +  — ^  +  4-— S. 

X       x-y     ar  —  xy- 

Q.     Shew  that —^ — :r =  1 2a;  -  25  + ^. 

3?  1 

11.  Simplify  ^j--j  + .p-. 

1  -  a; ^ 

1  +  x-^  — 
1  -as 

12.  Simplify  a  +  (ib  +  ¥(a  +  ah  +  '^'r  -tt). 

13.  Multiply  together  (l  +  ^)  (^P  +  J,)  (z  -  |Y 

14.  Add  together -,  , — ^, -,  and  shew  that  if  their 

^  "^  a  +  1'  6  +  1'  c+l" 

sum  be  equal  to  1,  then  abc  =  a  +  b  +  c  +  2. 

15.  Divide--! if  +  -  +  -:rhyx-a. 

a         b  c     , 

16.  Simxilifv  ? ' ,  and  shew  that  it  is  equal 

— '-c  +  r^a,-\ rb 

^    s(s-a)-\- (s - b)  (s  ~c)  ...  ^  , 

to  -^^ — ^ — '  it  2s  =  a  +  b  +  c. 

be 

X7.     Shewthat_^  +  .^ p+- j— =  -43^. 

„      „.       ,..    a  +  b     a-b     ^cP-b'^ 

1 8.  Simplify -T-  + r  -  2-^ — tj,. 

,.„       b        a  +  b       a-  +  b^ 

1 9.  Simpliiy  — ^  ;  -  —  —  + , 


a  +  b       2a       2a  {a  -  b}' 

„ .       , . ,.  a-  -  ah  +  b'^  a^  -  h^ 

2°'     ^''''^^'^'^^'  a^-2abia-b)-P''a^--^ 
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21.  Simplify  p-^^-2^,_^^^2-r^- 

,.,.    o?->rW-->r'lah-<?    a  +  6  +  c 

22.  Siinplity-s T, — ,.-. — H— r"^jr; '• 

23.  SimpUfy  /-^+ 1  --j-\  -^  /-^^-.^--l^A . 

^      X  '^       ^       a; 

,T    ,  ,,         ,         p  /a;-a\3     x-2a  +  h      ,  a  +  & 

24.  r  ind  the  val"e  01  I =-)  — — ttt,  when  a;=--^r— • 

^.       ,.,    a'-{b-cY     h''J{a-cf     c^-ia-hf 

25.  Simplity  j--^c.r  {,  +  .     ,\,.,     \,  +  7,-  .-V,--- 

26.  bimphfy^      (a;2-L)2       ' 

27.  Simplify  ; -^i)  T, 4 

o     o-      If    1      1      1  1  a;-l  3 

28.  bimpllty  -^  4-  -, .  o     ■■■  .0  +  -s r-  -  -9-7-^j rr~ 

-r..  .  T    x^    X    a    a^ ,     X    a 

29.  Uivide -7,  —  -\ i  by . 

30.  SimphtyJ^-^— ^^-^^^+^::p|^^-. 

31.  Simplify  (---^^^^)^-^(^-4j:(V-^)^^(^-^)l 

„  ,         l-x-3x^     ,.  l+3*24.2x^ 

32.  lake  7- — J- =-7,,,  ii'om  7- — s-7,vi- 

33.  Simplify  (-^ — ^_       ^)^( i___^). 

35.     Simplify 

ft^  -  a6    a^  +  a^  +  b^    /  2a»         \  /  2«6      \ 
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36.  Simplify 

__i ^  __+__!___ 1 .. 

2(a;-l)"     4(a;-l)      4(a;  +  l)     (x-\f{x^\) 

37.  Prove  that 

_L  1  ,  1^1^ 

alx     a(a-h){x-a)     h(b-a){x-h)    x{x-a){x-b)' 

38.  If  s  =  a  -I  &  +  c  +  ...  to  w  terms,  sliew  that 

s-a      s-b  ,  s-c  „/l  ,  1  ,  1  ,       \    „ 

ah  c  \a    0     c         f 

39.  Multiply  (^-^)  %  (^2_2/5.;^.  +  2^2^ 

a -a;     ,     «-  — a;^ 
1  + •     1  +  ^i — ^ 

40.  Simplify  ~-^^--^^^jrr^. 

a-\-x  o'-'  +  x^ 

41.  Divide  a;^  +  \  -  2,(\  -  x^\  +  4x  +  -)  by  a;  +  ?. 

^  a;*       \x-        /       V       a;/     '         x 

42.  If  s  =  rt  +  &  +  c  +  . . .  to  ?i.  terms,  shew  that 

s-a     s  —  b      i^-c.  , 

+ .  + +  ...=11-1. 

s  s  s 

43.  Divide  (-^-  -^^-  -  )  hv  (  :,|-.,  +  -.^^„). 

44.  Simplify  '-  - 


9. 


,xy 


{x-yf 
^^  a  +  h       c  +  d  .    .a  +  h  +  c  +  d      ,, 

a     0     c     ft 
46.     Simplify 

2j*-4p2T%-g- - 4232^  +  g*  *  ^*'' - 'Ap\  +  Sjj^" - (f 

\  —  'ix  a;  4  1  1 

4.7.     Reduce  —7-5 ,t  f  s^-^-rT\  +  rr7 — .~r\* 

3(a;2-a;4-l)     2(x-  +  l)     b(x  +  l) 
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48.  Sniiplil y  -J^  - -L  -     (       +^  +  ,y 

«  +  -  ^ 

1  1       _x_ y__ 

49.  Simplify i^ -J -. 

{a-y){a-xy  ~  {a  -  yf  {a  -  x) 

r..      ,.p  ahc  2-a-h-c 

50.  Simplify    1^  ^  _  j^  -  ^+ Frr- 

6c      c«     a6 

h 
a  + 

h 

51.  Simplify j—{a^-W), 

a 


XV.    SIMULTANEOUS    EQUATIONS   OF 
THE    FIRST    DEGREE. 

207.  To  determine  several  unknown  quantities  we  must 
have  as  many  indei^endent  equations  as  there  are  unknown 
quantities. 

Tlius  if  we  had  this  equation  given, 
x  +  i/  =  6, 
we  conld  determine  no  definite  values  of  x  and  y,  for 

rc  =  ; 

y-- 

or  other  values  might  be  given  to  x  and  y,  consistently  with 
the  equation.  In  fact  we  can  find  as  many  pairs  of  values  of 
X  and  y  as  we  please,  which  will  satisfy  the  equation. 


;  =  2)  rc  =  4)  a;  =  3) 

,  =  4}'  -,  =  2}'  -,  =  3}' 
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We  must  havo  a  second  equation  independent  of  the  tiist, 
and  then  we  may  find  a  pair  of  values  of  x  and  y  whiili  will 

satisfy  both  equations. 

Thus,  if  besides  the  equation  x  +  i/  =  6,  we  had  anotlier 
equation  x-y  =  2,  it  is  evident  that  the  values  of  x  and  y 
Avhich  will  satisfy  both  equations  are 

x  =  4  ) 

y  =  2\' 
since  4  +  2  =  6,  and  4-2  =  2. 

Also,  of  all  the  pairs  of  values  of  x  and  y  which  will  satisfy 
one  of  the  equations,  there  is  but  one  pair  which  will  satisfy 
the  other  equation. 

We  proceed  to  shew  how  this  pair  of  values  may  be  ibund, 
208.     Let  the  proposed  equations  be 

2x  +  7y  =  34: 

5iC  +  9j/  =  51. 

Multiply  the  first  equation  by  5  and  the  second  equation  by 
2,  we  then  get 

10.x-  +  35!/=170 

lU./.:+18(/=102. 

The  coefficients  of  x  are  thus  made  alike  in  both  equations. 

If  we  now  subtract  each  member  of  the  second  eijuation 
from  the  corresponding  member  of  the  first  equation,  we  sliall 
get  (Ax.  II.  page  58) 

35i/-18;/=170-102, 
or  17j/  =  68; 

••  ^  =  4. 
We  have  thus  obtained  the  value  of  one  of  the  unknown 
symbols.     The  value  of  the  other  may  be  found  thus  : 

Take  one  of  the  original  equations,  thus 

2x  +  7y  =  M. 

Tow,  since  ^  =  4,  7y  =  28  ;  , 

.-.  2x+ 28  =  34; 
.-.  a;  =  3. 

Hence  the  pair  of  values  of  x  and  y  which  sat.isfy  the 
equations  is  3  and  4. 
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Note.  The  process  of  thus  obtaining  from  two  or  more 
equations  an  equation,  from  which  one  of  the  unknown  quanti- 
ties has  disappeared,  is  called  Elimination. 

209.  We  worked  out  the  steps  fully  in  the  example  given 
in  the  last  article.  We  shall  now  work  an  example  in  the  form 
in  which  the  process  is  usually  given. 

Elx.     To  solve  the  eqiiations 

3x+7y  =  67 
5.7; +  41/ =  58. 

Multiplying  the  first  equation  by  5  and  the  second  by  3, 
15x  +  35?/  =  335 
15x+12//=174. 

Subtracting,  23y=l61, 

and  therefore  y  =  7. 

Now,  since  3x  +  7y  =  67, 

3a; +  49  =  67, 
.-.  32;=  18, 
.-.  a;  =  6. 

Hence  x=6  and  y—*7  are  the  values  required. 

210.  In  the  examples  given  in  the  two  preceding  articles 
we  made  the  coefficients  of  x  alike.  Sometimes  it  is  more  con- 
venient to  make  the  coefficients  of  y  alike.  Thus  if  we  have 
to  solve  the  equations 

29x  +  2y  =  G4: 

13a;  +  y  =  29, 
we  leave  the  first  equation  as  it  stands,  and  multiply  the 
second  equation  by  2,  thus 

29x  +  2y  =  64 

26x  +  2y  =  58. 

Subtracting,  3x  =  6, 

and  therefore  a;  =  2. 

Now,  since  13a; +  1/  =  29, 

26  +  7/  =  29, 
•••  2/ =  3. 
Hence  a;  =  2  and  y  =  3  are  the  value.>  required. 


OF  THE  FIRST  DEGREE.  145 


Examples     Ixx. 

I.   2x  +  7y  =  41  2.    5x  +  8^  =  101  3.    13a;+ 17i/=  i89 

3x  +  4?/  =  42.  9.x  +  2i/  =  95.  2x+     y  =  21. 

4.    14x  +  97/  =  156       5.      a;+15//  =  49  6.    15a;+ 197/=  132 

7a;  +  2y  =  58.  3.^;+    72/  =  71.  35x+177/  =  226 

7.    6x+   4?/ =  236       8.    39:13  +  277/ =  105  9.    72x'4-14//  =  330 

3a- +157/ =  573.  52x  +  297/  =  133.  63a;  +    7y  =  273. 

211.  We  sliiill  now  give  some  exuniples  in  which  negative 
signs  occur  attached  to  the  coefficient  of  y  in  one  or  both  of 
the  equations. 

Ex.     To  solve  the  equations: 

6a; +  357/= 177 
8x-21y=   33, 

Multiply  the  first  equation  by  4  and  the  second  by  3. 

24a; +  1407/ =  708 
24a;-    637/=   99. 

Subtracting,  203y  =  609, 

and  therefore  2/ =  3. 

The  value  of  x  may  then  be  found. 


Examples.— Ixxi. 

I.   2x  +  7i/  =  52  2.      7x-   47/  =  55  3.   a;  +  7/  =  96 
3x-57/  =  16.                    15a; -137/=  109.  x-7/  =  2. 

4.   4x+   97/ =  79  5.      a; +197/ =  97  6.    29.^-14y  =  175 
7»- 17^  =  40.                 7a;-537j  =  121.  87a; -567/ =  497. 

7.    171a; -2137/ =  642  8.   43x+    27/ =  266  9.      5a; +  9?/ =188 
114:r-326y  =  244.          12a; -177/ =  4.  13a;-2y  =  57. 

[S.A  ]  K 
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212.  We  have  liitlierto  taken  examples  in  which  the 
coefficients  of  x  are  both  fositive.  Let  us  now  take  the  lollop- 
ing equations  : 

5x-7i/  =  6 
92/-2x=10. 

Gliange  all  the  signs  of  the  second  equation,  so  that  we  get 

5x-7y  =  6 
2x-9y=  -10. 

Multiplying  by  2  and  5, 

10x-i4i/  =  12 
10x-45?/=-50. 

Subtracting, 

-1%  + 45?/ =  12 +  50, 
or,    31i/  =  62, 
or,     y  =  2. 

The  value  of  x  may  then  be  found. 

Examples.— Ixxii. 

I.     4x-7y  =  22  2.     9x~5y  =  b2  3.     I7x  +  Zy  =  57 

7y-3x  =  L  8y-3x  =  8.  16y-3x-=23. 

4,     7y  +  '3x  =  78  5.     5a;-3?/  =  4  6.     3ic  +  22/  =  39 

19?/-7x  =  136.  12?/-7a;  =  10.  3?/-2a;=13. 

7.     5i/-2.c  =  21  8.     9?/ -Tec  =  13  9.     12a;  +    7i/=176 

13a;-4i/  =  120.  15x-7y  =  9.  32/-19x=3. 

213.  In  the  preceding  examples  the  values  of  a;  and  y  have 
been  positive.  We  shall  now  give  some  equations  in  which  x 
or  y  or  both  have  negative  values. 

Ex.     To  solve  the  equations : 

2x-9i/  =  ll 
3x-4y  =  7. 

Multiplying  the  equations  by  3  and  2  respectively,  we  get 
6x-27y  =  -i3 
6x-   8y  =  14. 


OF  THE  FIRST  DEGREE.  i<7 

Subtracting, 

-19v/=19, 

or,     1%=-19, 

or,     i/=-l. 

Now  since  9i/=  -9, 

2,x  -  9//  will  be  equivalent  to  2j;  -  (  -  9)  or,  2x  +  9. 

Hence,  from  the  first  equation, 

2x  +  9  =  ll, 
.-.  a;  =  l. 


Examples.— Ixxiii. 

I.  2a;  +  3y  =  8  2.     hx-^y  =  ':^\  3.  3,r- 5^  =  51 

3x  +  7ij  =  7.  1 9.C  -  3?/  =  1 80.  i.o  +  7y  =  3. 

4.  7y-3a;  =  139  5.  4x+   9i/=10G         6.  2.(;-7i/  =  8 

2ic  +  5y  =  91.  &c+17y=19S.  4y-9.t;=19. 

7.  l7x+12i/  =  59  8.     8a;  +  37/  =  3  9.  69;/- 17.(;=  103 

19a;-   47/=  153.  12x  +  9y  =  3.  Ux  -  VSij  =  ~  41. 

214.     We  shall  now  take  the  case  of  Fractional  Equations 
involving  two  unknown  quantities. 

Ex.     To  solve  the  equations, 

5 

x  —  2 
3y=9--^-. 

First,  clearing  the  equations  of  fractions,  we  get 
l0x-y  +  3  =  20 
9y  =  27-x  +  2, 
from  which  we  obtain, 

10x-i/=l7 
x  +  9y  =  29, 
and  hence  we  may  find  x  =  2,  y  =  'if~ 
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4- 

3 

+  5  = 

=10     5. 

x  —  y 
^2^ 

+  7  = 

=  9i. 

7- 

y 

-2 

=  6 

7 

4y-' 

5  +  10     „ 
3     -^• 

8. 

!-« 

y 

2 

-12 

x+ji 

•  y= 

-2-'c-?/     ., 

Examples. — Ixxiv. 


I.    1  +  1  =  7  2.    10x  +  ?  =  2U.         3.    ^  +  77/  =  25l 

2     3  3  J     'j^       ./ 

1  +  1  =  8.  10?/-|  =  29a  |  +  7;r;  =  299. 

5.    7a;  +  ^'  =  413         6.    —^-^  =  10-^ 

39x=14*/-lG09         fc^=^  +  ]. 
•^  6  4 

,'•  +  2 

10.  — — +  8?/  =  31 

^  +  10a;  =  192. 

11.  — ^  +  3x  =  2y-6 

0  6 

3,i;-5?/           2o:  +  y  x-2     10^x_y-lO 

,    -^--  +  3 12.    -^  3~~~^ 

x  —  2y_x    y  2y  +  4_4x  +  y+ 13. 

4~~2"^3'  3  8         * 

5s; -67/ 
13.    — ~— +  3a;  =  4y-2 

5a; +  6^     3.c-2i/_ 
"T;  4— ^2/--'• 

5a;-3     33; -19      ,     3y-x 

2x+y    9x-7  _Sy  +  9     4x  +  !iy 
~2  8        ~4  U)     ■ 

4.7;  +  by 
'5-   -40-=^-^ 

H^-^  +  2v  =  V 

3      ^^     2 


9 
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215.  We  have  now  to  exjilain  tlie  method  of  solving  Literal 
Equations  involving  two  nnknoAvn  quantities. 

Ex.     To  solve  the  equations, 

ax  +  by  =  e 
px  +  qy  =  r. 

Multiplying  the  first  equation  by  2'>  ^i^f^  ^■^^  second  l)y  a,  we 
get 

apx  +  hpjj  =  cp 
apx  +  aqy  =  ar. 

S  ubtract  i  ng,  hpy  —  aqy  =  cp  -  nr, 

or,  {hp  -  «q)y  =  cp  -  ar ; 
cp  -  ar 
op  —  aq 

We  might  then  find  x  by  substituting  tliift  .value  oF  ?/  in  one 
of  the  original  equations,  but  usually  the  safest  couri^e  is  to 
begin  afresh  and  make  the  coefficients  of  y  alike  in  the  original 
equations,  multiplying  the  first  by  q  and  the  second  by  h, 
which  gives 

aqx  +  bqy  =  cq 
hpx  +  hqij  —  br. 

Subtracting,  aqx  —  hpx  =  cq-hr, 

or,  {aq  —  'bf)x  =  cq-br; 
cq  -  hr 
"         aq-bp' 

Examples.— ixxv. 

I.    mx  +  ny  =  e,  2.     a:r  +  hy  =  c  3.     ax-hy=m 

px  +  qy  =/.  dx  -  ey  =/.  ex  +  ey= n. 

4.     ex     =dy  5.     mx-ny=r  6.     x  +  y  =  a 

x  +  y  =  e.  ni'x  +  n'y  =  /.  x-y  =  h. 

7.     ax  +  by  =  c  8.     abx  +  cdy  =  2  g.     , =  .- 

'  ■  ^  ^      b  +  y     ia  +  x 

dx+fy  =  cK  ax  —  cy=^j-Y-  ax  +  2by  =  d. 
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lo.  6cx  +  26-c2/  =  0  II.  (6  +  c)(a;  +  c  — 6)  +  a(i/  +  a)  =  2a2 

be  c  {o-c)x        a'^ 

(85 -2m)  6m 

h^x  -  T-^ h  1,^  +  c  +  m)  my  =  iji^a;  +  {b  +  2m) 6to. 


216.  We  now  proceed  to  ihe  solution  of  a  particular  class 
of  Simultaneous  Equations  in  which  the  unknown  symbols 
appear  as  the  denominators  of  fractions,  of  which  the  following 
are  examples. 

Ex.  1.     To  solve  the  equations, 

a    h 

-  +  -=c 
X    y 

in    w_  , 


Multiplying  the  first  by  m  and  the  second  by  a,  we  get 

am     hm 

1 =  cm 

X       y 

am    an       , 
=  ad. 

X        y 

CI      W  i-  ^^™         «^i  J 

Subtiactmg,  1 —  cm-  ad. 


y     y 

hm  +  an 


■  cm  -  ad, 


y 

or,  hm  +  an  =  {cm  -  ad)y, 

_  hm  +  an 
^     cm  -  ad' 

Then  the  value  of  x  may  be  found  by  substituting  this  value 
of  y  in  one  of  the  original  equations,  or  by  making  the  terma 
contai'nhig  y  alike,  as  in  the  example  given  in  Art.  215. 
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Ex.  2.     To  solve  the  equations: 

4x'^y~72' 

Multiplying  the  second  equation  by  8,  we  get 
2      5  _  4 


2     8_11 
X     2/~  9' 

5 

8     4 

11 

3?/ 

?/     27 

9* 

Subtracting, 

^.         .        .  5      8     11      4 

(Jnangmg  signs,  -—  +  -  =  —--  — -, 
^    °     °    '  3y    y      9      27' 

5  +  24     33-4 

whence  we  find  2/ =9, 

and  then  the  vahie  of  x  may  be  found  by  substituting  9  for  y 
in  one  of  the  original  equations. 


Examples. — Ixxvi. 
12  12  a    h 

-  +  -=10  2.      -  +  -  =  «  -i.      --f-^  =  c 
a;     1/                             X    y     .                  ^      x     y 

a:     2/  «     2/  a;     y 

a     &  7     5  5       2 

-  +  -  =  m  5.     -  +  -  =  19  6.     —  +  —  =  7 
X     y                             X     y  3x     by 

a    b  8     3^  71 

=  n.  =  7. —  =  3 

X    y  X    y  ■  6x     lOy 


2 


m 


'      ax     by  nx     my 

5       2  w     m        „       , 

ax     by  X     y 
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217.  Tliere  are  two  otker  metliods  of  solving  Simultaneous 
Ei|uations  of  which  we  have  hitherto  made  no  mention,  because 
they  are  not  generally  so  convenient  and  simple  as  the  method 
which  we  have  explained.     They  are 

I.  The  method  of  Suhstitution. 

If  we  have  to  solve  the  equations 

a;  +  3y=   7 
2x  +  4y  =  T2 

we  may  find  the  value  of  x  in  terms  of  y  from  the  first  equa- 
tion, thus 

x  =  7  -2y, 

and  substitute  this  value  for  x  in  the  second  equation,  thus 
2(7-3y)  +  4y  =  12, 

from  which  we  find 

?/  =  l. 
We  may  then  find  the  value  of  x  from  one  of  the  original 
equations. 

II.  The  method  of  Comparison, 
If  we  have  to  solve  the  equations 

5a;  +  2i/=16 
7a3-3y=   5 

we  may  find  the  values  of  x  in  terms  of  y  from  each  equation, 

thus 

16-2?/    ,.         ^1     c    . 
X  —  — - — ",  Iroin  the  first  equation. 

5  +  3v  ,.         ,,  T 

X— — ^-    ,  Irom  the  second  equation. 

Hence,  equating  these  values  of  x,  we  get 
16-2i/_5  +  3|/ 
5     "~      7     ' 
an  equation  involving  onlj'  one  unknown  symbol,  from  which 
we  obtain 

?/  =  3, 

and  then  tlie  A'alue  of  x  may  be  found  irom  one  of  the  original 
equations. 
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218.  It'  tliere  be  three  uiilciiowii  syiiil)ols,  tlu'ir  values  may 
be  found  from  three  independent  equations. 

For  from  two  of  the  equations  a  third,  which  involves  only 
t^vo  of  the  unknown  symbols,  may  be  found. 

And  from  the  remaining  equation  and  one  of  the  others 
a  fourth,  containing  only  the  same  two  unknown  symbols,  may 

be  found. 

« 

So  from  these  two  equations,  which  involve  only  two  un- 
known symbols,  the  value  of  these  symbols  may  be  found,  and 
Ijy  substituting  these  values  in  one  of  the  original  equations 
the  value  of  the  third  unknown  symbol  may  be  found. 

Ex.  5a; -61/ +  43  =  15 

7a; +  47/ -3s  =19 
2a;  +   ?/  +  6,'j  =  46. 
Multiplying  the  first  by  7  and  the  second  by  5,  we  get 
35a; -42?/ +  28^=105 
35a;  +  20i/-15rj  =  95. 
Subtracting, 

-G2?/  +  433  =  10 (1). 

Again,  multiplying  the  first  of  the  original  equations  by  2 
and  the  third  by  5,  we  get 

10a; -12i/ +  8^  =  30, 
10a; +  51/ +  30^  =  230. 

Subtracting,  -17i/-22,'3=  -200 (2). 

Then,  from  (1)  and  (2)  we  have 

62?/ -433  =-10 
177/ +  222  =  200, 
from  which  we  can  find  y  =  4  and  2  =  6. 

Then  substituting  these  values  for  y  and  z  in  the  first  equa- 
tion we  find  the  value  of  x  to  be  3. 


2. 


EXAMPLES.- 

— Ixxvii. 

hx+ly-    2,v=13 

3.     5x- 37/ +  23  =  21 

8X  +  32/+     3  =  17 

8x  —   7/  —  3z  =   3 

x-4i/+10;:  =  23. 

2a; +  37/ +  23  =  39. 

5a; +  37/ -62!  =  4 

4.     4a; -57/ +  23=   6 

3x-   7/  +  2j!  =  8 

2a; +  37/-   3  =  20 

x-2y  +  2s  =  2. 

7a; -47/ +  33  =  35. 
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5  a;+     1/+   2=   G  8.     4x-37/+   ,'j=   9 

5a;+   4!/  +  3s  =  22  9x+   i/-52  =  16 

15x+l(»i/  + 62  =  53.  x-Ay-\-?>z=   2. 

6.  8a; +  4?/ -3.1;  =  6  9.     12x  +  5?/-4;3  =  29 

x  +  32/-  g  =  7  13x-2:/  +  5»=58 

4x-52/  +  4:  =  8  Vlx-  y—  z=15. 

7.  a;-l*  1/+   s  =  30  10.     T/-a;  +  ,'2=-   5 
8jc  +  4?/  +  2,r  =  50  z-y-x=  -2b 

27x  +  9y  +  3z  =  64:.  x  +  y  +  z  =  Z5. 


XVI.   PROBLEMS  RESULTING  IN  SIMUL- 
TANEOUS EQUATIONS. 

219.  In  tlie  Solution  of  Problems  in  which,  we  represent 
two  of  the  numbers  sought  by  unknown  symbols,  usually  x  and 
y,  we  must  obtain  two  independent  equations  from  the  condi- 
tions of  the  question,  and  then  we  may  obtain  the  values  of 
the  two  unknown  sj-nibols  by  one  of  the  urocesses  described  in 
Chapter  XY. 

Ex.  If  one  of  two  numbers  be  multiplied  by  3  and  the 
other  by  4,  the  sum  of  the  products  is  43  ;  and  if  the  former  be 
multiplied  by  7  and  the  latter  by  3,  the  difference  between  the 
results  is  14.     Find  tlie  numbers. 

Let  X  and  y  represent  the  numbers. 

Then  3x  +  4(/  =  43, 

and  7x-3y  =  14. 

From  these  equations  we  have 

21a;  +  28i/  =  301, 
21x-   9j/  =  42. 
Subtracting,  37i/  =  259. 

There  lure  ?/  =  "> 

and  then  the  value  of  x  may  be  found  to  be  5, 
Hence  the  numbers  are  5  and  7. 
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Examples. — Ixxviii. 

1.  The  sum  of  two  numbers  is  28,  ami  their  difterence  is  4, 
find  the  numbers. 

2.  The  sum  of  two  numbers  is  25  G,  and  their  difterence  is 
10,  find  the  numbers. 

3.  The  simi  of  two  numbers  is  13*5,  and  their  difterence  ia 
1,  find  the  numbers. 

4.  Find  two  numbers  such  that  the  sum  of  7  times  the 
greater  and  5  times  the  less  maj'  be  332,  and  the  product  of 
their  difterence  into  51  may  be  408. 

5.  Seven  years  ago  the  age  of  a  father  was  four  times  that 
of  his  son,  and  seven  years  hence  the  age  of  the  father  will  be 
double  that  of  the  son.     Find  their  ages. 

6.  Find  three  numbers  such  that  the  sum  of  the  first  and 
second  shall  be  70,  of  the  first  and  third  80,  and  of  the  second 
and  third  90. 

7.  Three  persons  A,  B,  and  G  make  a  joint  contribution 
which  in  the  whole  amounts  to  £400.  Of  this  sum  B  contri- 
butes twice  as  much  as  A  and  £20  more ;  and  G  as  much  as  A 
and  B  together.     What  sum  did  each  contribute? 

8.  If  A  gives  B  ten  shillings,  B  will  have  three  times  as 
much  money  as  A.  If  B  gives  A  ten  shillings,  A  will  have 
twice  as  much  money  as  B.     What  has  each  ? 

9.  The  sum  of  £760  is  divided  between  A,  B,  G.  The 
shares  of  A  and  B  together  exceed  the  share  of  G  by  £240, 
and  the  shares  of  B  and  G  together  exceed  the  share  of  A  by 
£360.     What  is  the  share  of  each  1 

10.  The  sum  of  two  numbers  divided  by  2,  gives  as  a  quo- 
tient 24,  and  the  ditierence  between  them  divided  by  2,  gives 
as  a  quotient  17.     What  are  the  numbers? 

11.  Find  two  numbers  such  that  when  the  greater  is 
divided  by  the  less  the  quotient  is  4  and  the  remainder  3,  and 
when  the  sum  of  the  two  numbers  is  increased  by  38  and  the 
result  divided  by  the  greater  of  the  two  numbers,  the  quotient 
is  2  and  the  remainder  2. 

12.  Divide  the  number  144  into  thiee  such  parts,  that 
when  the  first  is  di^dded  by  the  second  the  quotient  is  3  and 
the  remainder  2,  and  when  the  third  is  divided  by  the  sum 
of  the  other  two  parts,  the  quotient  is  2  and  the  remainder  6. 
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13.  A  and  7>  Lay  a  horse  for  J120.  A  can  pay  lor  it  \iB 
will  advance  iiall"  tlie  money  lie  lias  in  liis  pocket.  B  can  pay 
for  it  if  A  will  advance  two-thirds  of  the  money  he  has  in  his 
pocket.     How  much  has  each? 

14.  "How  old  are  ^'ovi?"  said  a  son  to  his  father.  The 
father  replied,  "Tvvjjlve  years  hence  yon  will  be  as  old  as  1  was 
twelve  years  ago,  and  I  shall  be  three  times  as  old  as  you  were 
twelve  years  ago."     Find  the  age  of  each. 

:5.  Required  two  numbers  such  that  three  times  the 
greater  exceeds  twice  the  less  by  10,  and  twice  the  greater 
together  with  three  times  the  less  is  24. 

16.  The  sum  of  the  ages  of  a  father  and  son  is  half  what  it 
wrll  be  in  25  years.  The  difference  is  one-third  wliat  the  sum 
will  lie  in  20  years.     Find  their  ages. 

17.  If  I  divide  the  smaller  of  two  numbers  by  the  greater, 
the  Cjuotient  is  -21  and  the  remainder  -0157.  If  I  divide  the 
greater  number  by  the  smaller,  the  quotient  is  4  and  the 
remainder  "742.     Find  the  numbers. 

18.  The  cost  of  6  barrels  of  beer  and  10  of  porter  is  £51 ; 
the  cost  of  3  barrels  of  beer  and  7  of  porter  is  i;32,  2s.  How 
much  lieer  can  be  bought  for  £30? 

19.  The  cost  of  7  lbs.  of  tea  and  5  lbs.  of  coffee  is  £\,  9s.  4(Z. : 
the  cost  of  4  lbs.  of  tea  and  9  lbs.  of  coffee  is  £\,  Is. :  what  is 
the  cost  of  1  lb.  of  each? 

20.  The  cost  of  12  horses  and  14  cows  is  £380  :  the  cost  of 
5  horses  and  3  cows  is  £130 :  Avhat  is  the  cost  of  a  horse  and  a 
cow  respectivel}'  ? 

21.  The  cost  of  8  yards  of  silk  and  19  yards  of  cloth  is 
£18,  4s.  2(L:  the  cost  of  20  yards  of  silk  and  16  yards  of  cloth, 
each  of  the  same  quality  as  the  former,  is  £25,  IGs.  8fL  How 
much  does  a  yard  of  each  cost? 

22.  Ten  men  and  six  women  earn  £18,  18s.  in  6  days,  and 
four  men  and  eight  women  earn  £6,  6s.  in  3  days.  AVhat  are 
the  earnings  of  a  man  and  a  woman  daily? 

23.  A  farmer  bought  100  acres  of  land  for  £4220,  part  at 
£37  an  acre  and  part  at  £45  an  acre.  How  many  acres  had 
he  of  each  kind  % 
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Note  I.  "A  nnniber  consisting  of  two  digits  may  be  repre- 
sented algebraically  by  lOx  +  y,  wliere  x  and  y  represent  the 
signiticant  digits. 

For  consider  such  a  number  as  76.  Here  the  significant 
digits  are  7  and  6,  of  which  the  former  has  in  ccmsequence  of 
its  position  a  local  value  ten  times  as  great  as  its  natural 
value,  and  the  number  represented  by  76  is  equivalent  to  ten 
times  7,  increased  by  6. 

So  also  a  number  of  which  x  and  y  are  the  significant  digits 
Avill  be  represented  by  ten  times  x,  increased  by  y. 

If  the  digits  composing  a  number  \Vix  +  y  be  inverted,  the 
resulting  number  will  be  lOy  +  x.  Thus  if  we  invert  the  digits 
composing  the  number  76,  we  get  67,  that  is,  ten  times  6,  in- 
creased by  7. 

If  a  number  be  represented  by  10a; +  1/,  the  sum  of  the 
digits  will  be  represented  by  x  +  y. 

A  number  consisting  of  three  digits  may  be  represented 
algebraically  by 

100x+  lOy  +  z. 

Ex.  The  sum  of  the  digits  composing  a  certain  number  is 
5,  and  if  9  be  added  to  the  number  the  digits  will  be  inverted. 
Find  the  number. 

Let  \0x  +  y  represent  the  number. 
Then  x  +  y  will  represent  the  number  of  the  digits, 
and  \0y  +  x  will  represent  the  number  with  the  digits  inverted. 
Then  our  equations  will  be 

x  +  y  =  b, 

lOx  +  y  +  Q=^lQy  +  x, 

from  which  we  may  find  a;  =  2  and  y  =  3  ;  ' 

:.  23  is  the  number  required. 

24.  The  sum  of  two  digits  comi)osing  a  number  is  8,  and  if 
36  be  added  to  the  number  the  digits-  will  be  inverted.  Find 
the  number. 

25.  The  sum  of  the  two  digits  composing  a  number  is  10, 
and  if  54  be  added  to  the  number  the  digits  will  be  inverted. 
What  is  the  number  ? 
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26.  The  sum  of  the  digits  of  a  number  less  than  100  is  9, 
and  if  9  be  added  to  the  number  the  digits  will  be  inverted. 
What  is  the  number  ? 

27.  The  sum  of  the  two  digits  composing  a  number  is  6, 
and  if  the  number  be  divided  by  the  sum  of  the  digits  the 
quotient  is  4.     What  is  the  number  ? 

28.  The  sum  of  the  two  digits  composing  a  number  is  9, 
and  if  the  number  be  divided  by  the  sum  of  tlie  digits  the 
quotient  is  5.     What  is  the  number  \ 

29.  If  I  divide  a  certain  number  by  the  sum  of  the  two 
digits  of  which  it  is  composed  the  quotient  is  7.  If  I  invert 
the  order  of  tlie  digits  and  then  divide  tlie  resulting  number 
diminished  by  12  by  the  difference  of  the  digits  of  the  original 
number  the  quotient  is  9.     What  is  the  number  ? 

30.  If  I  divide  a  certain  number  by  the  sum  of  its  two 
digits  the  quotient  is  6  and  the  remainder  3.  If  I  invert  the 
digits  and  divide  the  resulting  number  by  the  sum  of  the  digits 
the  quotient  is  4  and  the  remainder  9.     Find  the  number. 

31.  If  I  divide  a  certain  number  by  the  sum  of  its  two 
digits  diminished  by  2  the  quotient  is  5  and  the  remainder  1. 
If  I  invert  the  digits  and  divide  the  resulting  number  by  the 
sum  of  the  digits  increased  by  2  the  quotient  is  5  and  the  re- 
mainder 8.     Pind  the  number. 

32.  Two  digits  which  form  a  number  change  places  on  the 
addition  of  9,  and  tlie  sum  of  these  two  numbers  is  33.  Find 
the  numbers. 

33.  A  number  consisting  of  three  digits,  the  absolute  value 
of  each  digit  being  the  same,  is  37  times  the  square  of  any 
digit.     Find  the  number. 

34.  Of  the  three  digits  composing  a  number  the  second  is, 
double  of  the  third  :  tne  sum  of  the  first  and  third  is  9  :  the 
sum  of  all  the  digits  is  17.     Find  the  number. 

35.  A  number  is  composed  of  three  digits.  The  sum  of  the 
dibits  is  21  :  the  sum  of  the  first  and  second  is  greater  than  the 
third  by  3 ;  and  if  198  be  added  to  the  number  the  digits  will 
he  inverted.     Find  the  number. 
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Note  II.  A  fraction  of  which  tlie  terms  are  unknuwii  may 
be  represented  by  -. 

Ex.     A  certain  fraction  becomes  -  when  7  is  added  to  its 

denominator,  and  2  when  13  is  added  to  its  nnmerator.      Find 
the  fraction. 

Let  -  represent  the  fraction 

a;  +  13_^ 

V     ~'^' 

are  the  equations;  from  which  we  may  find  £C  =  9  and  y  =  ll. 

9 
That  is,  the  fraction  -s  — • 

3(3.  A  certain  fraction  becomes  2  Avhen  7  is  added  to  its 
nnmerator,  and  1  when  1  is  snbtracted  from  its  denominator. 
What  is  the  fraction  \ 

37.  Find  such  a  fraction  that  when  1  is  added  to  its 
numerator  its  value  becomes  -,  and  when  1  is  added  to  the 

o 

denominator  the  value  is  -. 
4 

38.  What  fraction  is  that  to  the  numerator  of  wiiich  if  1  be 
added  the  value  will  be  ^ :  but  if  1  be  added  to  the  denominator, 

the  value  will  be  -  j 

39.  The  numerator  of  a  fraction  is  made  equal  to  its 
denominator  by  the  addition  of  1,  and  is  half  of  the  deno- 
minator increased  by  1.     Find  the  fraction 

40.  A  certain  fraction  becomes  -  when  3  is  taken  from  the 
numerator  and  tlie  denominator,  and  it  becomes  -  when  5 
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is  added  to  the  numerator  and  the  denominator.  What  is  the 
fraction  ? 

7 

41.  A  certain  Iraction  becomes  ^  when  the  denominator  is 

20 
increased  by  4,  and  ^j  when  the  numerator  is  diminished  by 

15  :  determine  the  fraction. 

42.  What  fraction  is  that  to  the  numerator  of  which  if  1  be 
added  it  becomes    ,  and  to  the  denominator  of  which  if  17  be 

added  it  becomes  -  ? 

o 

Note  III.     In   questions  relating  to   money   put  out  at 

simple  interest  we  are  to  observe  that 

T                Principal  x  Eate  x  Time 
Interest  = :^ , 

where  Kate  means  the  number  of  pounds  paid  for  the  use  of 
^100  for  one  year,  and  Time  means  the  number  of  years  for 
which  tlie  money  is  lent. 

43.  A  man  puts  out  £2000  in  two  investments.  For  the  first 
he  gets  5  per  cent.,  for  the  second  4  per  cent,  on  the  sum 
invested,  and  by  the  first  investment  he  has  an  income  of 
£10  more  than  on  the  second.  Find  how  much  lie  invests  in 
each  case. 

44.  A  sum  of  money,  put  out  at  simple  interest,  amounted 
in  10  months  to  £5250,  and  in  18  months  to  £5450.  What 
was  the  sum  and  the  rate  of  interest  1 

45.  A  sum  of  money,  put  out  at  simpie  interest,  amounted 
in  6  years  to  £5200,  and  in  10  years  to  £6000.  Find  the  sum 
and  the  r.ite  of  interest. 

Note  IV.  When  tea,  spirits,  wine,  beer,  and  such  com- 
modities are  mixed,  it  must  be  observed  that 

quantity  of  ingredients  =  quantity  of  mixture, 
cost  of  ingredients  =  cost  of  mixture. 

Ex.  I  mix  vnne  which  cost  10  shillings  a  gallon  with 
another   sort  which   cost  6  shillings  a  gallon,  to  make  100 
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gallons,  which  I  may  sell  at  V  shillings  a  gallon  without  piolit 
or  loss.     How  much  of  each  do  I  take  % 

Let  X  represent  the  number  of  gallons  at  10  shillings  a  gallon, 
and  y 6 

Then  cb  +  ^/=100, 

and  10a; +  6?/= 700, 

are  the  two  equations  from  which  we  may  find  the  values  of 
a;  and  1/  to  be  25  and  75  respectively. 

46.  A  wine-merchant  has  two  kinds  of  Avine,  the  one  costs 
36  pence  a  c^uart,  the  other  20  pence.  How  much  of  each  must 
he  put  in  a  mixture  of  50  quarts,  so  that  the  cost  price  of  it 
may  be  30  pence  a  quart  ? 

47.  A  grocer  mixes  tea  which  cost  him  \r.  2d.  per  lit.  with 
tea  that  cost  him  Is.  6d.  per  lb.  He  has  30  lbs.  of  the  mixture, 
and  by  selling  it  at  the  rate  of  l.s-.  8d.  per  lb.  he  gained  as 
much  as  10  lbs.  of  the  cheaper  tea  cost  him.  How  many  lbs. 
of  each  did  he  put  in  the  mixture  ? 

Note  V.  If  a  man  can  row  at  the  rate  of  x  miles  an  hour 
in  still  water,  and  if  he  be  rowing  on  a  stream  that  runs  at  the 
rate  of  y  miles  an  hour,  then 

x  +  y  will  represent  his  rate  down  the  stream, 
x  —  y i/p 

48.  A  crew  which  can  pull  at  the  rate  of  twelve  miles  an 
hour  down  the  stream,  finds  that  it  takes  twice  as  long  to  come 
up  a  river  as  to  go  down.     At  what  rate  does  the  stream  flow  ? 

49.  A  man  sculls  down  a  stream,  which  runs  at  the  rai,e  of 
4  miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  takes  him  4  hours  and  15  minutes  to  arrive  at 
a  point  3  miles  short  of  his  starting-place.  Find  the  distance 
he  pulled  down  the  stream,  and  the  rate  of  his  pulling. 


50.  A  dog  pursues  a  hare.  The  hare  geis  a  start  of  50  of 
her  own  leaps.  The  hare  makes  six  leaps  while  the  dog  makes 
5,  and  7  of  the  dog's  leaps  are  equal  to  9  of  the  hare's.  How 
many  leaps  will  the  hare  take  before  she  is  caught  ? 

r«.A-l  I. 
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51.  A  grej'hoimd  starts  in  jmrsuit  of  a  liare,  at  the  distance 
of  50  of  his  own  h^aps  from  her.  He  makes  3  leaps  Avliile  the 
hare  makes  4,  and  he  covers  as  niucli  i^round  in  two  leaps  as 
tlie  hare  does  in  three.  How  many  leaps  does  each  make 
before  the  hare  is  caught '? 

52.  I  lay  ont  half-a-crown  in  apples  and  pears,  buying  the 
apples  at  4  a  penny  and  the  jx'ars  at  5  a  penny.  I  then  sell 
half  the  apples  and  a  third  of  the  pears  for  thirteen  pence, 
which  was  the  price  at  wluch  I  bought  them.  How  many  of 
each  did  I  buy  ? 

53.  A  company  at  a  tavern  found,  when  they  came  to  pay 
their  reckoning,  that  if  there  had  been  3  more  persons,  each 
would  have  paid  a  shilling  less,  but  liad  there  been  2  less, 
each  wonld  ha\-e  paid  a  shilling  more.  Find  the  number  of 
the  company,  and  each  man's  share  of  the  reckoning. 

54.  At  a  contested  election  there  are  two  members  to  be 
returned  and  three  candidates.  A,  B,  and  0.  A  obtains  1056 
votes,  B,  987,  G,  933.  Now  85  voted  for  B  and  G,  744  for 
B  only,  98  for  G  only.  How  many  voted  for  A  and  C,  for 
A  and  B,  and  for  A  only  ? 

55.  A  man  walks  a  certain  distance  :  had  his  rate  been 
half  a  mile  an  hour  faster,  he  would  have  been  1^  hours  less 
on  the  road ;  and  had  it  been  half  a  mile  an  hour  slower,  he 
would  have  been  2^  hours  more  on  the  road.  Find  the  distance 
and  rate. 

56.  A  ceriain  crew  pull  9  strokes  to  8  of  a  certain  other 
crew,  but  79  of  the  latter  are  e(|ual  to  90  of  the  former.  Wliich 
is  the  faster  crew '? 

Also,  if  the  faster  crew  start  at  a  distance  equivalent  to 
four  of  their  own  strokes  behind  the  other,  how  many  strokes 
will  they  take  before  they  bump  them  ? 

57.  A  person,  sculling  in  a  thick  fog,  meets  one  barge  and 
overtakes  another  which  is  going  at  the  same  rate  as  the 
former  ;  shew  that  if  a  be  the  greatest  distance  to  which  he 
can  see,  and  b,  b'  the  distances  that  lie  sculls  between  the 
times  of  his  first  seeing  and  passing  the  barges, 

2_1      I 
a     b      h'' 
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58.  Two  trains,  92  feet  long  and  84  feet  long  respectively, 
are  moving  with  uniform  velocities  on  parallel  rails  in.  opposite 
directions,  and  are  obsei'ved  to  ])ass  each  other  in  one  second 
and  a  half;  but  when  they  are  moving  in  the  same  direction, 
their  velocities  being  the  same  as  before,  the  faster  train  is 
observed  to  pass  the  other  in  six  seconds;  fnid  the  rate  in 
miles  per  hour  at  which  each  train  moves. 

C9.  The  fore-wlieel  of  a  carriage  makes  six  revolutions 
more  than  the  hind-wheel  in  V20  yards  ;  but  only  four  revolu- 
tions more  when  the  circumference  of  the  fore-wheel  is  increased 
one-fourth,  and  that  of  the  hind-wheel  one-fiith.  Find  the 
!?ircumference  of  each  wheel. 

60.  A  person  rows  from  Cambridge  to  Ely  (a  distance  of 
20  miles)  and  back  again  in  10  hours,  and  finds  he  can  row 

2  miles  against  the  stream  in  the  same  time  that  he  rows 

3  miles  with  it.     Find  the  rate  of  the  stream,  and  the  time  of 
his  going  and  returning. 

61.  A  number  consists  01  6  digits,  of  which  the  last  to  the 
left  hand  is  1.  If  this  number  is  altered  by  removing  the  1 
and  putting  it  in  the  unit's  place,  the  new  number  is  three 
times  as  great  as  the  original  one.     Find  the  number. 


XVII.    ON    SQUARE    ROOT. 

220.  In  Art.  97  we  defined  the  Square  Root,  and  explained 
the  method  of  taking  the  square  root  of  expressions  consisting 
of  a  single  term. 

The  square  root  of  a  positive  quantity  may  be,  as  we 
explained  in  Art.  97,  either  -positive  or  negative. 

Thus  the  square  root  of  Aa-  is  2a  or  -  2a,  and  this  ambiguity 
is  expressed  thi;s, 

V4a2=+2a. 

In  our  examples  in  this  chapter  we  shall  in  all  cases  regard 
the  square  root  of  a  single  term  as  ajwsitive  quantity. 


l64  ON  SQUARE  ROOT. 

221.  The  square  root  of  a  froduct  may  be  found  by  taking 
tlie  square  root  of  each  factor,  and  multiplying  the  roots,  so 
taken,  together. 

Thus  V^^  =  a&, 

Vsirc'T/^z''  _  Qrjayz^. 

222.  The  square  root  of  a  fraction  may  be  found  by  taking 
the  square  root  of  tlie  numerator  and  tlie  square  root  of  the 
denominator,  and  making  them  the  numerator  and  denominator 
of  a  new  fraction,  thus 


4 


96' 


EXAMPLE-S. — IXXiX. 
Find  the  Square  Root  of  each  of  the  following  expressions ; 


I. 

4xhj''. 

2. 

S\a%\ 

3- 

121mi«uiV*. 

4- 

64aWc^. 

5- 

71289a«i%8_ 

6. 

109fti«68c'2. 

9ft2 

1 

25aW 

7- 

1662- 

256x^2 

8. 

4a2c*" 
625^2 

9- 

12Lx-«2/>o' 

o. 

289?/*' 

II. 

324fc-'^' 

223.  We  may  now  proceed  to  investigate  a  Rule  for  the 
extraction  of  the  square  root  of  a  compound  algebraical 
expression. 

We  know  that  the  square  of  a  +  6  is  a'^  +  2ab  +  h-,  and  there- 
fore a  +  6  is  the  square  root  of  or  +  2ab  +  ¥. 

If  we  can  devise  an  operation  ])y  which  we  can  derive  a  +  b 
from  a'  +  2ah  +  U-,  we  shall  be  able  to  give  a  rule  for  the 
extraction  of  the  square  root. 

Now  the  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  square,  i.e.  a  is  the  square  root  of  a-. 

Hence  our  rule  begins  : 

"  Arrange  the  terms  in  the  order  of  magnitude  of  the  indices 
of  one  of  the  quantities  involved,  then  take  the  square  root  of  tlie 
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jirsi  term  and  set  doiun  the  result  as  the  first  term  of  the  root : 
subtract  its  square  from  the  fjiven  expression,  and  bring  down  the 
remainder:"  thus 

a^  +  2ab  +  ¥  [a 

a? 


2a6  +  62 

Now  this  remainder  may  be  represented  thus  b  (2^  +  6) : 
hent'e  if  we  divide  2a5  +  &2  by  2a +  6  we  shall  obtain  +5,  the 
second  term  of  the  root. 

Hence  oui'  rule  proceeds  : 

"Double  the  first  tenu  of  the  root  and  set  dowu  the  result  as  the 
first  term  of  a  divisor:"  thus  our  process  up  to  this  point  will 
stand  thus  : 

(r  +  2ab  \  b"  i^a 


2a 


2ab  +  52 


Now  if  we  divide  2ab  by  2a  the  result  is  b,  and  hence  we 
obtain  the  second  term  of  the  root,  and  if  we  add  this  to  2a 
we  obtain  the  full  divisor  2«  +  b. 

Hence  our  rule  proceeds  thus  : 

"Divide  the  first  term  of  the  remainder  by  this  first  term  of  the 
divisor,  and  add  the  result  to  the  first  term  of  the  root  and,  also  to 
the  first  term  of  the  divisor:"  thus  our  process  up  to  this  point 
will  stand  thus  : 

a^  +  2ab  +  b^{a  +  b 

a^ 


2a  +  b 


2ab  +  ¥ 


If  now  we  multiply  2a  +  b  by  b  we  obtain  2ah  +  b'^,  which  we 
subtract  from  the  first  remainder. 

Hence  our  rule  proceeds  thus  : 

"  Multiply  the  divisor  by  the  second,  term  of  the  root  and  sub- 
tract the  result  from  the  first  remainder :"  thus  our  ])rocess  will 
stand  thus : 


|66 
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2a  +  6 


2a6  +  &2 
2ab  +  62 


If  there  is  now  no  reiuainder,  the  root  has  been  foimd. 

If  there  be  ;i  remainder,  consider  the  two  terms  of  the  root 
already  found  as  one,  and  proceed  as  before. 

224.     The  foUowing  examples  worked  out  will  make  the 
process  more  clear. 

(1)  «-  -  2rt6  +  b\a-h 


2a- 6 


■2ah  +  ¥ 
■2ab  +  b'^ 


Here  the  second  term  of  the   root,  and  consequently  the 
second  term  of  the  divisor,  will  have  a  negative  sign  prefixed, 
2ab 


because      "'"  =  -  6. 
2a 


(2) 


(3) 


9p2  +  242jg  +  16  f  {^3p  +  4q 


6p  +  4(/ 


lOx-6 


24pq  +  Wq"^ 


25x2-60x  +  36(5a;-6 

25x"     ■ 

-  60a;  +  36 
-60«  +  36 


Next  take  a  case  in  which  the  root  contains  three  terms. 

o-  +  2ab  +  ¥  -  2ac  -  2bc  +  c^  {a  +  b-c 


2a  +  b 
2a  +  2b-c 


2ab  +  ¥  -  2ac  -  2bc  +  c^ 
2ab  +  6- 


—  2ac  —  2bc  +  c- 
-2ac-2bc  +  c^ 
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When  we  obtained  the  second  remainder,  we  took  the  double  . 
of  a  +  6,  considered  as  a  single  term,  and  set  down  the  result  as 
the  first  part  of  tlie  second  divisor.  We  then  divided  the  first 
term  of  the  remainder,  —  2ac,  by  the  first  term  of  the  new 
divisor,  2a,  and  set  down  the  result,  -  c,  attached  to  the  part 
of  the  root  already  fonnd  and  also  to  the  new  divisor,  and  tlien 
multiplied  the  completed  di^^sor  by  —  c. 

Similarly  we  may  proceed  when  the  root  contains  4,  5  or 
more  terms. 

Examples.— Ixxx. 

Extract  tlie  Hipiare  Hoot  of  the  following  expressions  : 

1.  4tt-+12«?;  +  962.  6.  x*-6x^+19x--30x  +  25. 

2.  16/i;'<»-24/c'Z3  +  9Z6.  7.  9.xH  12.«3+ lite'-^  +  4a;+ 1. 

3.  a"i-+162a6  +  6561.  8.  4r*- 12r3  + 13r^-6r+ 1. 

4.  f-'iSrf  +  Zm.  9.  4/t*  +  4/t3  -  T^"-^  -  4?i  +  4. 

5.  9a2i,V-102a6c  +  280.    10.  1  -  6a;  +  ISx^  -  ISic^  +  4a;* 
u .  x"  -  4x5  +  lOx*  -  1 2:0^  +  9x'-i. 

1 2.  4?/  -  I'iifz  +  257/%2  _  24i/23  4.  i(;g4, 

1 3.  (r  +  Aah  +  46"'^  +  9c-^  +  6ttc  +  1 2k. 

1 4.  ««  +  2a56  +  -u^Jfi  +  4«3J3  +  3^254  +  2rt65  +  fts. 

15.  x^-Ax'  +  Gx^  +  Sji'  +  Ax-Vl. 

16.  4.r*  +  8(1x3  +  4(j2a.2  4. 1652^.2  4.  i«(i;,2a;  +  1554^ 

17.  9-24x  +  58x2_116x34-  129x*-  140x5+  100x6. 

1 8.  1  G(t'  -  400,36  +  25a2&'-J  _  SOaft^x  +  646V  +  64a26a;. 

1 9.  9a*»  -  24ft3p3  _  3Q^t2^  ^  i  g(j2p6  4. 40a;p3^  4. 25^2^ 

20.  At/x^  -  1 22/3x''  +  1  lyh'}  -  1 2  j/x''  +  4x**. 

2 1 .  25x'7/-  -  m.chf  +  29.(;-'i/*  -  1  ij-y-'  +  4;/6, 

22.  lex*  -  24x^1/  4-  25xY'  -  12xj/3  4. 4^4^ 

23.  9(i2  -  12(t6  +  24«c  -  166c  +  46^  +  16c2. 

24.  X*  +  9x2  +  25  -  6x3  _f.  1 0x2  -  30x. 

25.  25x2 -  20x7/  +  4?/2  4-  9-2  _  X27p  +  30x2. 

26.  4x2  (3.2  _  2^)  4.  y3  ^y  _  2)  4-  2/2  ^4  ,.2  _|_  i)_ 


I6S 
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225.  When  any  fractional  terms  are  in  tlie  expression  of 
which  we  have  to  lind  the  Square  Rout,  we  may  proceed  as  in 
the  Exaui[ilus  just  given,  taking  care  to  treat  the  fractional 
terms  in  accurdauce  with  tlie  rules  relating  to  fractious. 


Q  1  « 

Tlius  to  find  the  square  root  of  :c-  — -x  +  ^. 

.,     8       1()  /         4 

X-  —  -X  +  -' 


9       81 


i-i 


2a;-. 


8 

16 

-7;a;  + 

9 

81 

8 

If) 

-TiX-^ 

9 

81 

Since 


8^       8^2^8     1^4 
9  '•        9  •  1     9^2     9* 


8        16 
Or  we  might  reduce  cc^-^a;  +  ^  to  a  single  fraction,  which 


81 


would  be 


81j;^-72a:+16 
81 


and  tlien  take  the  s(£uare  root  of  each  of  the  terms  of  the 
fraction,  with  the  following  result : 

9a;  — 4 

— - — ,  which  is  the  same  as  x  -  jr. 
9  " 


EXAMPLES.— IXXXi. 


1.  Aa^  +  -,?,--  'to-. 

lb 

2.  — -2  +  -3-. 
rt-  9 


5,     x'^-2x^  +  2a;2-a;  +  2. 


3.    ^^'-2  +  -r. 


6.     a;*  +  2a;3-x  + 


7.    4(6-  -  12flO  -r  ah-  +  9o-  ~  ^  +  Tc- 
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8.     x4  +  8x^  +  24  +  i|  +  ||. 

o.      '—  +  4«-'  +  -- «"'.«-  -  3tt-  -  Sre^x  +  ^r-tt^x. 
lb  9  o 

1       4       9       4       6      12 

10.       — „+-„-  +  -s- + ■. 

%'■     ir     z^     xy     xz     yz 

?i  5        7C     25     on 

1 2.  a^b-  -  Qahcd  +  —^  +  9)cMr  +  -^ ^. 

13.  -2+-2+    2  +"1- 2— • 

4m-    9h-''^     .      16Hi.     24» 
14-    — r  +  -^  +  4 +  — . 

or      h^      c"      d^     a6      2ac    ad     be     hd     cd 
^       9      16     25      4       6       15       3      10      4       5 

1 6.  49x*  -  28x3  -  1 7x2  +  q.^  +  ^ 

4 

17.  9x*-3rtx3  +  66x3  +  -^^-a6x2  +  6!%A 

1 8.  9x4  _  2a;3  _  l|i^J  +  2x  +  9. 


XVIII.    ON    CUBE    ROOT. 

226.     The  Cube  Root  of  any  exjjression  is  that  expression 
whose  cube  or  third  power  gives  the  proposed  expression. 

Thus  a  is  the  cube  root  of  a^, 
36  is  the  cube  root  of  276^. 

The  cube  root  of  a  negative  expression  will  be  negative,  for 
since 

(-ay=  —ax  —ax  -a=  -o^^ 
the  cube  root  of  -  a^  is  —a. 
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So  also 

-  3x  is  the  cube  root  of  -  27x', 
aiifl  —  4rt"6  iy  tlie  cube  root  of  —  64a*'6^. 

Tlie  symbol  IJ  is  used  to  denote  the  operation  of  extracting 
the  cube  root. 


Examples. — Ixxxii. 

Find  the  Cube  Roots  of  the  following  expressions : 
I.     8(1^.  2.     27.0'^/A  3.      -Yi^om^r?. 

4.     -216((.>263.         5.     3436i-5ci8.  6.,     -\^<dOa^}Pc^\ 

7.     -  1728-/?i--%24.  8..     1331a3/)i». 

227.  We  now  proceed  to  investigate  a  Rule  for  finding  the 
cube  root  of  a  compound  algebraical  expression. 

We  knoAV  that  the  cube  of  a  +  6  is  a^  +  7,a.-h  +  3«&-  4- }?, 
and  therefore  «  +  6  is  tlie  cube  root  of  d^  +  3a'-6  +  ZaW'  +  6^. 

We  observe  that  the  first  term  of  the  root  is  the  cube  root  of 
the  fii'st  term  of  the  cube. 

Hence  our  rule  begins : 

"Arrange  the  terms  in  the  order  of  'magnitude  of  the  indices  of 
one  of  the  quantities  involved,  then  take  the  cube  root  of  the  first 
term  and  set  doion  the  result  as  the  first  term  of  the  root :  subtract 
its  cube  from  the  given  expression,  and  bring  down  the  remainder :" 
thus 

a^  +  Za%  +  ^ab'^  +  ¥(a 
«3 


3a''6  +  3afe2  +  63 

Now  this  remainder  may  be  represented  thus, 
b  (3(t-  +  Zab  +  b-)  ; 
hence  if  we  divide  '3a%  +  3a¥  +  ¥  by  3a.-  +  Zab  +  ¥,  we  shall 
obtain  +  b,  the  second  term  of  the  root. 

Hence  our  rule  proceeds  : 

"  Multiply  the  square  of  the  first  term  of  the  root  by  3,  and  set 
down  the  result  as  the  first  term  of  a  divisor:"  thus  our  process 
up  to  tills  point  will  stand  thus : 
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ft3  +  3«254.3(i52+/,.i(^a 

a? 
3a2        I       30-26 +3a62  + 63 

Now  if  we  divide  3«-6  by  Sa^  the  result  is  6,  and  so  we 
obtain  the  second  term  of  the  root,  and  if  we  add  to  3ft'^  the 
expression  3a6  +  6^  we  obtain  the  full  divisor  3ti'  +  3ct6  +  VK 

Hence  our  rule  proceeds  thus : 

"  Divide  the  first  term  of  the  remainder  by  the  frst  term  of  the 
divisor,  and  add  the  result  to  the  first  term  of  the  root.  Then  take 
three  times  theirroduct  of  the  first  and  second  terms  of  the  root, 
and  also  the  square  of  the  second  term,  and  add  these  results  to 
the  first  term  of  the  divisor."  Thus  our  i)rocess  up  to  this  point 
will  stand  thus : 

a3  +  3a=i6  +  3a62+63(^a  +  6 


3a2  +  3a6  +  62 


2a?h  +  2a¥  +  ¥ 


If  we  now  multiply  the  divisor  by  h,  we  obtain 
3tr6  +  'ia¥  +  ¥, 
which  we  subtract  from  tlie  fii'st  remainder. 
Hence  ovir  rule  proceeds  thus : 

"  Multiply  the  divisor  by  the  second  term  of  the  root,  and  sub- 
tract the  result  from  the  first  remainder:"  thus  our  process  will 
stand  thus : 

a^  +  -ia%  +  ZaV^+¥i^a  +  h 

3a2  +  3a6  +  62 


3a='&  +  3a&2  +  62 
3a26  +  3a62  +  63 

If  there  is  now  no  remainder,  the  root  has  been  found. 
If  tnere  oe  a  remainder,  consider  the  two  terms  of  the  root 
already  found  as  one,  and  proceed  as  before. 

228.     The  following  Examples  may  render  the  process  more 
clear : 
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Ex.   1. 


«3 


3a2-12a  +  16 


-12a2  +  48a-64 
-12a2  +  48a-64 


Here  observe  that  tlie  second  term  of  the  divisor  is  formed 
thus : 

3  times  the  product  of  a  and  — 4  =  3xax  -4=  —  12(t. 

Ex.   2.  a;'5-6x'^  +  15x*-2()x^  +  15a;2-6x  +  l(:c"'i-2x-l-l 


3x*- 6x^  +  4x2 

3x«-12x^ 
+  15x'''-6x+l 


-  6x'  +  15x*  -  20x3  +  15x2  -■Cx  +  1 
-6xS  +  12x*-8x3 


3x* -12x3+ 15x2 -6x  +  l 
3x*- 12x^4  15x2-6x4-1 


Here  tlie  formation  of  the  first  divisor  is  similar  to  that  in 
the  i^receding  Examples. 

The  formation  of  the  second  divisor  ma}-^  be  explained  thus: 

Regarding  x2  —  2x  as  one  term 
3  (x2  -  2x)2  =  3  (x^  -  4x3  ^  4^,.2)  =  3^4  _  1 2.x3  +  1 2.'j--' 
3x(x2-2x)xl  =  3x2-6a; 

12 


and  adding  these  results  we  obtain  as  the  second  divisor 
3x* -12x3  + 15x2 -6x+l. 


Exam  ples. — Ixxxiii. 

Find  the  Cube  Root  of  each  of  the  following  expressions: 
J.    o?-'id^h  +  'ia}fi-\r'.  2.  8ft3  + 12^2 +  6(1  + i. 

3.  a3  +  24a26  +  192a/j2^512/A 

4.  a3  +  3a26  +  3a62  +  fts  _^  ^a-c  +  Qahc  +  362c  +  3ac2  +  36c2  +  <?. 

5.         X3   -   'iX-y   +  3X1/2  _  yZ  ^  33,22  _  Qy^yr^  +  ^y'l^  ^  ^^^'Z  _  '^y£i,  ^  jj,3_ 

6.    27x''  -  54x5  +  63x*  -  44x3  +  21x2  -  6x  + 1. 
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7.  1  -  3a  +  6rt-  -  7a''  +  eff*  -  Zw^  +  a^. 

8.  -J?  -  3x-y  +  3xy''  -  y'^  +  bz^  +  G.r?;  -  12x^,-,  +  Gv/-s  +  12x,;-  -  IS^/z"-^. 

9.  ««  -  12a-^  +  54a*  -  1  ISa^  +  lOSa^  -  48a  +  8. 

I  o.  8m0  -  36»i-'  +  mm  *  -  63771^  +  33??i2  -  9i)i  + 1. 

11.  x^  +  Gx-y  +  12x1/2  +  82/=*- 3x-2  -  12x?/3 -  12tfz  +  Sxz^  +  6yz- -z\ 

12.  Bjvi^  -  36m^?i  +  54ran2  —  27%^  —  1 2mV  +  36m77?-  —  '21ifir 

I  ■?.  iJi^  +  3/'/i2  -  5  +  -^, 5. 

->  m-     7}r 

229.     The  fourth  root  of  an  expression  is  Ibund  by  taking 
the  square  root  oi'  the  square  root  of  tlie  expression. 

Thus  ^16a86*=  ^f4aW  =  2a^b. 

The  sixth  root  of  an  expression  is  found  l>y  taking  the  cube 
root  of  the  square  root  of  the  expression. 

Thu3  ^64fti2i6=  ^8a%^  =  2a"b. 


Examples. — Ixxxiv. 

Find  the  fourth  roots  of 

1.  16«*  -  9U(v-x  +  21Cm'^x^  -  2\6ax^  +  81a;*. 

2.  1  +  24a2  +  IGa*  -  8a  -  32a^ 

3.  625  +  2000ic  +  2400x2  +  1280a;='  +  25Gx*. 

Fiiiii  the  sixth  roots  of 

4.  a«  -  6a%  +  Vn(^b'^  -  2'i)aH^^  +  Vmi^I'^  -  Gah^  +  W. 

5.  a;«  +  6a;^+15x-*  +  20.r'+15a;2  + 63:4-1. 

6.  m"  -  12m5  +  60m-*  - 160 jti^  +  240771^  -  1  927h  +  64. 
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230.  A  Quadratic  Equation,  or  an  equation  of  two  dimen- 
sions, is  one  into  whicli  the  square  of  an  unknown  symbol 
enters,  loithout  or  ^oith  the  first  power  of  the  symbol. 

Thus  x^=m 

and  a;2  +  6x  =  27 

are  Quadratic  Equations. 

231.  A  Pure  Quadratic  Equation  is  one  into  which  the 
square  of  an  unknown  symbol  enters,  the  first  power  of  the 
symbol  not  appearing. 

Thus,  a;2  =  16  is  a  pure  Quadratic  Equation. 

232.  An  Adpected  Quadratic  Equation  is  one  into  which 
the  square  of  an  unknown  symbol  enters,  and  also  the  first 
power  of  the  symbol. 

Thus,  x^  +  Gx  =  21  is  an  adfected  Quadratic  Equation. 

Pure  Quadratic  Equations. 

233.  Wlien  the  terms  of  an  equation  involve  the  square 
of  the  unknown  symbol  only,  the  value  of  this  square  is  either 
given  or  can  l>e  found  by  the  processes  described  in  Chapter 
XVII.  If  we  then  extract  the  square  root  of  each  side  of  tlie 
equation,  the  value  of  the  unknown  symbol  will  be  determined. 

234.  The  following  are  examples  of  the  solution  of  Pure 
Quadratic  Efiuations. 
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Ex.  1.     :t^=16. 

Taking  tlie  square  root  of  each  side 
a;  =±4. 

We  prefix  the  sign  ±  to  the  number  on  the_  right-bund  side 
of  the  equatioij,  for  the  reason  given  in  Art.  220. 

Every  pure  quadratic  equation  will  therefore  have  two  roots, 
equal  in  niagnitudi^,  Init  with  different  signs. 

Ex.  2.     4x2  +  6  =  22. 

Here  4:c-'  =  22-6, 

or     4x^=16,'  ^ 

or     x'^  =  4  ; 
.-.  x=±-2. 

That  is,  the  values  of  x  which  satisfy  the  equation  are  2 
and  -2. 

'^'     3x^-4~5x'-& 

Here  128  (Sa;^- 6)  =  216  (3x2-4). 

or  640x2  _  1768  =  648x2  _  §64, 
or  x2=12  ; 
:.x=±^l2. 


Examples.— ixxxv. 

!.   a;^=64.  2.    x2  =  «-^2_  3.    x2- 10000  =  0. 

4.    x2-3  =  4G.  5.    5x2-9  =  2x2  +  24.      6.    3ax2=192aSce 

x2-12     x2_4 

7, =  — - — .  II.    mx^  +  n  =  q. 

'34 

8.  (500+        00 -x)= 233359.  12.    x2-ax  +  6  =  «x(x-l). 

8112  ,,         45  57 

Q.    -  13 


2.i;2  +  3     4x-  -  5 
42  35 


1  4z 

10.    5^x2-18x  +  65  =  (3x-3)2.  I4-    ^rg^^aira- 
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Adfected  Quadratic  Equations. 

235.  Adfected  Qnailratic  Equations  are  solved  by  adding 
a  certain  term  to  both  sides  of  the  equation  so  as  to  make  the 
left-hand  side  a  perfect  square. 

Having  arranged  the  equation  so  that  the  first  term  on  the 
left-hand  side  is  the  square  of  the  unknown  symbol,  and  the 
sedond  term  the  one  containing  the  first  power  of  the  unknown 
quantity  (the  known  symbols  being  on  the  riglit  of  tlie  equa- 
tion), we  add  to  both  ddes  of  the  equation  the  square  of  half  the 
coefficient  of  the  second  term.  The  left-hand  side  of  tlie  equa- 
tion then  becomes  a  perfect  square.  If  we  then  take  the  square 
root  of  both  sides  of  tlie  equation,  we  shall  obtain  two  simple 
equations,  from  which  the  values  of  the  unknown  symbol  may 
be  determined. 

236.  The  process  in  the  solution  of  Adfected  Quadratic 
Equations  will  be  learnt  by  the  examples  which  we  shall  give 
in  this  chapter,  but  before  Ave  proceed  to  them,  it  is  desirable 
that  the  student  should  be  satisfied  as  to  the  way  in  whicli  an 
expression  of  the  form 

is  made  a  perfect  square. 

Our  rule,  as  given  in  the  preceding  Article,  is  this  :  add  the 
square  of  half  the  coefficient  of  the  second  term,  that  is,  the 

square  of  -  ,  that  is,  — .     We  have  to  shew  then  that 


2'  '  4 


a^ 

x-  +  ax  +  --r 
4 


is  a  perfect  square,  whatever  a  may  be. 

This  we  may  do  by  actually  performing  the  operation  of 
extracting  the  square  root  of  x^  +  ax  +  —,  and  obtaining  the 

result  X  +  -X  with  no  remainder. 
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237.     Let  us  examine  this  process  by  the  aid  of  numericeil 
coefficients. 

Take  one  or  two  examples  from  the  perfect  squaiea  yiven 
in  page  48. 

We  there  have 

a32+18.x+   81  which  is  tlie  square  of  x+   9, 

a;2  +  34a;  +  289 a;+17. 

a;2_  8x+   16 x-   4, 

a;'- -  36x  +  324 x-18. 

In  all  these  cases  the  third  term  is  the  square  of  half  the 
coefficient  o/x. 


For 


289  =  (17)».(^)', 
324=(18)'=(f)'. 


238.     Now  put  the  question  in  this  shape.     What  must  we 
add  to  x^  +  ax  to  make  it  a  perfect  square  ? 

Suppose  b  to  represent  the  quantity  to  be  added. 

Then  x^  +  ax  +  b  is  a  perfect  square. 

Now  if  we  perform  the  operation  of  extracting  the  square 
root  of  x^  +  ax  +  b,  our  process  is 

9  ,  /         a 


^2 


[S.A.] 


ax  +  b 


ax-\—-r 
4 


4 
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Hence  in  order  that  a;- +  aa;+ 6  may  be  a  perfect  sq^uare  we 
must  have 

or  6=^, 


or 


•=©' 


That  is,  h  is  equivalent  to  the  square  of  half  the  coefficient 
ofx. 

239.     Before  corapletiug  the  square  we  must  he  careful 

(1)  That  the  square  of  the  uuknowu  symbol  has  no  coeffi- 
cient but  unity, 

(2)  That  the  square  of  the  iinknown  symbol  has  a  positive 


These  points  will  be  more  fully  considered  in  Arts.  245  and 
246. 

240.     We  shall  first  take  the  case  in  which  the  coefficient  of 
the  second  term  is  an  even  nmnber  and  its  sign  'positive. 

Here  we  make  the  left-hand  side  of  the  equation  a  perfect 
square  by  the  following  process. 

Take  tlie  coefficient  of  the  second  term,  that  is,  6. 

Take  the  half  of  this  coefficient,  that  is,  3. 

Square  the  result,  whijh  gives  9. 

Add  9  to  both  sides  of  the  equation,  and  we  get 
x2  +  6a;  +  9  =  49. 

Now  taking  the  square  root  of  both  sides,  we  get 
a;  +  3=±7. 
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Hence  we  have  two  simple  equations, 

a;  +  3=+7 (1), 

and  3;  +  3=  -7 (2). 

From  these  we  find  the  values  of  x,  thus : 
from  (1)  a;  =  7 -3,  that  is,  a; =4, 

from  (2)  x=  —  7 -  3,  that  is,  x=  -  10 

Thus  the  roots  of  tlie  equation  are  4  and  -  10. 

Examples.— ixxxvi. 

I.    x"  +  6x=72.  2.    a;-+12x  =  G4.  3.    a;2+l4a;  =  15. 

4.    a;2  +  46.<;  =  96.         5.    0;^+ 128a;  =  393.         6.    a;- +  S,c  -  65  =  0 
7.    x'-^+lSx- 243  =  0.  8.    x'-i  +  lGx- 420  =  0. 

241.     We  next  take  the  case  in  which  the  coefficient  of  the 
second  term  is  an  even  number  and  its  sign  necjative. 

Ex.  a;2-8a;  =  9. 

The  term  to  be  added  to  both  sides  is  (8-^2)^,  that  is,  (4)^, 
that  is,  16. 

Completing  the  square 

a;2-8a;+16  =  25. 

Taking  the  square  root  of  both  sides 
x-4=±5. 

This  gives  two  simple  equations, 

a;-4=  +5 (1), 

a:-4=-5- (2), 

From(l)  a;=5  +  4,      .-.  (=9; 

from  (2)  a;=  -  5  +  4,      .-.  »;=-!. 

Thus  the  roots  of  the  equation  are  9  and  —  1. 
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EXAMPLES. — IXXXVii. 

1.    x2-6a;=7.  2.    'j?-\x=h.  3.    x2-20.i-=21. 

4.    x2-2x  =  63.        5.    a;2-12a;  +  32=0.        6.    a;^ -  14x  +  45  =  0. 

7.    a;- -234.(;+ 13688  =  0.  8.    (x- 3)  (re -2)  =  3  (63;+ 14). 

g.    ;«(3a;-17)-a;(2.'«  +  5)  +  120  =  0. 

10.    (a;-5)-  +  (a;-7)2  =  a;(a;-8)  +  46. 

242.     We  uow  take  the  case  in  which  the  coefficient  of  the 
second  term  is  an  oM  number. 

ElX.  1.  £'-1x  =  9>. 

The  term  to  be  added  to  both  sides  is 
'7\2    49 


Completing  the  square 


„    ^      49     „     49 
4  4' 

9     w       49     81 
or,    a;2_7a;  +  ^  =  -^. 


Taking  the  atiuare  root  of  both  sides 

7      .9 

*-2  =  ±2- 

This  gives  two  simple  equations, 

«'-2=+2 (1>' 

«'-I=-| (2). 

From  (1)         a;=^  +  ^,   or,  a;  =  Y>  ••  a;=8; 

9     7  -2 

from  (2)         a;=  -^  +  2,   or,  a;^-^^,  .-.  a;=  -1. 

Thus  the  roots  of  the  equation  are  8  and  —  1. 
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Ex.  2.  a!2-a;  =  42. 

The  coefficient  of  the  second  term  is  1. 
The  term  to  be  added  to  both  sides  is 

4  4 

„  1     169 

or,   a;2_a;^^=_^. 

1      .  13 
Hence  the  roots  of  the  equation  are  7  and  -  6, 


Examples. — Ixxxviii. 

I.    a52  +  7a;  =  30.  2.    a;-^-lla;  =  12.  3.    x2  +  9:c  =  43|. 

5 
4.   a;2-13x=140.  5.    x^^-x^y-.  6.    i^-x^l'i. 

7.    a;2  + 37a; =3690.  8.    x2  =  56  +  a;. 

9.    rc(5 -a;)  +  2a;(a;-7) -  10(.'c - 6)  =  0. 
10.    (5a;  -  21)  (7;«  -  33)  -  (17.*;  +  15)  (2;i;  -  3)  =  448. 

243.  Our  next  case  is  that  in  which  the  coefficient  of  the 
second  term  is  a  fraction  of  which  the  numerator  is  an  even 
numhcr. 

Ex.  a;2-^a;  =  21. 

5 

The  term  to  be  added  to  both  sides  is 

4  4  '  4 
•  'r2_-fx+  -  =  21+-— 
■•  5       25  ^25' 

„     4        4      529 

or,   a;--~x  +  jpr=-7CH-> 
'  o       2o      25 
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2      ^23 
5  o 

21 
Hence  the  values  of  x  are  5  and  --— . 

5 


Examples.— Ixxxix. 

o    2      35  ,4  3  „    280!     1     ^ 

,8         3      _  .2,43  ,       ,     IG       16 

o     26       16     -  o       2     4       ,^ 

7.    .'c2----:t  +  --=0.  8.    a;2 --;?;  =  45. 


244.     We  now  take  tlie  case  in  which  the  coefficient  of  the 
second  term  is  a  fraction  ivhose  numerator  is  an  odd  number. 

r^  9     7       136 

Ex.  ^'-3^'  =  -3- 

Tlie  term  to  be  added  to  both  sides  is 

,_7       49_136     49 
.-.  a:--g:'-  +  — -—    +— , 

,     7      49     1681 
«^    ^"-r +  36=^6-' 

7      ,  41 

■•^-6=±r 

17 
Hence  the  rallies  of  x  are  8  and  —  — . 


Examples. — xc. 


I.    a-~]^^8. 

2.    a;2-)a;  =  98. 
5 

3.    x^  +  ~x-. 

=39. 

4.    ^^^  +  |x  =  76. 

„     9 

5.    a:2-^.c  =  16. 

.      0     11 
6.    cc-  -  - ./ 

;  +  6  =  0. 

-      2     15 
7.   x'^-~x- 

-34=0. 

6. 

2     23       3 

QUADRATIC  EQUATIONS. 


245.  The  square  of  the  unknown  symbol  must  not  be  pre- 
ceded hy  a  negative  sign. 

Hence,  if  we  have  to  solve  the  equation 
6.r-x-  =  9, 
we  change  the  sign  of  every  term,  and  we  get 
a;2-6x=  -9. 

Completing  the  square 

a;2-6x  +  9  =  9-9, 
or    x2_(3a.  +  9  =  o. 
Hence  a;  -  3  =  0, 

or     a;  =  3. 

Note.  We  are  not  to  be  surprised  at  finding  only  one 
value  for  x.  The  interpretation  to  be  placed  on  such  a  result 
is,  that  the  two  roots  of  the  equation  are  equal  in  value  and 
alike  in  sign. 

246.  The  square  of  the  unknown  symbol  must  have  no 
coefficient  but  unity. 

Hence,  if  we  have  to  solve  the  equation 
5a;2-3x=2, 
we  must  divide  all  the  terms  by  5,  and  we  gi ' 
,     3a;     2 

2 

From  which  we  get  x  —  1  and  x=  —-. 

°  5 

247.  In  solving  Quadratic  Equations  involving  literal  co- 
efficients of  the  unknown  symbol,  the  same  rules  will  apply  as 
in  the  cases  of  numerical  coefficients. 

Thus,  to  solve  the  equation 

?^-^-2  =  0. 
X     a 

Clearing  the  equation  of  fractions,  we  get 
2a^  ~x?  —  2ax  =  0  ; 
therefore  -x"  —  'Sax  —  -  2a\ 

or    x^  +  2ax  =  2a\ 
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Complotin*:^  the  square 

X-  +  lax  +  a^= 3a^, 
whence  x  +  a=+  ^3 .  a  ; 

therefore         x=  -a+  ^f3  .a,oTx——a—  ,^(3 .  a. 

The  following  are  Examples  of  Literal.  Quadratic  Eqiuxtions. 


EXAMPLES. — XCi. 

I.    x^  +  2ax=«2.  2.    x^  —  Aax  =  la^.  3.    x^  +  3mx  =  --. 

,    bn  _Zrfi^  a^  h'^ 

4-    *"      2^~   2  •  ^'    (a;  +  a)2     (a;-«)2~"- 

5.    x'^  +  (a~\)x=a.  8.    «f7.'>'  -  aco?  =  ?>(-x  -  Jff. 

ac 
o.    a;2+ <.a-fe)a;  =  a?).  9.    ca;H -r  =  (a  +  ?>)  a;'^. 

«2a;2    2aa;     &-    ^ 

10.  -j-„ +  ^  =  0. 

IT  c        c- 

,  „     2a'X     6a"  +  ab-2¥     IPx 

11.  aox-H = o . 

c  c-  c 

1 2.  (4a2  -  9cf?^)  a:^  +  {ia-c^  +  4ffl6^Z2)  _^,  4.  ^^^2  4.  ?,^2)2  =, 0, 

248.  If  both  sides  of  an  equation  can  be  divided  by  the 
Tinknown  symbol,  divide  by  it,  and  observe  that  0  is  in  that 
case  one  root  of  the  equation. 

Thus  in  solving  the  equation 

a;3  _  2a;-  =  3x, 
we  may  divide  by  x,  and  reduce  the  equation  to  the  form 
a;2-2a;  =  3, 

from  which  we  get 

a;=3     or  X—  -  1. 

Then  the  three  roots  of  the  original  equation  are  0,  3  and  - 1. 

We  shall  now  give  some  Miscellaneous  Examples  of  Quad- 
ratic Equations. 
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Examples.— xcii. 

I.  a;2_7a;  +  2  =  10.      2.  a;'^ -  5.c  +  3  =  9.         3.  a;2_  iia;_7  =  5, 

12  — r 
^  -'  .T  -  3 

-r  _  1       "Tr  —  fi 

7.  a;'^-9x  +  20-0.  8.  5x-3— 4=   \— • 

'  a;-3         2 

Q.  ic'-'-Cx- 14  =  2.  10.  - — -r-:^ — V  =  2. 

II.  -^-^"-^^  =  2.        12.  f-:2_i2  =  iia:.       13.  a;2-]4  =  13a;. 

a;  +  7     2x  +  3  -^ 

14.  L2-ir  +  7|  =  8.        15.  3.X-— -  =  26.      16.  2x2=18,^-40. 

4 J- 3a;     15 -a;     7.1;- 14  o    o  •>    ca       o/- 

17.  — — -=     — — .  18.  3a}^  =  24.(;-36. 

10         x-6  20 

3.«-5         6x     _1  7     2a;-5_3a;-7 

'^'  ~9x       3a;-25~3'  ^°'  4      a;  +  5  ~    2a;    ' 

4x-10     7 -3a;     7 


a; +  5  X        2' 


22.  (.x- 3)2  + 4a; =44. 


23.  — -  -  =  7 ^^7—.  24.  6a;2  +  x=2.  25.  x2__a;=- 

G       2  4a;2  x 

26.  s;2-a;  =  210.  27. r  +  -  =  3.  28.  -;r--ll=;r. 

'     a;+  I     X  3  3 

^9-;^  =  2  +  -^-  30.  15.r-,.,=46. 

12        3                                   4a;       20-4:*;     _ 
II =  -.  ■?2.  ^ =  15. 

•^      x-2     x  +  2     5  ^      5-x  re 


10     14 -2x     22  ..        « 

X 


33-    ...  rjf    -9-  34-  ^_^g,)     o^,_5- 

_12_       8_^J2_  g      -g        7-^'^o9 

^^*  5-x    4-x    x  +  2'  -^  ■  7-x       X  10" 

37.  x2+(a  +  &)x  +  fl&  =  0.  38.  x^-(b-a)x-ab  =  0. 

39.  x2-2ax  +  a2_?,2^0.  40.  x" -(a:"- -a-^)x-a^=0. 


XX.   ON    SIMULTANEOUS    EQUATIONS 
INVOLVING   QUADRATICS. 

249.  For  the  solution  of  Simultaneous  Equations  of  a  de- 
gree higher  than  the  first  no  fixed  rules  can  be  laid  down.  We 
shall  point  out  the  methods  of  solution  which  may  be  adopted 
with  advantage  in  particular  cases. 

250.  If  the  simple  jwwer  of  one  of  the  unknown  symbols 
can  be  expressed  in  terras  of  the  other  symbol  by  meaus  of  one 
of  the  given  equations,  the  Method  of  Substitution,  explained 
in  Art.  21'7,  may  be  employed,  thu3: 


Ex.     To  solve  the  equations 
From  the  first  equation 


x  +  y  =  50 
xy=600. 


Substitute  this  value  for  x  in  the  second  equation,  and  we 
get  (50-?/).i/  =  600. 

This  gives  50;/  -  y"-  =  600. 

From  which  we  find  the  values  of  y  to  be  30  and  20. 

And  we  may  then  find  the  corresponding  values  of  x  to  be 
20  and  30. 

251.     But   it   is   better   that  the  student  should  accustom 
himself  to  work  such  equations  symmetrically,  thus  : 

To  solve  the  equations 

x  +  y  =  m (1), 

xy  =  600 (2), 

From  (1)  X-  +  2xy  + 1/2  =  2500. 

From  (2)  4xy        =2400. 
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Subtracting,        'j?  —  '^xxj  -vy-  =  \'^^, 
.-.  a;-?/=±10. 

Then  from  this  e(.|uation  and  (1)  we  find 

a;  =  30  or  20  and  7/ =  20  or  30. 

Examples. — xciii. 

I.   a;  +  y  =  40  2.    x  +  )/  =  13  3.    a;  +  y=29 

xy  ==  300.  x?/  =  36.  a;?/  =  1 00. 

4.    X  -j/  =  19  5.    x-y  =  45  6.    x-i/  =  99 

a; )/  =  66.  xi/  =  250.  xi/  =  1 00. 

252.     To  solve  the  equations 

x-y^\^ (1), 

a;- +  7/-  =  74 (2). 

From  (1)  x"^  -  2x11 +  y"=  144 (3)- 

Subtract  this  from  (2),  then 

2xy=  -70, 
.•  4.xi/=  -140. 

Add  this  to  (3),  then 

re-  +  2xy  +  j/-  =  4, 
.-.  x  +  y=±2. 

Tlien  from  this  equation  and  (1)  Ave  get 

a;  =  7  or  5  and  2/  =  —  5  or  —  7. 

Examples.— xciv. 

I.  x-7/  =  4  2.  a;-y  =  10  3.  x-y  =  l4 
x^  +  y'  =  4().                    x2  +  t/2=178.  x2  +  i/  =  436. 

4.  x  +  y  =  8  5.  x  +  y=12  6.  x  +  t/  =  49 
x2  +  2/2  =  32.                      x-'  +  ?/  =  104.  x2  +  2/2=1681. 
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253.  To  solve  tlie  equations 

a;^  +  2/3=35 (1), 

,a;  +  7/=5  (2). 

Divide  (1)  by  (2),  then  we  get 

a;2-xiy +  2/2=7  (3), 

From  (2)  a;^  +  2.cy  +  ?/2  =  25 (4), 

Subtracting  (3)  from  (4), 

3a;2/  =  18, 
.*.  4xy  =  24. 

Then  from  tbis  equation  and  (4)  we  get 
x^  -  2xy  +  y-  =  l, 
.'.  x-y=±l; 
and  from  this  equation  and  (2)  we  find 

x=3  or  2  and  y  —  2  or  3. 

EXAMPLES.~XCV. 

I.    a;3  +  i/  =  91  2.    .'c3  +  i/3  =  341  3.    x^  +  y^  =  lOOS 

fc  +  y  =  7.  x  +  y=ll.  x  +  y  =  12. 

4.    »3_^3  =  56  5,    x^-y^  =  9S  6.    x^-y^  =  2l9 

x-y=2.  a;-y  =  2.     ■  x-y  =  Z. 

254.  To  solve  the  equations 

s+r« ^'^' 

i  +  -4  =  13 (2). 

x!^     y^     36  ^  ^ 

From  (1),  by  squaring  it,  we  get 

1       2       1      25  ,.,> 

x^     xy     y-     So 

From  this  subtract  (2),  and  we  have 
^12 
xy     36 ' 
.  ^_24 
^xy    36' 
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Now  subtract  this  from  (3),  and  we  get 

J  _A     _L_J_. 
a;^     xy     i/"'^~36' 

a;    y        6 
and  from  this  equation  and  (1)  we  find 

x=2  or  3  and  2/  =  3  or  2. 

Examples. — xcvi. 


tc     y     20 

2. 

a;     1/     4 

3. 

1        1        r 

a;     7/ 

a;--^      1/-     400 

1       1       5 

a;2  +  2/^~16' 

4  +  A  =  13 

X-     y^ 

1     1_  1 

X    2/ "12 

5- 

l_l=2l 
X    y       2 

6. 

x    2/ 

1       17 
x^     2/"-'      144' 

1       1_    3 

x"     1/'^        4 

^-i-21 

X2       2/- 

255.     To  solve  the  equations 

x'^  +  'ixy  =  1  (1), 

xi/ +  47/2=  18 (2). 

If  we  add  the  equations  we  get 

x2  +  4a;7/  +  4(/2  =  25. 
Taking  the  square  root  of  each  side,  and  taking  only  the 
positive  root  of  the  right-hand  side  into  account, 

X  +  2i/  =  5 ; 
.'.  x=5-22/. 

Substituting  this  value  for  x  in  (2)  we  get 
(5-22/)  y  + 42/2  =13, 
an  equation  by  which  y  may  be  determined. 

Note.     In   some   examples  we  must  subtract  the   second 
equation  from  the  lirst  in  order  to  get  a  pertecfc  srjnare. 
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256.  To  solve  the  equations 

a;3-2/3  =  26 (1), 

a;2  +  a;!/  +  7/=13.... (2). 

Dividing  (1)  by  (2)  we  get  x-y  =  2  (3), 

equaling,  a;- - 2x-(/ +  t/"' =  4 (4). 

Subtract  thia  from  (2),  and  A\e  have 
3XJ/-9; 

.".  Axy  =  \%. 

Adding  this  to  (4),  we  get  :t;-  +  2x7/  +  '//''^=16; 
.'.  a;  +  y  =  ±  4. 

Then  from  this  equation  and  (3)  we  find 

a;=3  or  —1,  and  i/  =  l  or  —3. 

257.  To  solve  the  equations 

x2  +  7/  =  65 (1), 

^•2/  =  28 (2). 

Multiplying  (2)  by  2,  we  have 

x2  +  i/'':=65) 
2a;2/  =  56j* 

.-.  a;2  +  2a;i/  +  i/  =  121) 
st?-2xy  +  y'-=     9>' 

'  .•.  x  +  y=±U (A), 

x-y=±  3 (B). 

The  equations  A  and  B  furnish  four  pairs  of  simple 
equations, 

x  +  y=U,        x  +  y=ll,         x  +  y=-ll,        x  +  y=-U, 
x-y  =  S,  x-y=-3,       x-y  =  3,  x-y=-3. 

from  which  we  find  the  values  of  x  to  be  7,  4,  —7  and  —4, 
and  the  corresponding  values  of  y  to  be  4,  7,  —  4  and  —  7. 

258.  The  artifice,  by  which  the  solution  of  the  equations 
given  in  this  article  is  efi'ected,  is  applicable  to  cases  in  which 
the  equations  are  homogeneous  and  of  the  same  order. 
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To  solve  the  equations 

Suppose  y  =  mx. 

'     Then         a;'^  +  mx^  =  15,  from  the  first  equation, 
and  mx^  -  i?i-x"  =  2,  from  the  second  equation. 

Dividing  one  of  these  equations  by  the  other, 
x^  +  mx"   _15 
TOX^-m^x^      2' 
x2(l  +  m)      15 
x'^  {m  -  m-)      2 ' 

l  +  m      15 
or  «  =  ^- 

m  —  m-      2 

From  this  equation  we  can  determine  the  vahies  of  m. 

2 
One  of  these  values  is  ^,  and  putting  this  for  m  in  the 

2 

equation  x"  +  mx-=  15,  we  get  x^  +  -  x^=  15. 

o 

From  which  we  find         x  =  ±  3, 
and  then  we  can  find  y  from  one  of  the  original  equations. 

259.  The  examples  which  we  shall  now  give  are  intended 
as  an  exercise  on  the  methods  of  solution  explained  in  the 
four  preceding  articles. 

Examples. — xcvii. 

I.  x^- 1/3  =  37  2.  X- +  6r<;2/ =  144  3.  x^-\-xy  =  2\0 
x^  +  o:y  +  y'' =  37.          6x2/ +  362/'-' =  432.  y^  +  xy  =  231. 

4.  x2  +  i/  =  68  5.  x3  +  t/=152  6.  4:c2  +  9^.y^i9o_ 
xy=16.                       x^-xy  +  y'^  =  ld.  4x-5y=10. 

7.  x^  +  xy  +  y^  =  39       8.  x^  +  xy  =  66  9.  3x-  +  4xy  =  20. 

3y^  -5xy  =  2b.  xy  —  y'-='5.  5xy  +  2y-=l2. 

10.  a?-xy-\-y'^  =  l       11.  x--xj/  =  35       12.  3x2  +  4a7/  +  5i/-  =  71. 
3x2  +  13xy  +  8i/2=l62.      x^  +  i/  =  18.  5x  +  7r/  =  29. 

13.  x3  +  i/3  =  2728  14.  x2  +  9xi/  =  340  15.  x2  +  ?/2  =  225 

x^  -  xy  +  y"^  =  124.  7xy-y'^=\71.  xy=l08. 


XXI.    ON    PROBLEMS    RESULTING    IN 
QUADRATIC    EQUATIONS. 

260.     The  method  of  stating  problems  resulting  in  Quad- 
ratic Ec|uations  does  not  require  any  general  explanation. 

Some  of  the   Examples   which   we  shall  give  involve  one 
unknown  symbol,  others  involve  tivo. 

Ex.  1.     What  number  is  that  whose  square  exceeds   the 
number  by  42  ] 

Let  X  represent  the  number. 
Then  a;2  =  :(;  +  42, 

or,  x^  -  X  =  42 ; 

1     169 
therefore  aH-x  +  ^  =  -^-; 

whence  *  ~  2  ~     "2"* 

And  we  find  the  values  of  a;  to  be  7  or  -  6. 

Ex.  2.     The  sum  of  two  numbers  is  14  and  the  sum  of 
their  squares  is  100.     Find  the  numbers. 

Let  X  and  y  represent  the  numbers. 
Then  a;  +  y=14, 

and  x2  +  i/  =  100. 

Proceeding  as  in  Art.  252,  we  find 

x  =  8or6,     ?/  =  6or8. 
Hence  the  numbers  are  8  and  6. 
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Examples. — xcviii. 

1.  What  number  is  that  whose  half  multiplied  by  its  third 
part  gives  864? 

2.  What  is  the  number  of  which  the  seventh  and  eighth 
parts  being  multiplied  together  and  the  product  divided  by 

2 
3  the  quotient  is  298;,-? 
(J 

3.  I  take  a  certain  niimber  from  94.  I  then  add  the 
number  to  94. 

I  multiply  the  two  results  together,  and  the  result  is  8512. 
What  is  the  number  ? 

4.  What  are  the  numbers  whose  product  is  750  and  the  ' 
quotient  of  one  liy  the  other  3-  i 

5.  Tlie  sunt  of  tlie  squares  ol  two  nnmliers  is  130(>1,  and 
the  difference  of  the  same  squares  is  1449.     Find  the  numbers. 

6.  The  product  of  two  numbers,  one  of  which  is  as  much 
above  21  as  the  other  is  below  21,  is  377.     Find  the  numbers. 

7.  The  half,  the  third,  the  fourth  and  the  fifth  parts  of  a 
certain  number  being  multiplied  together  the  product  is  6750. 
Find  the  number. 

8.  By  what  number  must  1150T)  be  divided,  so  that 
the  quotient  may  be  the  same  as  the  divisor,  and  the  re- 
mainder 51  ? 

9.  Find  a  number  to  which  20  being  added,  and  from 
which.  10  being  .subtracted,  the  square  of  the  first  result  added 
to  twice  the  S(|uare  of  the  second  result  gives  17475. 

10.  The  sum  of  two  numbers  is  2G,  and  the  sum  of  their 
squares  is  436.     Find  the  numbers. 

11.  Tlie  difl'erence  between  two  numbers  is  17,  and  the 
sum  of  their  squares  is  325.     What  are  the  numbers  ? 

12.  What  two  nundiers  are  they  whose  product  is  255  and 
the  sum  of  whose  squares  is  514? 

13.  Divide  16  into  two  parts  such  that  their  product 
added  to  the  sum  of  their  squares  may  be  208. 

[s.A.]  N 
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14.  What  number  added  to  its  square  root  gives  as  a 
result  1332  ] 

3 

15.  What  number  exceeds  its  square  root  by  48-? 

16.  What  number  exceeds  its  square  root  by  2550  ? 

17.  The  product  of  two  numbers  is  24,  and  their  sum 
multiplied  by  their  difference  is  20.     Find  the  numbers. 

18.  What  two  numbers  are  those  whose  sum  multiplied 
by  the  greater  is  204,  and  whose  difference  multiplied  by  the 
less  is  35  ? 

19.  What  two  numbers  are  those  whose  difference  is  5 
and  their  sum  multiplied  by  the  greater  228  ? 

20.  Find  tliiee  consecutive  numbers  whose  product  is 
equal  to  3  times  the  middle  number. 

21.  The  difference  between  the  squares  of  two  consecutive 
numbers  is  15.     Find  the  numbers. 

22.  The  sum  of  the  squares  of  two  consecutive  numbers  is 
481.     Find  the  numbers. 

23.  The  sum  of  the  squares  of  three  consecutive  numbers 
is  365.     Find  the  numbers. 

Note.     If  I  buy  x  apples  for  y  pence, 

-  will  represent  the  cost  of  an  apple  in  pence. 
If  I  buy  X  sheep  foifcs  pounds, 

-  will  rejiresent  the  cost  of  a  sheep  in  pounds. 

Ex.  A  boy  bouglit  a  number  of  oranges  for  16fZ.  Had  he 
bought  4  more  for  the  same  money,  he  would  have  paid 
one-third  of  a  penny  less  for  each  orange.  How  many  did 
he  buy  ? 

Let  X  represent  the  number  of  oranges. 

Then  —  will  represent  the  cost  of  an  orange  in  pence. 
TT  16        16        1. 

Hence  = r  +  ;r, 

a;     a;  +  4    3' 
or     16(3a;  +  12)  =  48a;  +  a;2  +  4a;, 
or     a;2  +  4x=192, 
from  which  we  find  the  values  of  a;  to  be  12  or  —16. 
Therefore  he  bou^lit  12  oi'anges. 
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24.  T  buy  a  number  of  haiidkercliiefs  lor  ^3.  Had  I 
bought  3  more  for  the  same  money,  they  would  liave  cost  one 
shilling  each  less.     How  many  did  I  buy '/ 

25.  A  dealer  bought  a  numluT  of  calves  for  ^'80.  Had  he 
bought  4  more  for  the  same  money,  each  calf  would  have  coat 
^1  less.     How  many  did  he  buy  ? 

26.  A  man  bought  some  pieces  of  cloth  for  ^33.  15s., 
Avhich  he  sold  again  for  J2.  8.s.  the  piece,  and  gained  as  mach 
as  one  piece  cost  him.     AVhat  did  he  give  for  each  piece  ? 

27.  A  merchant  bought  some  pieces  of  silk  for  ^180. 
Had  lie  bought  3  pieces  more,  he  would  have  paid  ^3  less  for 
each  piece.     How  many  did  he  buy  ? 


28.  For  a  joui'ney  of  108  miles  6  hours  less  would  have 
sufficed  had  one  gone  3  miles  an  hour  faster.  How  many 
miles  an  liour  did  one  go  % 

29.  A  grazier  bought  as  many  sheep  as  cost  liini  £G0. 
Out  of  these  he  kept  15,  and  selling  the  remainder  for  ii'54, 
gained  2  shillings  a  head  by  them.  How  many  sheep  did 
he  buy  ? 

30.  A  cistern  can  be  filled  by  two  pipes  running  together 
in  2  hours,  55  minutes.  The  larger  pipe  by  itself  will  fill  it 
sooner  than  the  smaller  by  2  hours.  What  time  will  each 
pipe  take  separately  to  fill  it  \ 

31.  The  length  of  a  rectangular  field  exceeds  its  breadth 
by  one  yard,  and  the  area  contains  ten  thousand  and  one 
hundred  sc^uare  yards.     Find  the  length  of  the  sides. 

32.  A  certain  number  consists  of  two  digits.  The  left- 
hand  digit  is  double  of  the  right-hand  digit,  and  if  the  digits 
be  inverted  the  product  of  the  number  thus  forn;ed  and  the 
original  number  is  2268,     Find  the  number. 

33.  A  ladder,  whose  foot  rests  in  a  given  position,  just 
reaches  a  window  on  one  side  of  a  street,  and  when  turned 
about  its  foot,  just  reaches  a  window  on  the  other  side.  If  the 
two  positions  of  the  ladder  be  at  right  angles  to  each  other, 
and  the  heights  of  the  windows  be  36  and  27  feet  respectively, 
fmd  the  width  of  the  street  and  the  length  of  the  ladder. 
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34.  CluLli,  beiiiL^  wetted,  shrinks  ii])  -  in  its   length  and 

--  in  its  width.      It'  the  yurface  oi"  a   jnece  of  cloth   is   di- 

3 

minished  by  5-  square  yards,  and  tlu'  length  of  the  4  sides 

1)V  4t  yards,  wliat  was  the  length  and  w  idih  of  the  cloth  % 

■^     4 " 

35.  A  certain  number,  less  than  50,  consists  of  two  digits 
whose  difference  is  4.  If  the  digits  be  inverted,  the  difference 
between  the  squares  of  the  number  thus  formed  and  of  the 
original  number  is  3960.     Find  the  numl)er. 

36.  A  plantation  in  rows  consists  of  10000  trees.  If  there 
liad  lieen  20  less  rows,  there  would  have  been  25  more  trees  in 
a  row.     How  many  rows  are  there  ? 

37.  A  colonel  wished  to  form  a  solid  square  of  his  men. 
The  first  time  he  had  39  men  over:  the  second  time  he  in- 
creased the  side  of  the  square  by  one  man,  and  then  he  found 
that  he  wanteil  50  men  to  complete  it.  How  many  men  were 
there  in  the  regiment  ? 


XXII.    INDETERMINATE    EQUATIONS. 

261.  Whin  the  number  of  unknown  symbols  exceeds  that 
of  the  independent  equations,  the  number  of  simultaneous 
values  of  the  symbols  will  be  indefinite.  We  propose  to  ex- 
plain in  this  Chapter  how  a  certain  niuuber  of  these  values 
may  be  found  in  the  case  of  Simultaneous  Equations  involving 
tw^o  unknown  quantities. 

Ex.  To  find  the  integral  values  of  x  and  y  which  will 
satisfy  the  equation 

3a;  +  7i/  =  10. 
Here  3a;=10-7i/; 

1  —  w  < 

.-.  a;=3-2i/  +  -^. 

Now  if  X  and  ij  are  integers,  —.^  must  also  be  an  integer. 
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Let  — ;  —  =  m,  the  u        1  —  i/ = 3?)i ; 

.'.  2/  =  1  —  3«i, 
and  a;  =  3-22/  +  m  =  3-2  +  G?)H-7)j.=  l  +  7m; 

or  tlie  general  solution  of  the  equation  in  whole  numbers  is 
a; = 1  +  Tni  and  y  =  1  —  3??!-, 

where   m  may  be  0,  1,  2 or  any   integer,  positive  or 

negative. 

If  m=0,  x=   1,2/=     1; 

if  m=l,  x=   8,  y=  -2; 

if  m  =  2,  a;=15,  1/= -5  ; 

and  so  on  ,  from  wliich  it  appears  that  the  only  positive  inte- 
gral values  of  X  and  y  which  satisfy  the  equation  are  I  and  1. 

262.  It  is  next  to  be  observed  that  it  is  desirable  to  divide 
both  sides  of  the  equation  by  the  smaller  of  the  two  coefficients 
of  the  unknown  symbols. 

Ex.     To  find  integral  solulions  of  the  equation 

7cc  +  5'(/  =  31. 
Here  5i/  =  31  — 7x; 

,.       ^l-2« 

.-.  2/  =  ()-x  +  — g— . 

Let  — - —  =  m,  an  integer. 

Then  1  -  2u;  =  5m,  whence  'ix  =  1  -  5m- ; 

1-m     - 
..  x=  —^ 2m. 

Let      _     =n,  an  integer. 

Then  1  -  m  =  2«,  whence  9)1  =  1  -  2n. 
Hence         .'c  =  ?j-2??i  =  «-2  +  4w  =  5?i-2 ; 

y  =  6-a;  +  7rt  =  6-5n  +  2  +  l-2ri  =  9-'7». 

Now  if  m=0,  x=-2, 2/=     9; 

if  «=1,  x=      3,2/=     2; 

if  TC  =  2,  x=     8, 2/=  -5j 
and  so  on- 
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263.  In  how  many  wjiys  can  a  person  pay  a  Tiill  of  J13 
with  crowns  and  guineas? 

Let  X  and  y  denote  the  number  of  crowns  and  guineas. 

Then  5.c  +  2 1 // -=  260  • 

.-.  5x  =  26()-2l7/; 

x  =  52-4)/-|. 
Let  ~  =  vi,  an  integer. 

Tlien  y  =  5»i, 

and  ;(;=52 -4y  — m  =  52-2l7n. 

If  m  =  0,  x  =  b2,  y=   0; 

in=l,  .x  =  31,  y=   5; 

m  =  2,  .i-  =  l(),  y  =  lO; 
and  higher  values  of  m  will  give  ner/ative  values  of  x 
Thus  the  number  of  ways  is  three. 

264.  To  find  a  number  which  when  divided  by  7  and  5 
will  give  remainders  2  and  3  respectively. 

Let  X  be  the  number. 

X  —  2 
Then  '— —  =an  integer,  suppose  m; 

and         —z —  =  an  integer,  suppose  n. 
5 

Then  x  =  Im  +  2  and  x  =  5?^  +  3 ; 

.'.  7??i  +  2  =  5?H-  3  ; 

2to  —  1 

;.  5}),  =  7?/i  -  1 ,  whence  lo  =  jh,  h — . 

5 

Let =2^,  an  integer. 

?3  +  1 

Then     2111  =  52)+],  wlience  m  =  2^^  +  "^o"' 

»+  1 
Let  *--— -  =  q,  an  integer. 

Then  2^  =  2q-l, 

7n  =  2p  +  q  =  4q-2  +  q  =  5q-  2, 
{B=7m  +  2  =  35g-12. 
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Hence  if  3  =  0,  .->;=- 12  ; 

if  2=1,  x=     23; 

if  2=2,  .t=     58 ; 
and  so  on. 


Examples. — xcix. 

Find  positive  integral  solutiona  of  \ 

I.  5x  +  7i/  =  29.  2.  7.'J+19y  =  92. 

3.  13.«;+19(/=il70.  4.  3:.j  +  5?/  =  26. 

5.  14.(;-5?y  =  7.  6.  llx+ 15)/  =  1031. 

7.  lla;  +  7?/=308.  8.  4^-19(/  =  23. 

9.  20,(;-9?/  =  683.  10.  3x  +  7y  =  383. 

II.  27rc  +  4)/  =  54.  12.  7u;  +  9//  =  653. 

13.  Find  two  fractious   witli   deuoiuinators  7   and  9  and 

tlifir  sum  ,. -. 
00 

14.  Find  two  proper  fractions  with  denominators  11  and 

82 
13  and  their  difference      ... 
143 

15.  In  how  many  ways  can  a  debt  of  £\.  9*.  he  paid  in 
florins  and  half-crowns  % 

16.  In  how  many  ways  can  ,£20  be  jJfid  in  half-guineys 
and  half-crowns  \ 

17.  AVhat  number  divided  by  5  gives  a  remainder  2  and 
by  9  a  remainder  3  ? 

18.  In  how  many  different  ways  may  „£11.  15*-.  be  paid  in 
gnine;is  and  crowns] 

19.  In  how  many  different  ways' may  £\.  lis.  6c?.  be  paid 
with  half-gnineas  and  half-crowns  { 

20.  Shew  that  323:*; -527v/  =  1000   cannot   be   satisfied  by 
\    integral  values  of  x  and  2/. 
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21.  A  farmer  buys  oxcii,  slieep,  and  hens.  The  whole 
number  bought  was  100,  and  the  whole  price  £100.  If  the 
oxen  cost  £h,  the  sheep  £\,  and  the  hens  Is.  each,  how  many 
of  each  had  he?  Of  how  many  solutions  does  this  Problem 
admit  ? 

22.  A  OWL'S  B  4.S.  10(/.;  if  A  has  only  sixpences  in  his 
pocket  and  B  only  fourpenny  pieces,  how  can  they  best  settle 
the  matter  \ 

23.  A  person  has  £,\i.  4s.  in  half-crowns,  florins,  and  shil- 
lings ;  the  number  of  half-crowns  and  florins  together  is  four 
times  the  number  of  shillings,  and  the  number  of  coins  is  tbe 
greatest  possible.     Find  the  number  of  coins  of  eacli  kind. 

24.  In  how  many  ways  can  tlie  sum  of  £b  be  paid  in 
exactly  50  coins,  consisting  of  half-crowns,  florins,  and  four- 
jienny  pieces  ? 

25.  A  owes  B  a  sliilling.  A  has  only  sovereigns,  and  B  has 
only  dollars  worth  4s.  3(7.  ea(di.     How  can  A  most  easily  pay  Bl 

26.  Divide  25  into  two  parts  such  that  one  of  them  is 
divisible  by  2  and  tlie  other  by  3. 

27.  In  how  many  ways  can  I  pay  a  debt  of  £2.  9s.  with 
crowns  and  florins  \ 

28.  Divide  100  into  two  parts  such  that  one  is  a  multiple 
of  7  and  the  other  of  11, 

29.  The  sum  of  two  numbers  is  100.  The  first  divided  by 
5  gives  2  as  a  remainder,  and  if  we  divide  the  second  by  7  the 
remainder  is  4,     Find  the  numbers. 

30.  Find  a  number  le-ss  than  400  which  is  a  mnltiple  of  7, 
and  which  when  divided  by  2,  3,  4,  5,  6,  gives  as  a  remainder 
in  each  case  1. 
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265.  The  mniiber  placed  over  a  symbol  to  express  the 
power  of  the  symbol  is  called  tlie  Index. 

Up  to  this  point  our  indices  have  in  all  cases  been  Positive 
Whole  Numbers. 

Wc  have  now  to  treat  of  Fractional  and  Negative  indices  ; 
and  to  put  this  part  of  the  subject  in  a  clearer  light,  we  shall 
commence  from  the  elementary  principles  laid  down  in  Arts. 
45,  46. 

266.  First,  we  must  carefully  oltserve  the  following  results : 

(a3)2  =  a«. 

For  a^  X  a^  =  a .  a .  a .  a .  a  =  a^, 

and  (a^Y  =  a^ .  a^  =  a .  a .  a .  a .  a .  a  =  a^. 

These  are  examples  of  the  Two  Rules  which  govern  all 
combinations  of  Indices.  The  general  proof  of  these  Rules  we 
shall  now  proceed  to  give. 

267.  Def.     When  m  is  a  positive  integer, 

a™  means  a.  a.  a with  a  written  m  times  as  a  factor. 

268.  There  are  two  rules  for  the  combination  of  indices. 

Rule   I.     rt"  xtt" =«""+". 
Rule  II.     (<t"')"  =  a.™". 

269.  To  frove  Rule  I. 

«"  =  «.«.« to  TJt  factors, 

a''  =  a.a.a to  w  factors. 
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Tlierefore 

o,^y.cC  =  {a.a.n to  m  factors)  x  {a.  a. a to  %  factors) 

=  n  .a.  a to  (m  +  ?i)  factors, 

=  «'"+",  by  the  Definition. 

To  inove,  Rule  II. 
(a*")"  =  ft'" .  a"  .  ft"* to  n  factors, 

=  («•«•« to  m  factors)  (a.  a.  tt...  to  m  factors)... 

repeated  n  times, 

=  ft- .  rt  .  a to  m.n  factors, 

=  ft'"",  Ly  tile  Defiuitiou. 

270.  We  have  deduced  immediately  from  the  Definition 
that  when  m  and  h  are  positive  integers  rt""  x  «"  =  «"+".  Wlien 
??i  and  n  are  not  positive  integers,  the  Definition  has  no  mean- 
ing. We  tlierefore  extend  the  Definition  by  saying  that  a'"  and 
a",  whatever  m  and  n  may  be,  shall  be  such  that  a"'  x  «"  =  «'■■'+'', 
and  we  shall  now  proceed  to  shew  what  meanings  we  assign  to 
a'",  in  consequence  of  this  definition,  in  the  following  cases. 

p 
■271.     Case  I.     To  find  the  meaning  of  u;',  j)  and  q  bcinrj 
positive  integers. 

p      p      p.p 
a''xa''  =  a'>   *, 


and  by  continuing  this  process, 

a^  xa^  X  to  q  factors  =  a"    '   ' 


But  by  tlie  nature  of  the  symbol  Hj 

ija"  X  ija"  X to  7  factors  =  «*•; 

p      p  

.-.  (i»  X  a»  X to  q  fiictors  =  ^a^  x  if  a''  x  ...  to  3  factors ; 

p        

.-.  a'=  Zla". 
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272.     Case  II.      To  Jhul  the  'meaning  of  a  ',  s  being  a  pod- 
tive  numbei;  whole  or  fractional. 

We  must  first  find  the  meauiiii;  of  a". 

Wu  liave 


Now 


a' 

"  X  rt" 

=  a" 

1+0 

> 

.-.  a« 

=  1, 

a' 

X  a^' 

=  a' 

-• 

=  1; 
1 


273.  Thus  the  interpretation  of  a"'  has  neon  deduced  from 
Rule  I.  It  remains  to  he  proved  that  tliis  interpretation 
agree.s  with  Rule  II.  This  we  shall  do  hy  shewing  that  Rule 
II.  follows  from  Rule  I.,  whatever  m  and  n  may  he. 

:274.     To  shew  that  (a'")"  =  a'""  for  all  valaes  of  m  and  n. 

(1)     Let  n  be  a  positive  integer  :  then,  whatever  m  may  be, 
^a,"')"  =  (i"' .  ft"* .  tt" to  ?i.  factors 


(2)     Let  n  be  a  positive  fraction,  and  equal  to  -,  2>  and  q 
being  positive  integers  ;  then,  whatever  he  the  value  of  m, 

t  t  n  ,       ,''  +  --) toytwms 

(ft"')' X  (a'")^  X  to  2  factors  =  («'")''   ' 

=  a-%  by  (1). 

mp  mp  rnp      mp 

Buta«  xd*  X  to  g  factors  =  ft '     ' 


that  is,  (ft")"  =  ft"". 
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(3)  Let  n—  —s^s  being  a  positive  number,  wliole  or  frac- 
tional :  then,  whatever  m  may  be, 

(«'"r=(^,^yArt.272, 

=-^,  by  (1)  and  (2)  of  this  Article ; 

that  is,  »")"=  -r;^ 

=  a""". 

275.  We  shall  now  give  some  examples  of  the  mode  in 
which  the  Theorems  established  in  the  preceding  articles  are 
applied  to  purticuhir  cases.  We  shall  commence  with  exam- 
ples of  the  combination  of  the  indices  of  two  single  terms. 

276.  Since  x™  x  x"  =  a;"'+", 

(1)  af  xaf~'=x''^"~''=3f. 

(2)  afxx  =  x'+\ 

('3)    x''~^''~'.x''~'^.x''~'"^=x'^'''~'^~'''*^''  "^^  =  x""*"*^. 
(•1)     ft*"-". 6"-P  X  a"-". b''-".c 
=  «"-«+«-'••.  6"-'^-".C 

=  1.1. c 
=e. 

277.  Since  (x"')"=x'»", 

(1)  (x«)3  =  a;«><3=,a;i8. 

(2)  (a;«)^=x*''2=a;a. 

(3)  («<^)3  =  a*''^=a* 


278.     Since  af=  ij^, 

(1)  x^=^W. 

(2)  a;3=  llx\ 
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Note.  When  Examples  are  given  of  actual  numbers  raised 
to  fractional  powers,  they  may  often  be  put  in  a  form  more  fit 
for  easy  solution,  thus  : 

(1)  14J=5(144^)^  =  (n/144)3  =  12^=1728. 

(2)  125^  =  (  1 25^V'  =  ( I!  125)-  =  h"-  =  25. 

279.  Since   (ii'")"  =  x'"", 

(1)  i(a;'7'|''  =  (,-'"")''  =  a;"""'. 

(2)  j(«-'")-"|^  =  («"")^  =  *""' 

(3)  }(x-"')"{''  =  (a;-"")''  =  a;-™*. 

280.  Since     «-"  =—, 

we  may  replace  an  expression  raised  to  a  negative  power  bj 
the  reciprocal  (Art.  199)  of  the  expression  raised  to  the  same 
positive  power :  thus 

(1)    a-^J-  (2)     a-2  =  ^^.  (3)     a~^  =  4 

Examples. — c. 

(1)  Express  with  fractional  indices : 

I .    sjx>^  IJx'-  +  ( V^;)' .  3-    4/«* -t  ( N^«)'  +  a  V^ 

(2)  Express  with  negative  indices  so  as  to  remove  all  powers 
from  the  denominators : 

\      a      IP^      Z_  _f_      bx^      x^ 

^"    x"*"  a? ^^ ''"«*•  ^'    41/ V"*"  71/23 +^g- 

x^     3a;      4  •  xtf      J.        ^_ 

(3)  Express  with  negative  indices  so  as  to  remove  all  powers 
from  the  numerators : 
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1      a;      x^     X* 
a     a-      0-      3 

-     2.    ^+-^ +  -■/-. 
x'     3x      5 ' 

^     ^3s           c^            c 

(4)     Express  with  root-symbolf 

and  positive  indices : 

1 .    2#  +  Scc^'i/*  +  a;""^?/"^. 

2.     X~^  +  y~^+2~^ 

a;-2     a;~3'    a;"^ 
4-       1  +  ,.-1  +     1- 

^3           y              y^ 

281.     Since  a;"~a;"  =  ~--  =  a;'" 

X 

.X' 

-"  =  x™-», 

(1)     a;*^x^  =  a;8-3  =  a;5. 

(2)     a;3^x«  =  a;3-8  =  3;-5  = 

1 

(3)  x"-=-x™-"  =  x'"-'"'-'''  =  x"'-'"+"=x". 

(4)  a'  ^  a'+'  =  a'-l'+''  =  a^^"'  =  a"^ = \. 
^  '  a,' 

2  \  %\  X 

(5)  x^-ra;^=x^    3_a;3_ 

1  5  1_5  a_5  _2  _1       JL 

(6)  x^-^x''=x"    «=:x''    <^  =  x  «=rc  ^=  -J* 

282.     Ex.     Midtiphj  a^'  -a^'  +  a'-l  hy  a'+l. 
a'""  —  ft-'  +  a'  -  1 
a''+  1 


a*"  -  a"' +  a^' -  or 


Examples. — ci. 

Multiply 

I      x^''  +  x^y^  +  ?/-''  by  a;''''  -  x''y^  +  y"''. 

2.  «'"■  +  Sa-^i/"  +  Ort^i/-"  +  27i/'"  by  ^r  -  3y". 

3.  x*"  -  2ax=''  +  4a-  by  x*"  +  Sax-"  +  4a*. 
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4.  ft'"  +  6"  +  c'  by  rt™  —  6"  +  c'. 

5.  «'"  +  6" - 2(''  by  2«"'  - i  +  c*, 

6.  a;'""*'"     1/"  by  .1;"  + '(/'"""". 

7.  X-"  —  a;"2/"  + 1/*^"  by  a;^"  +  a:"^/''  +  'f". 

8.  o  ""^'^  -  6''^  +  (f  by  a''^-'"  +  h^-^'^  +  fi-'. 

9.  Form  the  sqiiai'e  of  a;^''  +  x''+  1. 
10.  Form  the  square  of  x'^  —  'j?-\- 1. 

583.     E X.     DivkU  x*>'-lbiix^-\. 

x^-ijx'"-!  (a;'"  +  x-"  +  x"  + 1 


x^"- 

-1 

af*- 

-x'"' 

x^/'- 

-1 

a?p- 

-x" 

x"- 

-1 

x"- 

-1 

Examples.— cii. 

Divide 

1.  x''"'  -  y*™  by  X"  - 1/".  3.     x"'  -  y"'  by  x'^  -  y'. 

2.  x'"  +  ?/'"  by  X"  +  y"".  4.     o''''  +  i'"'  by  «=''  -H-  6^. 

5.  x'" -243  by  x"- 3.  .  » 

6.  a""  +  4ft"'"x^"  + 1 6x*"  by  a""  +  Sa^x"  +  Ax^'\ 

7.  Qx"  +  3x'''  +  14x'''  +  2  by  1  +  5x''  +  x^K 

8.  14?/'"'c'"  -  136''"c^"'  -  5&="'  +  4?>-'"c'"'  by  &'"  +  ft^c^"  -  Sft^^c". 

9.  Find  the  square  root  of 

fi"™  +  ea""  +  15ft^  +  SOa'-"  +  ISfr"  +  Ga"  + 1, 

10.     Find  the  square  root  of 

a""  +  Z>-"  +  c^""  +  2a,"'6"  +  2(i"'c''  +  26"c'. 


2o8  THE  THEORY  OF  INDICES. 


Fractional  Indices. 
284.     Ex .     Multiply  a^  -  ah'^  +  P  by  « •'  +  b^ 


J  +  b^ 


2   1         12 

a   -a-w^  +  a^b'-^ 

•41       1  ii 
+  aH'^  -a^b^-^  +  b 


a   +b 

Examples.— ciiL 

Multiply 

1 .  x^  -2x'^  +1  by  a;*  -  1. 

3  i       1  1 

2.  1/^+1/2+1/1+1  by  y*- 1. 

,  22  4  2     2  4 

•''     a^  -  v"'  by  a^  4  cv^j^  +  a;"^. 

2       s       2       II        1.  1.       11  111 

4.  tt'*  +  ?)^  +  c^  -  a'^b'^  -  a'^c-^  -  Ir'c^  by  «^  +  ?)^  +  c^. 

5 .  5xi  +  2a;%*  +  3x%^  +  7i/*  by  2,i;*  -  3i/ J. 

4  5   1  2    2  13         4  11 

6.  m-'  +  m-'''n-'  +  vn^n^  +  ut'n-'^  +  n-^  by  m-'  -  n-\ 

2         11  1  2  111 

7.  m^  -  2rf5„i,3  +  4f/5  ijy  ^^.-i  +  %l^m.^  +  4^2, 

8.  8a'^  +  4«^/j7  +  5(,;7;/7  4. 9^7  ^y  2«,7  _  367. 


Form  the  squore  of  e.ach  of  the  following  expressions: 

I       \                         II  ?       ? 

9.     .t3^(j3  10.     x" -a-'.  II.     a;'+i/'. 

1                           i         i  *         i 

12.     fl  +  Z»*.  13.     a;^-2a:;*  +  3.  14.     2x' +3.x'^  +  4. 

Ill  _  1       1 

15.    a;='-i/^+»^",                              16.  a;4  +  2i/4-g4 
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285.     Ex.     Divide,  a-bhj  i/a -  ijb. 

1  1 

Putting  a^  ior  ^a,  aucl  b^  for  ijb,  we  proceed  thus : 


a 


4  _  JT^  rt  _ }}  (^,(,i  +  a2  5¥  +  a-i  1)2  4. 5^ 


3  1 


a-a^b^ 


Jb'^-b 
Jb^-M 

ah^-b 

-h 

-b 

EXAMPLES.— civ. 
Divide 

1.  X  -  7/  by  x2  -  y^.  7.    x-  Sly  by  x^  -  3i/*. 

2.  a  -  6  by  ai  +  ii  8.    Sla  -  166  by  3fti  -  26*. 

11  i      A 

3.  x-yhjx^-y^\  9.    «-xbyx-  +  a-. 

1         JL  1 

4.  a  +  Sbya^  +  fts^  jq.    m -  243  by  w'^  - 3. 

1       J.  i  i 

5.  x  +  2/byxs+y5.  11.    x  + 17x2 +  70  by  x^ +  7. 

11  21  1 

6.  m-nby  m^-n*^.  12.    x^ +x3  -  12  by  x^  +  s. 

13.  6^"  -  36  3  +  36  -  6*  by  6^"  - 1. 

1x1         1       1       1 

14.  x  +  y +  z-'ix'^y^z^  hy  x^ +y^ +  r.^. 

2.  I  1 

15.  X -5x3 -46x3 -40  by  x^+ 4. 

11  1111. 

16.  m  +  mhi^  +  n  by  m"  -  m'^n^  +  n^. 

3  11  1-1 

17.  p-  4^^  +  6^3^  -  4p^  +  1  by  j;2  _  22)^  +  1. 

18.  2x  +  x^y^ ~2,y-  4i/s^ - x^z^ - s  by  2x2  +  37/2  +  ^^^ 

4      a  1      .2  2      1  a      4 

19.  X  +  y  by  xS-X-''7/''5+x5l/5-X''1/5+7/'. 
[S.A.] 
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Negative  Indices. 

286.     Ex.     MuUiphj  x-^  +  x'"^'^  +  x-'^y-'^  +  y-^  by  x'^  -  y-\ 
x~^ + x~^~^  +  x~hi~^  +  y~^ 


x~*  +  x~^y~^  +  x~^y~^  +  x~^y~^ 


3^,-1  _  ->.-2,,-2  _  ^-l„-3  _  ,,-4 


■  a;     Oy     l._y^-.^j-^_y^-ly--i_y 


x-*-y-^ 


Examples.— cv. 

Multiply 

I .    a-i  +  6-1  by  «-i  -  b'K  2.    x'^  +  b'^  by  x'^  -  b'^. 

3.    x^  +  x  +  x-^  +  x~^hy  x  —  x~^.    4.    ic2-l+a;~^  by  a;-  +  l+x-*. 
5.    «-2  +  6--bya-2_6-2.     6.    a-i  -  ?)-i  +  c-i  by  a"!  +  6-1  +  c"!. 

7.  1  +  ab~^  +  a^ft-^  ]t,y  1  _  ab'^  +  a-b~". 

8.  a2J-2  +  2  +  a-262l3y  (t25-2_2_ft--'62_ 

9.  4a;-3  +  3x-2  +  2x-i  +  1  by  x-2  -  x'^  + 1. 
I  o.    -x~^  +  3x"i  —  o  ^y  2*~^  -  *~^  ~  9- 

287.     Ex.     7)m(Zea;3  +  i  +  a,-2  5ya;-l+x-i. 
a;  - 1+  x-''-)  x^  + 1  +  :i;-2  (a;  + 1  +  x~^ 
x?-x+l 


x-hx""^ 

X-\+  X'"- 


Note.     The  order  of  the  powers  of  a  is 

a^,  (v^,  a^,  a",  a~^,  a~^,  a~^. 

a  series  which  may  be  Avritten  thus 

a'  a^'  a^ 


.a\a\a,l,-,  ^,, 
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EXAMPLES.— CVi. 
Divide 
I .   x^  —  a;~2  by  a;  +  x~\  2.    a^  -  6"^  by  «  —  &~i. 

3.    tti^  +  ?t~^  by  7?i  +  ii~\  4.    c^  -  ti~*  by  c  -  dr^. 

5.  a;-7/~^'  +  2  +  x~hf  by  x?/"^  +  x^'j/- 

6.  a-*  +  ft-'-'ft-^  +  6-*  by  ^-^  _  ,^-1^,-1  +  5-2, 

7.  x'^?/~^  -  x'hj^  —  'ix:ij~^  +  3x~^y  by  %\j~^  -  x~^y. 

o     3x-5     ,     ,     VYx-^    43X-2     33x-i     „^ 

8.  -^--4x-^+_ _ ^+27 

by'^'-x-i  +  S. 

9.  a^ft~^  +  ft~^6^  by  ab~^  +  a~^b. 

10.    (i~^  +  b'^  +  c"^  -  3(r'b-^o-^  by  a~^  +  b'^  +  c~\ 

288.     To  shew  thut  (rt6)"  =  a".  6". 
(^ab)"  =  ab .  ab .  ab... to  n  Factors 

=  (a.a.d  ...to  n  iUctors)  x{b.h.h  ...to  n  factors) 

We  shall  now  give  a  series  of  Examples  to  introduce  the 
various  forms  of  combination  of  indices  explained  in  this 
Chapter. 

Ex  AMPLES.— evil. 

4.  2  3.  11 

1.  Divide  %"'  -  4xij  +  4x'^y  +  4i/-  by  x^  +  2x-y  2  4-  2y. 

1.  1 

2.  Simplify  {(a;'"'')3,(x«)"}=*"-^     -    3.    Simplify  (xi''*.x^S")^-2, 


4.    Simplify 


\x'  —  a'^    x^  +  a' 
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5.  Multiply  '0  -  +  4x-i  - 1  by  3x-^  -  'Ixr^  -  \. 

rj^a+b    ^a-6    /p6-ai 

6.  Simplily  '—~ •      7-    Divide  x-"  -  (/-"  by  ;c"  +  y". 

8.    Multiply  (rt^  +  ft^''  by  o,^  -  ft^. 


9.    Divide  a  —  6  by  4^(t  -  4^6.  10.    Prove  tlmt  (»-)"'  =  (a")* 

1  r .    If  «'""  =  (a'")",  tiud  7)1  in  terms  of  n. 

1 2.  Simplify  x''+''+' .  x''+'"' .  x'^*+' .  a;*+°-''. 

13.  bimplily(^— j^(^-— j     .  14.    Divide  4aM)y  —. 

15.  Simplify  [Ka-r-rj-LiKyr]. 

16.  Multiply  a'"  +  6"  -  2c"  by  2(i"'  -  36. 

17.  Multiply  «"'-"6"~''  liy  a"^"b''-"c. 

18.  Shew  that  "  +  ^^'")':("^^>^  =  -^^. 

11  i      J 

1 9.  Multiply  x'3  +  a;^  ^  1  by  x^  _  a;6  + 1 

2      a. 
and  their  product  by  a;^  -  a;^  + 1. 

20.  Multiply  a™  -  fea™-!  a;  +  ca'^'^x"  by  a"  +  &«""i  x  -  ca"'^, 

2 1 .  Divide  x^'^^'^^  -  ^   ''"-"  by  a;'''-"  +  y'^''~», 

22.  Simplify) (a'")""" i^i. 

23.  Multiply  x^'  +  x^'y"  +  x'y^/-  +  yZv  \yy  x'-if.  ^ 

1 

24.  Write  down  the  values  of  625^  and  12-''*. 

25.  Iilultiply  a;""-*'"  -  t/'"-""  by  x"  -  y".  i 

26.  Multiply  xi+ 3x^-1  by  x5-2a;~^. 
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289.  All  numbers  which  we  cannot  exactly  determine, 
because  they  are  not  multiples  of  a  Primary  or  Subordinate 
Unit,  are  called  SurdS. 

290.  We  siiali  confine  our  attention  to  tliose  Surds  which 
originate  in  the  Extraction  of  roots  where  the  results  cannot 
1)6  exhibited  as  whole  or  fractional  numbers. 

For  example,  if  we  perform  the  operation  of  extracting  the 
square  root  of  2,  we  obtain  1"4]42...,  and  though  we  may 
carry  on  the  process  to  any  required  extent,  we  shall  never  be 
able  to  stop  at  any  particular  point  and  to  say  that  we  have 
found  the  exact  number  which  is  equivalent  to  the  Square 
Root  of  2. 

291.  We  can  approximate  to  the  real  value  of  a  surtl  by 
finding  two  numbers  between  which  it  lies,  differing  from  each 
other  by  a  fraction  as  small  as  we  please. 

Thus,  since  ^2  =  1-4142 


y^2  lies  lietween  —  and  — ,  which  differ  hj  — ; 

also  between  — —  and  — rr,  which  difl^er  by  — - ; 

also  between  |§^  and  ]^^^^^,  which  differ  by  -1^. 

And,  generally,  if  we  find  the  square  root  of  2  to  n  places 
of  decimals,  we  shall  find  two  numbers  between  which  iJ2,  lies. 

differing  from  each  other  by  the  fraction  -^- . 
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292.  Next,  we  can  always  find  a  fraction  differing  from  the 
real  valne  of  a  surd  by  less  than  any  assigned  qiiantity. 

For  example,  suppose  it-  required  to  find  a  fraction  dift'er- 
ing  from  /v/2  by  less  than  y^. 

Now  2(12)-,  that  is  288,  lies  between  (IG)"'^  and  (17)2, 

/16\2         /17V 
.-.  2  lies  between  ^— j  and  \^j  ; 

/.  a/2  lies  between  r—  ''^^^^  t5  > 
:.  ^2  differs  from  -_^  by  less  than  y^. 

293.  Surds,  though  tliey  cannot  be  expressed  by  whole  or 
fractional  numliers,  are  nevertheless  numbers  of  which  we  may 
form  an  apj^roximate  idea,  and  we  may  make  three  assertions 
respecting  them. 

(1)  Surds  may  be  compared  so  far  as  asserting  that  one  is 
greater  or  less  than  another.     Tims  a/3  is  clearly  greater  than 

*/2,  and  4^9  is  greater  than  4^8. 

(2)  Surds  may  be  multiples  of  other  surds :  thus  2  </2  ia 
the  double  of  ^2. 

(3)  Surds,  when  multiplied  together,  may  produce  as  a 
result  a  whole  or  fracticnial  number :  thus 

V2x  V2  =  2, 
3/3       =/3       '/3     3 

294.  The  symbols  ,Ja,  ^a,  i^a,  !^'a,  in  cases  where  the 
second,  third,  fourth,  and  n^^  roots  respectively  of  a  cannot  be 
exhibited  as  whole  or  fractional  numliers,  will  represent  surds 
of  the  second,  third,  fourth,  and  7?"'  order. 

These  sjnnbols  we  may,  in  accordance  with  the  principles 
laid  down  in  Chapter  XXIIL,  replace  by  a^,  d^,  a^,  a». 
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295.  Surds  of  the  swine  order  are  those  for  which  the  root- 
symLol  or  surd-index  is  the  same. 

Thus  sja,  3  s/i^h),  4  >J(mn),  r^  are  surds  of  the  same  order. 

Liike  surds  are  those  in  which  the  same  root-symbol  or  sui'd- 
index  appears  over  the  same  quantity. 

Thus  2  i^a,  3  ,^a,  4ffl2  are  like  surds. 

296.  A  whole  or  fractional  number  may  be  expressed  in 
the  form  of  a  surd,  by  raising  the  number  to  the  power  denoted 
by  the  order  of  the  surd,  and  placing  the  result  under  the 
symbol  of  evolution  tliat  corresponds  to  the  surd-index. 

Thus  a=  fja\ 

b      ^jh^ 


297.  Surds  of  different  orders  may  be  transformed  into  surds 
of  the  same  order  by  reducing  the  surd-indices  to  fractions 
with  the  same  denominator. 

Thus  we  may  transform  ^Ix  and  i^y  into  surds  of  the  same 
order,  for 

4/x=a;3=a;T  2  =  12^0;*, 

1         _3_ 

and  Itjy = y'^ =y^-  =  ^^1/, 

and  thus  both  surds  are  transformed  into  surds  of  the  twelfth 

order. 

Examples. — cviii. 

Transform  into  Surds  of  the  same  order: 
I.  y/x  and  4/1/.       2.  4/4  and  4/2.        3.  V(18)  and  ^(50). 
4.  1^2  and  ;y2.       5.  ^a  and  J^h.        6.  ^{a  +  h)  and  ^{a-b). 

298.  If  a  whole  or  fractional  number  be  multiplied  into  a 
surd,  the  product  will  be  represented  by  placing  the  multiplier 
and  the  multiplicand  side  by  side  with  no  sign,  or  with  a  dot 
(.)  between  them. 

Thus  the  product  of  3  and     J2  is  represented  by  3    ^2, 

of  4  and  5  ^2 by  20^2, 

of  a  and     /^c by  UaJc. 
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299.  Like  surds  ma)^  be  combined  by  the  ordinary  pro- 
cesses of  addition  and  sul)tractioii,  that  »is,  by  adding  the 
coefficients  oi"  the  siird  and  placing  tlie  result  as  a  coefficient 
of  the  surd. 

Thus  Vrt+  V«  =  2/v/«. 

X  ^fc  -  /v/c  =  (x'  -  1)  ^^c, 

300.  We  now  proceed  to  prove  a  Theorem  of  great  im- 
portance, which  may  be  thus  stated. 

The  root  of  any  expreasion  is  the  same  as  the  2^^'odHct  of  the 
roots  of  the  separate  factors  of  the  expression,  that  is 

s/iah)=  ^a.  ^h, 

We  have  in  fact  to  shew  from  tlie  Tlieory  of  Indices  that 

1       II- 
(a6)"=a".  b". 

Now  ]{ab)^\"  =  {ahy  =  ah, 

and  \a".h"  \"  =  (a-)" .(h" )"  =  a".  h"  =  a.b; 

:.  |(a&)^  *"={«».;,' I"; 

X       1     1 

.*.  {ah)"  —a".  &". 

301.  We  can  sometimes  reduce  an  expression  in  the  form 
of  a  surd  to  an  erpiivalcnt  expression  with  a  whole  or  frac- 
tional number  as  one  factor. 

Thus  V(72)  =  V(36  X  2)  =  V(36) .  ^2  =  6  ^2, 

^(128)  =  4^(64  X  2)  =  ^/(64) .  4^2  =  4  ^2, 
JtJ(a"x)  =  Xja" .  il/x=a.  ^x. 
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Examples.— cix. 

Reduce  to  equivalent  expressions  with  a  whole  or  fractional 
number  as  one  factor  : 


I.     V(24).  2. 

4.     ^/(125«4rf'^).  5. 

7.     V(720c'-').  8. 


V(50). 


3.     V(4«^). 
6.     V(lOOOa). 

II.     x/(rt^  +  2a2a;  +  fl;r2). 


V(60a'-^-100«&  +  5062). 
^(54,(«62). 


12.  y(,c^  -  2a;'^i/ +  XT/").  13 

1 4  .  '(G3fi  V  -  42c2y2  +  7,,3).  1 5 

16.  i;/(lGOx''i/').  17 

18.  ^y(1372ai5?)i«).  19 

20.  ^/(rt''-3«36  +  3a2^2_rt53) 

302.  An  expression  containing  two  factors,  one  a  surd,  the 
other  a  whole  or  fractional  number,  as  3  ^''2,  aljx,  may  be 
sraiteformed  into  a  complete  surd. 

Thus   .  3V'»=(3'')-.V^=V9.V2=  V(18), 

a^x^iw'f^.  ^V.c=  ^a\  ^x=  ^{a^x). 


Examples.— ex. 

Reduce  to  complete  Surds  : 
I.     4^3.  2.     3^/7. 


4.     24/6.  5.     3 

7.     4rt  V(3a;). 

9.  ^(m+,i).^(^^;;;). 


3.     54^9. 
6.     3  ^^«. 


8.     2rt.T 


'3a  \ 

,4x/' 


II. 
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303.  Surds  may  be  compared  by  transforming  them  into 
surds  of  the  same  order.  Thus  if  it  be  required  to  determine 
wliether  ^2  be  gi-eater  or  less  than  ^^3,  we  proceed  thus  : 

^2  =  22  =2»=  4/2^=  ^V8, 

4^3  =  3^  =  3«=  4/32=4/9. 
And  since  i^9  is  greater  than  4^8, 
4^3  is  greater  than  J2. 

Examples.— cxi. 

Arrange  in  order  of  magnitude  the  foUowing  Surds : 

6.  2  V87  and  3  ^33. 

7.  2  4/22,  3  4/7  and  4  ^2. 

8.  3  V19,  5  4/I8  and  3  4/82. 

9.  2  4^14,  5  4/2  and  3  4/3. 
10.     |x/2,ix/3and^^/4. 

304.  The  following  are  examples  in  the  application  of  the 
rules  of  Addition,  Subtraction,  Multiplication,  and  Division  to 
Surds  of  the  same  order. 

1.  Find  the  sum  of  ^18,  V128,  and  ^/32. 

V(18)+  V(128)+  V(32)=  V(9  X  2)+  V(G4  x  2)+  ^(1^  x  2) 
=  3V2  +  8V2  +  4V2 
=  15  V2. 

2.  From  3  V(75)  take  4  .^r{\2). 

3  V(75)  -  4  v'(12)  =  3  V(25  x  3)  -  4  V(4  x  3) 
=  3.5.^/3-4.2.^3 
=  15^3-8^/3 

=  7V3. 


I. 

2. 

3- 

4- 

V3and  4/4. 
VIO  and  4/15. 
2  V3  and  3  ^2. 

5- 

3  V7  and  4  ^3. 
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3.  Multiply  V8  by  V(12). 

V8x  V(12)=  x/(8xl2) 
=  V(96) 
=  V(16x6) 
=  4V6. 

4.  Dmde  V32  by  ^1 8. 

^(32)      V(16x2)^4V2^4 
V(18)       V(9x2)      3V2     3* 

Examples.— cxii. 

Simplify 

i.  V(27)+ 2  V(4S)  + 3^(108),  11.  ^6x^8. 

2.  3  V(IOOO)  +4  V(50)  +  12  V(2S8).    12.  V(14)  x  ^(20). 

3.  a  ^{li'x)  +  6  V(^-c)  +  '•  V(c2x).  1 3.  V(50)  x  ^(200). 

4.  4/(128)  +  ^(686)  +  4/(16).  14.  U{?M^-K  l]{^aW). 

5.  7  4/(54)  +  3  4/(16)  +  4/(432).  1 5.  lj{\%ih)  x  4/(8a2&3). 

6.  V(96)-^/(54).  16.  V(12)^V3. 

7.  V(243)  -  V(48).  17.  V(18)--V(50). 

8.  12  V(72) -3^(128).  18.  l!{an;)~  ll{aW). 

9.  5  4/(16) -2  4/(54).  19.  4/((f''/>)-- 4/(aP). 

10.    7  4/(81) -3  4/(1029).      20.    V(a;^  +  :K3y)^  V(-c  +  2r<;-i/  +  ^y). 

305.  We  now  proceed  to  treat  of  the  Multiplication  of 
Compound  Surda,  an  oj^eration  wliick  will  be  frequently  re-, 
quired  in  a  later  part  of  the  subject. 

The  Student  must  bear  in  mind  the  two  following  Rules : 

Rule  I.       ^ax  ^h=  ^/(ah), 

Rule  II.     ,^ax  sja  =  a, 

which  will  be  true  for  all  values  of  a  and  ?>. 
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Examples.— cxiii. 

Multiply 

1.  ^x  by  s}y.  9.  s!x  by  -  ^1x. 

2.  V(-^--i/)byVj/.  10.  ^/(.c-1)  by  -  ^/(x-1). 

3.  V(.c  +  y)  by  V(.r +2/).  1 1 .  3  V-c  by  -  4  ^x. 
4-    V(<-- - 2/)  Ijy  s]{x  +  y).  12.  - 2  V«  by  -  3  Va. 

5.  6  V-c  by  3  Vx.  13.    ^f{x  -  7)  by  -  ^fx. 

6.  7V(-c  +  l)by  8V(a:+l).     14.    -  2  V(.c  +  7)  by  -  3  V-f- 

7.  10Va.by9VCv;-l).  15.    -4V(rt^-l)by-2^/(rt2-l). 

8.  V(3a;)  by  ^/(4x).     16.    2  ^/(a^  -  2a  +  3)  by  -  3  ^/(«2  -  2a  +  3). 

306.     The  followin.f,'   Examples   will  illustrate  the  way  of 
proceeding  La  formiiiLr  the  protlucts  of  Compound  Surds. 

Ex.  1 .     To  multiply  ^r,:  +  3  by  ^x  +  2. 
lfx  +  2 

X  +  3:^X 

+  2^/a;  +  6 
x  +  b^x  +  6 

Ex.  2.     To  multiply  4  ^h:  +  3  ^/y  by  4  ^fx  -  3  ^y. 
4:^/x  +  S^/y 
4Vx-3Vy 

IGk  i- 12  ^f(xij) 
-12^r(xy)-9y 

16»  -  9y 


Ex.  3.     To  form  the  square  of;^^(x  — 7)-  y/x, 

V(x-7)- V.^• 
V(x-7)-^^^ 

x-7  -  ^^(:c'-7x) 

-  s^(x--7x)+x 
2a;  -  7  —  2  ,^f{x-  -  7x) 
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Ex  AMPLES.— CXiv. 

Multiply 

r.  Va;  +  7  by  ^a;  +  2.  2.     v'* - 5  Ly  ^v^ic -*- 3. 

3-  v/(«  +  9)  +  3  by  v/(«  +  9)  -  3. 

4.  V(«-4)-7byV(a-4)  +  7. 

5-  3  Vic  -  7  by  Vic  +  4. 

6.  2  ^/(a;  -  5)  +  4  by  3  v/(.-;  -  5)  -  6. 

7.  V(6  +  •<;)  +  V^*;  Ijy  V(6  +  a;)  -  ^/x. 

8.  V(3x  + 1)  +  >v/(2a;  - 1)  by  ^3*  -  .Ji^x  - 1), 

9.  .J a  +  VC*  -  *)  by  V*  -  V(<*  -  *)• 

10.  V(3  +  a:)  +  V-'>  by  v'(3  +  .1;). 

1 1.  ^Jx  -V  sJy-V  sjz  by  ^x  -  ^ij  +  ^z. 

12.  V*  +  VC'*  —  •^)  +  V*  by  y^a  -  J  {a  -  x)  +  >Jx. 

Form  the  squares  ot  the  Ibllovving  expressions : 

13.  21+vV-9).  17.    2V-C-3. 

1 4.  V(«  +  3)  +  V(a;  +  8).  18.   ;J{x  +  y)  -  y/(x  -  y). 

15.  >s/x+  ^{x  -  4).  19.    Jx.  s/(x  +  1)  -  V(«  -  !)• 

1 6.  V(a;  -  6)  +  V«-  20.   >J(x  4- 1)  +  V-c  •  \/(a;  -  !)• 

307.  We  may  now  extend  the  Theorem  explained  in 
Art.  101.  We  there  shewed  how  to  resolve  expressions  of 
the  form 

into  factors,  restricting  our  observations  to  the  case  of  •perfect 
squares. 

The  Theorem  extends  to  the  difference  between  anij  two 
quantities. 

Thus 

a-b={Ja+  Jh)  (s,Ui-  Jb). 
x^-y-={x+  Jy)  {x-  ^ly). 
1-»=(1+ Va;)(l- V»). 
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308.  Hence  we  can  always  find  a  multiplier  which  will 
free  from  surds  an  expression  of  any  of  the /oi«-  forms 

I.    a-\-  sjh        or     2.     s]0'^-  ijb, 
3.    a-  ^h        or     4.     ^la-  >Jh. 

For  since  tlie  first  and  third  of  thfse  expressions  give 
as  a  product  a?  —  h,  which  is  free  from  surds,  and  since  the 
second  and  fourth  give  as  a  product  a  —  b,  which  is  free  from 
surds,  it  follows  that  the  required  multiplier  may  be  in  all 
cases  found. 

Ex.  1.  To  find  the  multiplier  which  will  free  from  surds 
each  of  the  following  expressions : 

I.    5+V3.         2.     v/(>+V5-         3-    2-V5.        4-     ^7-^2. 

The  multipliers  will  be 
I.    5-V3.         2.     V6-V5.         3-    2+^5.         4.     >J7  +  J2. 

The  products  will  be 
I.    25-3.  2.    6-5.  3.    4-5.  4.    7-2. 

That  is,  22,  1,  -  1,  and  5. 

a 
Ex.  2.     To  reduce   the  fraction  i_  j^  *°  ^'^  equivalent 

fraction  with  a  denominator  free  from  surds. 

Midtiply  both  terms  of  the  fraction  by  6  +  /Jc,  and  it  be- 
comes 

ab  +  a  i^c 
b^-c'  ' 
which  is  in  the  required  form. 


EXAMPLES. 

— CXV, 

Express  in  factors : 

I.    c-d. 

2.    c^  —  d. 

3- 

c-dK 

4.    1-y. 

5.    l-3a;2. 

6. 

5m2-l, 

7.   4a2-3a;. 

8.    9-8rt. 

9- 

11^2 -16. 

10.   i5^  -4r. 

II.   Jp-Sj^. 

12. 

a^"  _  b\ 
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Keduce  the  following  fractions  to  equivalent  fractions  with 
denominators  free  from  surds. 

1  x/«  4  +  3^2 

^2  ,,  V3  ,0      2-V2 

1  +  Va;  ,,      (t+ V(a'^-1) 


21. 


309.  The  squares  of  all  numbers,  negative  as  well  as  posi- 
tive, are  positive. 

Since  there  is  no  assignable  number  the  square  of  which 
would  be  a  negative  quantity,  we  conclude  that  an  expression 
which  appears  under  the  form  V(  -  «^)  represents  an  impossible 
quantity. 

310.  All  impossible  square  roots  may  be  reduced  to  one 
common  form,  thus 

V(-a;)=V|a;  xi-l)\=Jx  .V(-i). 

Where,  since  a  and  s/x  are  possible  numbers,  the  whole 
impossibility  of  the  expressions  is  reduced  to  the  appearance  of 
V(-l)  as  a  factor. 

311.  Dep.  By  VC  - 1)  "ws  understand  an  expression  which 
when  multiplied  by  itself  produces  - 1. 

Therefore 

|V(-i)P=-i, 

|V(_l)p=|^(_l){2.^(_l)  =  (_l).V(-l)=-V(      1), 

{ V(-i)i*=lV(-i)P.  J  v'(-^)P=(-i)-(-^)=i» 

and  80  on. 
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EXAMPLES. — CXVi. 

Multiply 

1.  4+  V(^3)1jy4-  x/(-3). 

2.  V3  -  2  V(  -  2)  by  V3  +  2  v/(  -  2). 

3.  4V(-2)-2V2by|v(-2)-3V2. 

4.  V(-2)+  V(-3)+V(-4)byV(-2)-  V(-3)-  V(-'U 

5.  3V(-a)+ V(-6)by4V(-a)-2V(-^')• 
6.  a  +  V( — <*)  by  <*  —  V(  -  '*)• 

7.  rt  x/(  -  «)  +  6  V(  -  6)  by  «  V(  -  «)  -  &  \/(  "  &)• 

8.  a  +  /3V(-l)bya-/?V(-l). 

9.  1-  ^/(l-e2)by  1+ V(l-e^). 

lo.    ^V(-i)  +  e-'V(-i)  by  gpV(-i)_g-^V(-« 

312.     Wc  shall  now  give  a  few  Miscellaneous  Exampleo  to 
illustrate  the  priuciples  explained  in  this  Chapter. 


Examples.— cxvii. 


I.   Simplify-—^- 3-^-. 


2. 


;  ^fy  3  sjx 

Prove  that  |1+V(-1)P+{1-  V(-1)P  =  0. 


3.  Sm.plify-2-^-  +  -27^-. 

4.  Provethatjl+  V(-l)r'-U- V(-l)l'=  V(-16). 

5.  Divide  a;*  +  a*  by  a;^  +  ^iax  +  «*''. 

6.  Divide  m*  +  ii*  by  m^  —  fj'imn  +  71''^. 

7.  Simplify  VG-c^  +  2x2^/ +  a:i/2)  +  VC*:^  -  2x^1/ +  ar). 

8.  Simplify -^^^^--^|-tL_,  and  verily  by  putting 
a  =  9  and  I  — A. 
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9.     Find  the  sqiiare  of  a^/^  -  sj{cd). 

10.  Find  the  square  of  aV^  — -^. 

11.  Simplify 

12.  Simplify  /^^ '-. 

13.  Simplify  -_  j  ---y  + -^-^  ]  . 

14.  Form  the  square  of  a /(t  +  3]  -  ^/ (?  - 3). 

15.  Form  the  square  of  ^(x  +  a)  -  ^{x  —  a). 

16.  Multiply  :;y(a*"-^6'^+»c="")  by  :^(a«i™-»c"-""'). 

17.  Eaise  to  tlie  5""  power  —  1  —  a  </(  -  !)• 

18.  Simplify  4/(81)  -  4/(  -  512)  +  4/(192). 

19.  Simplify  ^-jy( 3-3 ). 

20.  Simplify  -~  j  ij/(32)2a;3  -  GS^V  +  44i^;2a;  _  1029;)2)  f . 

21.  Simplify  2(n  -  l)^/(  -  ^^^,  _  ^^^3^^  g^ .,  _  ^  J. 

22.  Simplify  2(71  -  1)  V(63)  +  ^  V(112)  -  ^-|^— 


./)l75(.-l)V}x^-2^(^). 


23.     What  is  the  difference  between 

Vjl7-  V(33)}x  Vll7+v/(33)| 
and  4/J65+  V(129)i  x  4/J65-  V(129){  ? 
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313.  We  have  now  to  treat  of  the  method  of  fiiKliiiL;  the 
Square  Root  of  a  Binomial  Sunl,  that  is,  of  an  expression  of 
one  of  the  following  forms : 

where  m  stands  for  a  whole  or  fractional  number,  and  ^n  for 
a  surd  of  the  second  order. 

314.  We  have  fust  to  prove  two  Theorems. 
Theorem  I.     If  ,^fa=m+  ^n,  m  must  be  zero. 

Squaring  both  sides, 

a=7nr  +  2in  ^fn  +  n ; 
.".  2m s/n  =  a- m"^  —  n ; 
a  —  m^  —  n 


^m 


that  is,  ijn,  a  surd,  is  equal  to  a  whole  or  Itactional  number, 
which  is  impossible. 

Hence  the  assume<l  equality  can  never  hold  unless  m.  =  0,  in 
which  case  fja=  \ln. 

Theorem  II.     Ifb+>Ja  =  m+  ^n,  then  must  b  =  m,  and 

For,  if  not,  let  b  =  vi  +  x. 

Then  m  +  x+  sja=m+  ^Jn, 

or  «+  \/<*=  i^n  ; 

which,  by  Theorem  I.,  is  impossible  unless  x  =  0,  m  which  case 
6  =  m  and  V'(=  x^''- 

31.5.     To  fmd  the  Square  Root  of  a+  ijb. 
Assume  >,/(«+  V&)=  ^x+  sjy. 

Then  a+  sJb=-x  +  2  V(-«/)  +  V ; 

.-.  «  +  i/  =  a (1), 

2V(t?/)=n'/' (^), 

from  which  we  have  to  find  x  and  y. 
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Now  from  (1)  y?  +  2iCi/  + 1/^  =  0?, 

and  from  (2)  Axy  =  h  ; 

/.  a;^-2xy  +  7/2  =  ft2_5j 

Also,  a;  +  i/  =  a. 

From  these  equations  we  find 

a  +  J(a^ ~b)       ,         a-  J(a-  —  b) 
2  -'  2  ' 

Similarly  we  may  show  that 

316.     Tlie  practical  use  of  this  method  will  be  more  clearly 
seen  from  the  following  example. 

Find  the  Square  Root  of  18  +  2  v'(77). 

Assume      s!\\^  +  2  sj{ll)\=  s.'x+  ^y. 

Then  18  +  2  V(77)  =  a;  +  2  J{xy)  +  y ; 


:.x  +  y  =  \S          \ 
2V(.^2/)  =  2V(77)r 

Hence 

4,ci/  =  3()8j  ' 

.*.  a;2-2.'?;?/  +  i/  =  16; 

.•.  a;  —  7/  =  ±  4  ; 

also, 

a;  +  7/  =  18. 

Hence 

a;  =  ll  or  7,  and  i/  =  7  or  11, 

That  is,  the  square  root  required  is  V(ll)  +  V7- 
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Examples. — cxviii. 

Find  the  square  roots  of  the  following  Binomial  Surds : 

I.    10  +  2V(21).  2.    16  +  2V(55).  3.   -9-2^(14). 

4.    94-42V5.  5.    13-2V(3()).  6.    38-12^(10) 

7.    14-4V6.  8.    103-12V(11).       9-    75-12v'(21). 

10.    87-12V(42).        II.    3^-^/(10).  12.    57-12^/(15). 

317.  It  is  often  easy  to  determine  the  square  roots  of 
expressions  such  as  those  given  in  the  preceding  set  of 
Examples   hy  insjiedion. 

Take  for  instance  tlie  expression  18  +  2  V(77). 

What  we  want  is  to  find  two  numbers  whose  sum  is  18  and 
whose  product  is  77 :  these  are  evidentlj'  1 1  and  7. 

Then  18  +  2V(77)  =  11 +  7  +  2^(11x7) 

=  JV(11)+V7P. 
That  is  V(ll)+  V7  is  the  square  root  of  18  +  2  V(77). 

To  effect  this  resolution  by  inspection  it  is  necessary  that  the 
coefficient  of  the  surd  shoidd  he  2,  and  this  we  can  always  ensure. 

For  example,  if  the  proposed  expression  be  4+  ^(15),  we 
proceed  thus : 

4  1   ^/(i5)^8  +  2V(15)     5  +  3  +  2V(5x3) 


_/V5+ V3y 


V2 
.'.    - — ■         is  the  square  root  of  4  +  s/(\5). 

Again,  to  find  the  Square  Root  of  28  -  10  V3. 
28-10V3  =  28-2V(75)^ 

=  25  +  3-2^(25x3) 
=  (5-V3)^ 
.*.  6—  fj2  is  the  square  root  lequired. 


XXY.  ON  EQUATIONS  INVOLVING  SURDS. 

318.  Any  equation  may  be  cleurcd  of  a  single  siu'd,  by 
transposing  all  the  other  terms  to  the  contrary  side  of  the 
equation,  and  then  raising  each  side  to  tlie  power  correspond- 
ing to  the  order  of  the  surd. 

The  process  will  be  explained  by  the  following  Examples. 

Ex.  1.     V-t;=4. 

Raising  both  sides  to  the  second  power, 
a;=16. 

Ex.  2.      4/:b  =  3. 

Raising  both  sides  to  the  third  power, 
a;  =  27. 

Ex.3.      J{x''-  +  '7)-x=l. 
Transposing  the  second  term, 

^{x-  +  7)  =  l+x. 

Raising  both  sides  to  the  second  power, 
.-.  a; =3. 

Examples.— cxix. 

I.  slx  =  1.  2.  A,fx  =  9.            -  3.  x*  =  5. 

4.  ^x=2.  5.  a;i  =  3.  6.  ^x=4. 

7.  V(:c  +  9)  =  6.  8.  V(a;-7)  =  7.  9.  ^'ix-l5)  =  8. 

10.  (x- 9)^=12.  II.  4/(4x-16)  =  2.  12.  20-3  V«=2. 
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13.  ^(2,(;  +  3)  +  4  =  7.  17.  V(4.^'-^  +  5-c-2)  =  2x  +  l. 

14.  h\c^x  =  a.  18.  V(9*^-12x-51)  +  3  =  3x. 

15.  v'('^'-^)  +  ^  =  9.  19.  ,/(a;2 -aa;  +  6)-a  =  a;, 

16.  VC^'"^- 11)=^-1-  20.  */(25a;2-3mx  +  ?i)-5a;  =  m. 

319.  When  two  surds  are  involved  in  an  equation,  one  at 
least  may  be  made  to  disappear  by  disijosing  the  terms  in 
such  a.  way,  that  one  of  the  surds  stands  by  itself  on  one  side 
of  the  equation,  and  then  raising  each  side  to  the  power  cor- 
responding to  the  order  of  the  surd.  If  a  surd  be  still  left,  it 
can  l)e  made  to  stand  by  itself,  and  removed  by  raising  each 
side  to  a  certain  power. 

Ex.  1.      V(c-16)+  V^  =  8. 
Transposing  the  second  term,  we  get 
v/Cc-16)  =  8-  v/a;. 

Then,  squaring  Ijoth  sides  (Art.  306), 

X-  16  =  64-16  V«  +  a!  J 
therefore  1 6  V-c  =  6  4  +  1 6, 

or     16Vx-  =  S0, 
or      V^  =  5; 
.-.      03  =  25. 

Ex.  2.  ^{%  -  5)  +  V(x  +  V) = a 

Trans^josiug  the  second  term, 

V(x-5)  =  6-  VC,:  +  7). 

Squaring  both  sides,  «-5  =  36-12  ^{x  +  7)  +  a;  +  7  * 
therefore  12VG«  +  V)  =  36  +  .'c  +  7-a;  +  5, 

or  12V(.c  +  7)  =  48, 

or  V(^  +  7)  =  4. 

Squaring  both  sides,  x  +  7  =  16  ; 

therefore  X=9. 
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EXAMPLES.— CXX. 


1.  V(lG  +  x)+  V*  =  8. 

2.  \/C<;- 10)  =  8-  V^. 

3.  V(a^  +  15)+  \/x  =  15. 

4.  V(u;-21)=  Va;-1- 

5.  v%-l)  =  3-  V(-o  +  4). 


1+  V(3*  +  l)=  V(4a;  +  4). 
1-  V(l-3x)  =  2V(l-a::). 

VCc-l)+  V(x-4)-3  =  0. 


320.  When  surds  appear  in  the  ilciioiuiiiators  of  Iractiona 
in  equations,  tlie  equations  may  be  cleared  of  fractional  terms 
by  tire  process  described  in  Art.  186,  care  being  taken  to 
follow  the  Laws  of  Combination  of  Surd  Factors  given  in 
Art.  305. 


EXAMPLES.— CXXi. 


1.     x/^+V(=«-9)=^(|^l-yy        3.    V(.'';+7)+Vx=-^^^rp7-y 

105 


35 

2.     ^/x+  V(*-21)=^. 

g 

^{ax)  +  b  _      b  —  a 
'^'     ^x  +  b     ~b-  s'lttx)' 

8.     {1+  Jx){2-  ^/x)^^-^. 


4.    >J(x-  15)+  aJx  = 


Jlx  -15)* 


v'9;+i6_  V^  +  32 

sJx-S _  fJX-4: 

y/x-d      s/x  +  2' 


321.     The  following  are  examples  of  Surd  E(|uations  result- 
ing in  quadratics. 


Ex.  1.  2^/x+-^-=5. 

Clearing  the  equation  of  fractions,  2x  +  2  =  5  ,Jx. 
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Squaring  both  sides,  we  get  4a;2  +  8a;  +  4=25x; 

whence  we  find  a;  =  4  or    . 
4 

Ex.  2.  V(.c  +  9)  =  2  Vx  -  3. 

Squaring  both  sides,      a;  +  9  =  4x  -  12  v'x  +  9  ; 
therefore  12V^  =  3x, 

or  A^x=x. 

Squaring  both  sides,  \Qx=x^. 

Divide  lij  X,  and  we  get     16 =x. 

Hence  the  -values  ol'  x  which  satisfy  the  equation  are  16 
and  0  (Art.  248). 

Ex.3.  V(2.+  .)  +  »      =-^(1^^^. 

Clearing  the  equation  of  fractions, 

2;/j+l  +  2V(2x'-  +  a;)  =  21; 
therefore  2  ^li^x^  +  *')  =  20  -  2a;, 

or  x/(2x2  +  a-)  =  10-a;. 

Squaring  both  sides,     2x^  +  x  =  100  -  20x  +  x^, 
whence  •  a;  =  4  or  -  25. 

322.  We  shall  now  give  a  set  of  exam2)les  of  Surd  Equa- 
tions some  of  which  are  reducible  to  Simple  and  others  to 
Quadratic  Equations. 


Examples.— cxxii. 

1.  4a;  - 12  Va;=  16.  4.     V(6a;  -11)=  v/(249  -  2x2). 

2.  45-14  ^Ix  =  -  X.  5 .     V(6  -  x)  =  2  -  ^/(2x  -  1). 

3.  3V(V  +  2x2)=5  V(4x-3).       6.     x-2  V(4-3x) +  12  =  0. 

7.  V(2a;  +  7)  +  V(3x  -  18)  =  ^{Ix  +  1). 

8.  2V(204-5x)  =  20-  V(3.x-68). 
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9.  iJx-A  = 
10.  Va;  +  ll  = 


33 

V'x  +  4' 

608 


14.  V(a;  +  4)+  v/(2a;-l)  =  6. 


15.  V(13x-1)-  V(2x-1)  =  5. 


11.  V(a;  +  5).  V(*+12)  =  12.        16.  V(7«+l)- V(3a;+1)  =  2. 

12.  V(x  +  3)+ v'(x  +  8)  =  5Va;-    17.  /v/(4  +  a;)+ Va'=3. 

13.  ^(25  +  x)  +  V(25  -  x)  =  8.       18.  Va;  +  >J{x  +  9975)  =-^-=. 

vac 


20.     V(«^-l)  +  6  =  - 


16 


21.  V{(a!-«)"  +  2a6  +  62[=a;-a+6. 

22.  ^\(x\-a)"-\-2a'b  +  h'^\=h-a-x. 

23.  V(«;  +  4)-  V«=a/(x  +  |). 
26.     V(a;  +  4)+  V(j;  +  5)  =  9. 


«-l  5 

24.    — ^ -=x  +  -. 

sjx-\  4 


25.     V(4  +  x)  -  V3  =  sjx.  27.     V«  +  V(^  -  4)  =    ,,       ,,. 

28.  ^2  =  21+  V(a;'"-9). 

29.  v/(50  +  a;)  -  ^(50  -  x)  =  2. 

30.  V(2x  +  4)-y^(|  +  6)  =  l. 


31.     V(3+a;)+Va;  = 


6 


32.    - 


V(3+a;)* 
1  1 


(«+!)      n/(«-1)      v/(x2-1)- 


3a;+  ^"'4x-a;2) 


XXVI.  ON  THE  ROOTS  OF  EQUATIONS. 

323.  We  liave  already  proved  that  a  Simple  E([uation  can 
liavt;  only  one  root  (Art.  193) :  we  have  now  to  prove  that  a 
Quadratic  Ec[uation  can  have  only  hvo  roots. 

324.  We  must  first  call  attention  to  the  following  fact : 

If  7nn  —  0,  either  m  =  0,  or  n  =  0. 

Thus  there  is  an  ambiguity  :  hut  if  we  know  that  m  cannot 
be  equal  to  0,  then  we  know  for  certain  that  n  =  0,  and  if  we 
know  that  n  cannot  be  equal  to  0,  then  we  know  for  certain 
that  m  =  0. 

Further,  if  lmn  =  0,  then  either  l  —  O,  or  r/i  =  0,  or  n=0,  and 
80  on  for  any  number  of  factors. 

Ex.  1 .     Solve  the  equation  (x  -  3)  (s  +  4) = 0. 
Here  we  must  have 

jc  — 3  =  0,  or  a;  +  4=0, 
that  is,  x=3,  or  x=  —4. 

Ex.  2.     (x-3a)(5x-2b)  =  0. 

Here  we  must  have 

x-'3a  =  0,  or  5a;  —  26  =  0, 

'2b 
that  IS,  x=3rt,  or  x  =  —. 

o 


ON  THE  ROOTS  OF  EQUATIONS.  '  235 

Examples.— cxxiii. 

r.  (x-2)(a;-5)=0.     2.  (x-3)(a;  +  7)  =  0.     3.  (a;  +  9)(a;  +  2)=0, 

4.  (a;-5a.)(a;-6&)=0.  6.  (19a; -227)  (14a; +  83)^0. 

5.  (2x  +  7)(3a;-5)  =  0.  7.  (5«-4m)(6x-lln)=0. 

8.  (x2  +  5aa;  +  6«2)  (a;2  _  7aa;  +  1  la^)  =  0. 

9.  (a;2  -  4)  {x^  -  2ax  +  cfi)  =  0. 

10.  a;  (a;2  -  5a;)  =  0. 

1 1 .  ((iicx  -  2rt  +  h)  {bcx  +  3a  -  6)  =  0. 

12.  (ex  -  d)  (ca;  -  c)  =  0. 

325.  The  general  form  of  a  i|uadratic  equation  is 

ax^  +  6x  +  c  =  0. 

Hence  a(x24--x  +  - J  =  0. 

\        a      a/ 

Now  a  cannot  =  0, 

a      a 

b  c 

Writing  p  for  -  and  q  for  -,  we   may  take  the  followini-- 
_       ,  a  ^         a  ■'  » 

as  tile  type  of  a  <[uadratic  equation  of  which  the  coethcient  of 

the  first  term  is  unity, 

326.  To  show  that  a  quadratic  equation  has  only  tivo  roota. 
Let  x^+px  +  q  =  0  be  the  equation. 

Suppose  it  to  have  three  ditferent  roots,  a,  h,  c. 

Then  a?  +  ap-\-q  =  0 (1), 

¥+  l)p  +  q  =  0 (2), 

c^  +  cp  +  q  =  0 (3). 

Subtracting  (2)  from  (1), 

a^  —  h'  -[-  {a  --b)p  =  0, 
or,  ia-b){a  +  b-\-p)  =  0. 
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Now  a-h  does  not  equal  0,  since  a  and  h  are  not  alike, 

.-.  «  +  6+j9  =  0 (4). 

Again,  subtracting  (3)  from  (1), 

a^  — c2+(a-c)  j?  =  0, 
or,  (a-c)(a  +  c+j?)  =  0. 

Now  a  —  c  does  not  equal  0,  since  a  and  c  are  not  alike, 

.-.  «  +  c-+^  =  0 (5). 

Then  siilitracting  (5)  from  (4),  we  get 

6  -  c  =  0,  and  therefore  i  =  c. 

Hence  there  are  not  more  than  two  distinct  roots. 

327.  We  now  proceed  to  show  the  rehxtions  existing  be- 
tween the  Roots  of  a  quadratic  equation  and  the  Coefficients 
of  the  terms  of  the  equation. 

328.  x2+px  +  g'=0 

is  the  general  form  of  a  quadratic  equation,  in  which  the  co- 
efficient of  the  first  term  is  unity. 

Hence  x^  +  ^o;  =  —  g 

Now  if  a  and  yS  be  the  roots  of  tlie  e(|uation, 

'--^V(fO m. 

/'-l-VCf') <^'- 

Adding  (1)  and  (2),  we  get 

a  +  l3^-p (3). 
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Multiplying  (1)  and  (2),  we  get 


<.^-?-?+!, 


t 

4      4 
or        a^  =  g (4). 

From  (3)  we  learn  that  the  sum  of  the  roots  is  equal  to  the 
coejjicient  of  the  second  term  ivith  its  sign  changed. 

From  (4)  we  learn  that  the  -product  of  the  roots  is  equal  to 
the  last  term, 

329.  The  equation  x^+px  +  q  =  0  has  its  roots  real  and 
different,  real  and  eqnal,  or  impossible  according  as  p^  is 
>  =  or  <  4q. 

For  the  roots  are 


-iWd'-')."-''^'-^*' 


First,  let  p-  be  greater  than  4q,  then  J{'p' -  4q)  is  a  possible 
quantity,  and  the  roots  are  different  in  value  and  both  real. 

Next,  let^2  =  4g',  then  each  of  the  roots  is  equal  to  the  real 

quantity  -^. 

Lastly,  let  p"^  be  less  than  4q,  then  ^{}r  —  4q)  is  an  im])OS- 
sible  quantity  and  the  roots  are  different  and  both  impossible. 


EXAMPLES.— CXXiV. 

I.     If  the  equations 

ax^  +  6x  +  c  =  0,  and  a'x^  +  Vx  +  c'  =  0, 

have  respectively  two  roots,  one  of  which  is  the  reciprocal  of 
the  other,  prove  that 

(aa'  -ccy  =  {ab'  -  be')  {a'h  -  b'c). 
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2.  If  a,  /^  be  the  roots  of  the  equation  ax-  +  hx  +  c  =  (),  prove 
that 

3.  U  a,  fS  be  the  roots  of  the  equation  ax^  +  bx  +  c  =  0,  prove 
that 

acx^  +  (2ac  —  b'^)x  +  ac  =  ac  Ix  —  ^Mx  —  -). 

4.  Prove  that,  if  the  roots  of  the  equation  ax"  +  bx  +  c  =  0  be 
equal,  ax'^  +  bx  +  c  is  a  perfect  square  witli  respect  to  x. 

5.  If  a,  j3  represent  the  two  roots  of  the  equation 

x"^  -  (1  +  a)  X  +  ^(1  +  ft  +  ft-) =0, 
sh  o\v  that  a-  +  13'^  =  a. 


330.     If  a  and  f3  be  the  roots  of  the  equation  x?+px  +  q=0, 
then  x~  +  jxr.  +  g  =  (x  -  a)  {x  -  (i). 

For  since  p=  -  (a  +  /5)  and  q  —  a(i, 

X-  +  'px  +  q  =  X'~{a  +  l3)  X  +  afi 
=  ix--a){x-l3). 

Hence  we  may  form  a  quadratic  equation  of  whicli  the  roots 
are  given. 

Ex.    1.     Form  the  equation  whose  roots   are  4  and  5. 

Here  x-a  =  x-4  and  x- (3  =  x-5; 

:.  the  equation  is  {x  -  4)  (x  —  b)  =  0 ; 
or,  a;--9x  +  20  =  0. 

Ex.   2.     Form  tlie  equation  whose  roots  are  -  and  -3. 


2 

mid   r  _  /?  =  r  4-  S  • 


Here  x-  u  =  x-  ^  and  ,i;-/?  =  .r  +  3; 


tlie  equation  is  Ix-  ^){x  +  3)  =  0; 


or,  (2x-l)(.r  +  3)  =  0: 

or,  2x-  +  5x-3  =  (». 
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Examples.— cxxv. 

Form  the  equations  wliose  roots  are 
I.    5  and  6.  2.    4  and  —5.  3-    -  2  and  —7. 

12'  5 

4.    g  and  -.  5.    7  and  --.  6.    J'i  and  -  ^/3. 


2  3'  ^9' 


11  a  fj 

7.    m  +  7^  and  7n.  —  n,  8.    -  and  ^.  9.    —  Qatul-. 


331.  Any  expression  containing  x  is  said  to  be  a  Function 
of  "x.  An  expression  containing  any  symbol  x  is  said  to  be  a 
pimtive  integral  function  of  x  when  all  the  powers  of  x  con- 
tained in  it  liave  positive  integral  indices. 

3         1 

For  example,  bx''  +  2x^  +  ^x*  +  j^x"^  +  Z  is  a  positive  integral 

function   of  x,  but   6x^  +  3x^  +  1    and    ry.r'^  -  ^x-"^  +  2x' +  I    are 

not,  because  tlie  first  contains  x'-^,  of  which  the  index  is  not 
integral,  and  the  second  contains  x'^,  of  which  the  index  is  not 
positive. 

332.  The  expression  S.^;^  +  4x2  +  2  jg  gr^\([  Iq  \)q  \}^q  expres- 
sion corresponding  to  the  equation  S.t:;^  +  4x"  +  2  =  0,  and  the 
latter  is  the  equation  corresponding  to  the  former. 

333.  If  a  be  a  root  of  an  equation,  then  x-a  is  a  factor 
of  the  corresponding  expression,  provided  the  equation  and 
expression  contain  only  positive  integral  powers  of  a;.  This 
principle  is  useful  in  resolving  such  an  expression  into  factors. 
We  have  already  proved  it  to  be  true  in  the  case  of  a  quadratic 
equation.  The  general  proof  of  it  is  not  suitable  for  the  stage 
at  whicli  the  learner  is  now  supposed  to  be  arrived,  but  we 
will  illustrate  it  by  some  Examples. 
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Ex.  1.     Resolve  2x^-5a;  +  3  into  factors. 

If  we  solve  the  equation  2x^-5x  +  3  =  0,  we  shall  find  that 
its  roots  are  1  and  ^. 

Now  divide  2a;^  -  5a;  +  3  by  x  -  1  ;  the  quotient  is  2x  -  3 
that  is  2  (a;  - 1)  ; 

.".  the  given  expression  =  2  (a;  -  1)  (  x  -  -  ). 

Ex.  2.     Resolve  2a;-''  +  x^ -  llx  -  10  into  factors. 

By  trial  we  find  that  this  expression  vanislies  if  we  put 
x=  -  1  ;  tbat  is,  —  1  is  a  root  of  the  equation 

2a;3  +  a;2- 11a;- 10  =  0. 
Divide  the  expression  by  a;  + 1 :  the  quotient  is  2x^  -  x  - 10  ; 
.".  the  expression  =  {2x^ -x-10)(x  +  l) 

=  2(x2-|-5)(x  +  l). 

We  must  now  resolve  x^  -  ^  —  5  into  factors,  by  solving  the 

corresponding  equation  x-  -  -  —  5  =  0. 

5 

The  roots  of  tliis  equation  are  -  2  and  - ; 

.-.  2x3  +  x2-llx-10  =  2(x  +  2)(x-|)(x  +  l) 
=  (x  +  2)(2x-5)(x  +  l). 


Examples.  — cxxvi. 

Resolve  into  simple  factors  the  following  expressions  : 

I.  x3-ll.r^  +  36x-36.  2.  a;^- 7x2  + 14.0-8, 

3.  x^  -  5.x- -  46x  -  40.  4.  4rc^  +  6x-  +  x-l. 

5.  6x='+ll.x2-9x-14.  6.  x^  +  %/  +  z^-Z:ajz. 

7.  n'^-W-c^-^ahc.  8.  3x3-x2-23x+ 21. 

9.  2.-:-''-5.'c2-17x  +  20.  lo.  15x3  +  41.x2  +  5;.;-2I. 
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334.  If  -we  can  find  one  root  of  such  an  equation  as 

2a;2  +  cc2-llx-10  =  0, 
we  CAM.  find  all  the  roots. 

One  root  of  the  equation  is  —  1 ;  . 

.-.  (x+l)(2x^-a;-10)  =  0; 
.-.  a;+l  =  0,  or  2x'-3;-10  =  0; 

.-.  x=  -1,  or  -2,  or  -. 

Similarly,  if  we  can  find  one  root  of  an  equation  involving 
the  4"'  power  of  x,  we  can  derive  from  it  an  equation  involving 
the  o"*  and  lower  powers  of  x,  from  which  we  may  find  the  other 
roots.  And, if  again  we  can  find  one  root  of  this,  the  other 
two  roots  can  he  found  from  a  quadratic  equation. 

335.  Any  equation  into  which  an  unknown  symbol  or  ex- 
pression enters  in  two  terms  only,  having  its  index  in  one  of 
the  terms  double  of  its  index  in  the  other,  may  be  solved  as  a 
quadratic  e(|uation. 

Ex.     Solve  the  equation  x"  —  Gx^  =  7. 

Regarding  x^  as  the  quantity  to  be  obtained  by  the  solution 
of  the  equation,  we  get 

x6-6x=5  +  9  =  16; 
therefore  x^  -  3  =  ±  4 ; 

therefore  x3  =  7,  or  x^=  —  1. 

Hence  x=  ^7  ox  x=  ^  -  1, 

and  one  value  of  ^  - 1  is  —  1. 

336.  In  some  cases  by  adding  a  certain  quantity  to  both 
sides  of  an  equation  we  can  bring  it  into  a  form  capable  of 
solution,  thus,  to  solve  the  equation 

x2  +  5x  +  4  =  5  >J(x^  +  5x  +  28), 
add  24  to  each  side. 

Then  x2  +  5x  +  28  =  5  y/ix"^  +  5x  +  28)  +  24 ; 

or,  x2  +  5x  +  28-5  V(a^2^5x  +  28)  =  24. 

This  is  now  in  the  form  of  a  quadratic  equation,  the  un- 
known quantity  being  <y(x^  +  5x  +  28\  and  completing  the 
Bqiiare  we  have 

[S.A.J  « 
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a;2  +  5:c-  +  28-5  ^(x^  +  53;  +  28)  +  ^  ^  i^ ; 

4        4 

.-.  V(a;"  +  5a;  +  28)-|=±^; 

whence  '      *y(-'';"^  +  5.'c  +  28)  =  8  or  -3;  , 

.-.  a;2  +  5:c  +  28  =  64  or  9; 
from   \\'liich  we  maA'  find  four  values  of  x,  viz.  4,  -  9,  and 
5+  V(-51) 


Examples.— cxxvii. 

Find  roots  of  the  following  e<j[uations : 


I. 

a;*-12a;'-^  =  13. 

3- 

a;8  + 22x1 +  21=0. 

5- 

^^"-r=i2- 

7- 

x-^  +  3.-=.|. 

9- 

x2-2.-;  +  6(i«2_2x  +  5)*  =  ] 

0. 

:(?  -  X  +  5  V(2x2  -  5a;  +  6)  = 

2. 

x6 

+  14x^ 

'+24= 

=  0. 

4. 

ar' 

''  +  3X'" 

=  4. 

6. 

X- 

9i 

5 

~2' 

8. 

a;-' 

^»-x- 

'=20. 

11. 

3a;  + 

33 

11.  x2-2V(3a;2-2ax  +  4)  +  4  =  |*(x  +  |  +  l). 

12.  ax +  2  J(x^  —  ax  +  a-) = x^  +  2a. 

337.  Every  equation  has  as  many  roots  as  it  has  dimen- 
sions, and  no  more.  This  we  have  proved  in  the  case  of 
simple  and  quadratic  equations  (Arts.  193,  323).  The  general 
proof  is  not  suited  to  this  work,  hut  we  may  illustrate  it  hy 
the  following  Examples. 

Ex.  1.     To  solve  the  equation  x'^—  1=0. 

One  root  is  clearly  1. 

Dividing  by  x  - 1,  we  obtain  x^  —  x  + 1  =  0,  of  which  the  roots 

-l+V-3       ,-l-x/-3 
are —^ and ^ . 
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Hence  the  tliree  roots  are  1, and 


2 

Ex.  2.     To  solve  the  equation  x^  -  1=0. 
Two  of  the  roots  are  evidently  4- 1  and  -  1. 

Hence,  dividing  by  (a;—  !)(*+  1),  that  is  by  y?—  1,  we  obtain 
x'+  1  =0,  of  which  the  roots  are  *J  —\  and  -  ^/—  1. 

Hence  the /oitr  roots  are  1,  -  1,  s! -  1,  a>'d  -  v'-  1- 

The  equation  a;^  — 6a;^  =  7  will  in  like  manner  have  six 
roots,  for  it  may  be  reduced,  as  in  Art.  335,  to  two  cubic 
equations,  x^  -  7  =  0  and  a;^  + 1  =  0, 

each  of  which  has  three  roots,  which  may  be  found  as  in 
Ex.  1. 


XXVII.    ON    RATIO. 

338.  If  a  and  B  stand  for  two  unequal  quantities  of  the 
same  kind,  we  may  consider  their  inequality  in  two  ways.  We 
may  a.>k 

(1)  B[]  what  quantity  one  is  greater  than  the  other? 

The  answer  to  this  is  made  by  stating  the  difference  be- 
tween the  two  ij[uantities.  Now  since  (|uan titles  are  represented 
in  Algebra  by  their  measures  (Art.  33),  if  a  and  b  be  the 
measures  of  A  and  B,  the  difference  between  A  and  B  is 
represented  algebraically  by  a  -  6. 

(2)  By  how  many  times  one  is  greater  than  the  other  ? 
The  answer  to  this  question  is  made  by  stating  the  number 

of  times  the  one  contains  the  other. 

Note.  The  quantities  must  be  of  the  same  kind.  We  can- 
not compare  inches  with  hours,  nor  lines  with  surfaces. 

339.  The  second  method  of  comparing  A  and  B  is  called 
finding  the  Eatio  of  A  to  B,  and- we  give  the  following  defi- 
nition. 

Def.  Eatio  is  the  relation  which  one  quantity  bears  to 
another  of  the  same  kind  with  respect  to  the  number  of  times 
the  one  contains  the  other. 


244  ON  RA  TIO. 


340.  The  ratio  of  J.  to  i>  is  expressed  thus,  A  :  B. 
A  and  B  are  called  the  Terms  of  the  ratio. 

A  is  called  the  Antecedent  and  B  the  Consequent. 

341.  Now  since  quantities  are  represented  in  Algebra  hy 
their  measures,  we  must  represent  the  ratio  between  two 
quantities  by  the  ratio  between  their  measures.  Our  next 
step  then  must  be  to  show  how  to  estimate  the  ratio  between 
two  numbers.  This  ratio  is  determined  by  hnding  how  many 
times  one  contains  the  other,  that  is,  by  obtaining  the  quotient 
resulting  from  the  division  of  one  by  tlie  other.     If  a  and  h, 

then,  be  any  two  numbers,  the  fraction  j  will  express  the  ratio 

of  a  to  h.     (Art.  136.) 

342.  Thus  if  a  and  h  be  the  measures  of  A  and  B  respec- 
tively, the  ratio  of  ^  io  B  is  represented  algebraically  by  the 

fraction  .-. 
b 

343.  If  a  or  b  or  both  are  surd  numbers,  the  fraction  ^ 

0 

may  also  be  a  surd,  and  its  approximate  value  can  be  found  l)y 
Art.  291.  Suppose  this  value  to  be  — ,  where  m  and  n  are 
wliole  numbers :  then  we  should  say  that  the  ratio  A  :  B  is 
approximately  represented  by  — . 

344.  Ratios  may  be  compared  with  each  other,  by  com- 
paring the  fractions  by  Avhich  they  are  denoted. 


Thus  the  ratios  3  :  4  and  4  :  5  may  be  compared  by  com- 
4        5 


3  4 

paring  the  fractions  -  and  -. 


These  are  equivalent  to  --  and  —  respectively ;  and  smce 

—  is  greater  than  tt^,  the  ratio   4  :  5   is  greater  than    the 
20       '^  20' 

ratio  3:4 
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EXAMPLES.— cxxviii. 

1.  Place  in  order  of  magnitude  the  ratios  2  :  3,  G  :  7,  7  :  9. 

2.  Compare  tlie  ratios  a;  +  Sy  :  a;  +  2i/  and  x  +  'iy  -.x  +  y. 

3.  Compare  the  ratios  x-dy  :  x  —  4y  and  x-3y  -.x-  2y. 

4.  Wliat  number  must  be  added  to  each  of  the  terms  of  the 
ratio  a  :  h,  that  it  may  become  the  ratio  c  :  dl 

5.  The  sum  of  the  squares  of  the  Antecedent  and  Conse- 
quent of  a  Eatio  is  181,  and  the  product  of  the  Antecedent 
and  Consequent  is  90.     What  is  the  ratio? 

345.  A  ratio  of  greater  inequality  is  one  whose  antecedent 
is  greater  than  its  consequent. 

A  ratio  of  less  inequality  is  one  whose  antecedent  is  less  than 
its  consequent. 

This  is  the  same  as  saying  a  ratio  of  greater  ineqnality  is 
represented  by  an  Improper  Fraction,  and  a  ratio  of  less  in- 
equality by  a  Proper  Fraction. 

34(j.  A  Eatio  of  greater  inequality  is  diminished  hy  adding 
the  same  number  to  both  its  terms. 

Thus  if  1  be  added  to  both  terms  of  tlie  ratio  5  :  2  it  becomes 

6  :  3.  wliicli  is  less  than  the  former  ratio,  since  „,  that  is,  2,  is 

less  than  -j. 

And,  in  general,  if  x  be  added  to  both  terms  of  the  ratio 
a  :  b,  where  a  is  greater  tlian  b,  Ave  may  compare  the  two 
ratios  thus, 

ratio  a  +  x  :  b  +  x  is  less  than  ratio  a  :  h, 

if  -; — ^  be  less  than  -y, 

b+x  V 

■  n  ab  +  bx  ,     ,       ^,       ab  +  ax 

11  -jii — f-  be  less  than  -rr, — r-, 

0-  +  bx  ¥  +  bx' 

if  ab  +  bx  be  less  than  ab  +  ax, 

if  bx  be  luss  than  ax, 

if  b  be  less  than  a. 

Now  b  is  less  than  a ; 

.".  a  +  x  :  b  +  x  is  less  than  a  :  K 
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347.  We  may  observe  that  Art.  346  is  merely  a  repetition 
of  that  which  we  proposed  as  an  Example  at  the  end  of  the 
chapter  on  Miscellaneous  Fractions.  There  is  not  indeed  any 
necessity  for  us  to  weary  the  reader  with  examples  on  Eatio: 
for  since  Ave  express  a  ratio  by  a  fraction,  nearly  all  that  we 
might  have  had  to  saj'  about  Ratios  has  been  anticipated  in 
our  remai^ks  on  Fi-actions. 

348.  Tlie  student  may,  however,  woric  the  following  Theo- 
rems as  Exam})les. 

(1)  If  a  :  Z»  be  a  ratio  of  greater  inequality,  and  x  a  positive 
quantity,  the  ratio  a-x  :  h-  x  is  greater  tlian  the  ratio  a  :  b. 

(2)  If  a  :  h  he  a  ratio  of  less  inequality,  and  x  a  positive 
quantity,  the  ratio  a  +  x:  h  +xJs  greater  tlian  the  ratio  a  :  h. 

(3)  If  «  :  h  be  a  ratio  of  less  inequality,  and  x  a  positive 
quantity,  the  ratio  a  —  x:  b  —  x  is  less  tlian  the  ratio  a  :  b. 

349.  In  some  cases  we  may  from  a  single  e(|uation  involv- 
ing two  unknown  symbols  determine  the  ratio  betw^een  the 
two  symbols.  In  other  words  we  may  be  able  to  determine  the 
relative,  values  of  the  two  symbols,  though  we  cannot  determine 
their  absolute  values. 

Thus  from  the  equation  4x  =  3y, 

X     3 
we  get  -  =  -r. 

?/     4 

Again,  from  the  equation  3x'  =  2y\ 

,  rc^     2  ,  , ,        p       X      1^2 

we  get    „  =  ^ ;  and  tliereiore    =  — j^. 

y-   i  .  y    \/3 

Examples.— cxxix. 

Find  the  ratio  of  x,  to  y  from  the  following  equations: 
I.    9.-c  =  6y.  2.    ax=^by.  3.    ax-by  —  cx  +  dy. 

4.    a;- +  2,17/ =  5y2.        5.    x^-l'ixy^l?)!]-.      6.    X'  +  mxy^n^yK 

7.  Find  two  numbers  in  the  ratio  of  3 :  4,  of  Avhich  the 
sum  is  to  the  sum  of  their  squares  : :  7  :  50. 

8.  Two  numbers  are  in  the  ratio  of  6  :  7,  and  when  12  is 
added  to  each  the  resulting  numbers  are  in  the  ratio  of  12  :  13. 
Find  the  numbers. 
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9.  The  sum  of  two  numbers  is  100,  and  the  numbers  are 
in  the  ratio  of  7  :  13.     Eind  them. 

10.  The  difference  of  the  squares  of  two  numbers  is  48, 
and  the  sum  of  the  numbers  is  to  the  difference  of  the  num- 
bers in  the  ratio  12  :  1.     Find  the  numbers. 

11.  If  5  gohl  coins  and  4  silver  ones  are  worth  as  much  as 
3  gokl  coins  and  12  silver  ones,  find  the  ratio  of  the  value  of  a 
gold  coin  to  that  of  a  silver  one. 

12.  If  8  gold  coins  and  9  silver  ones  are  worth  as  much  as 
6  gold  coins  and  19  silver  ones,  find  the  ratio  of  the  value  of  a 
silver  coin  to  that  of  a  "old  one. 


350.     Ratios  are  com-pounded  by  multiplying  together  the 
fractions  by  which  they  are  denoted. 

Thus  the  ratio  compounded  of  a  :  6  and  c  :  cZ  is  ac  :  hd. 


Examples.— cxxx. 

Write  the  ratios  compounded  of  the  ratios 

1.  2:3  and  4  :  5. 

2.  3  :  7,  14  :  9  and  4:3. 

3.  x^  ~y-  :  x^  +  y^  and  x"^  -  xy  +  ij^  :  x  +  y. 

4.  a'^  —  lr  +  'ibc-c^  :  a^  -  b"^  -  2bc  -  c^  and  a  +  h+t  :  a  +  h—& 

5.  m^  +  n^  :  111^  —  n^  and  m  —  »i  :  m  +  n. 

6.  a;2  +  5a;  +  6  :  y'  -  "y  +  12,  and  y"  -  'iy  :  x-  +  3a;. 


351.     The  ratio  a^ :  V-  is  called  the  Duplicate  Ratio  of  a  :  ft. 

Thus  100  :  64  is  the  duplicate  ratio  of  10  :  8, 
and  36a;-  :  25?/^  is  the  duplicate  'ratio  of  6a;  :  by. 

The  ratio  a^  :  h^  is  called  the  Triplicate  Ratio  of  a  :  &. 

Thus  64  :  27  is  the  triplicate  ratio  of  4  :  3, 
ind  343a;3  :  l?j?Ay^  is  the  triplicate  ratio  of  1x  :  Uy. 
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352.  The  definition  of  Ratio  given  in  Euclid  is  the  same  as 
in  Algebra,  and  so  also  is  the  expression  for  the  ratio  that  one 
quantity  bears  to  another,  that  is,  A  :  B.  But  Euclid  cannot 
employ  fractions,  and  hence  he  cannot  represent  the  value  of  a 
ratio  as  we  do  in  Algebra. 


XXVIII     ON    PROPORTION. 

353.  Proportion  consists  in  the  equality  of  two  ratios. 

The  algebraic  test  of  Proportion  is  Ihat  the  two  fractions 
representing  the  ratios  must  he  equal. 

Thus  the  ratio  a  :  h  will  be  equal  to  the  ratio  c  :  d, 
.„  «     c 

and  the  four  numbers  a,  b,  c,  d  are  in  such  a  case  said  to  be  in 
proportion. 

354.  If  the  ratios  a  :  b  and  c  :  d  form  a  proportion,  we 
express  the  fact  thus  : 

a  -.b^c  :  d. 

This  is  the  clearest  manner  of  expressing  the  equality  of  the 
ratios  a  :  h  and  c  :  d,  but  there  is  another  way  of  expressing 
the  same  fact,  thus 

a  :  h  .:  c  :  d, 
xAnch  is  read  thus, 

rt-  is  to  6  as  c  is  to  d. 

The  two  terras  a  and  d  are  called  the  Extremes. 
fc  and  c  the  Means 

355.  When  four*numhcrs  are  in  proportimi, 

product  of  extremes  =  product  of  means. 
Let  a,  b,  c,  d  be  in  proportion. 

rr-,  a     c 

Then  ^=5. 
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Multiplying  both  sides  of  the  equation  by  Id,  we  get 

ad  =  he. 

Conversely,  if  ad=bc  we  can  show  that  a  :b==c:d. 

For  since        ad  =  bc, 

dividing  both  sides  by  hd,  we  get 

ad_bc 
bd^W 

that  IS,  ^  =  ^,i.e.a:b  =  c:d. 

356.  lfad  =  bc, 

Dividing  by  cd,  we  get  -^  n  i-e.  a  :  c^b  :  d  ; 

d     c 
Dividing  by  ab,  we  get  t^  =  -,  i.e.  d  :  b  —  c  :  a; 

Dividing  by  ac,  we  get  -  =  -,  i.e.  d  :  c=b  :  a. 

357.  From  this  it  follows  that  if  any  4  numbers  be  so 
related  that  tlie  product  of  two  is  equal  to  the  product  of  the 
other  two,  we  can  express  the  4  nmubers  in  the  form  of  a  pro- 
portion. 

The  factors  of  one  of  the  products  must  form  tlie  extremes. 

The  factors  of  the  other  product  must  form  the  means. 

358.  Three  quantities  are  said  to  be  in  Continued  Pro- 
portion when  the  ratio  of  the  first  to  the  second  is  eqiial  to 
the  ratio  of  the  second  to  the  third. 

Thus  a,  b.  c  are  in  continued  proportion  if 
a  ■.h  =  h  :  c. 

The  quantity  b  is  called  a  Mean  Proportional  between 
a  and  c. 
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Four  quantities  are  said  to  be  in  Continued  Proporticm 
when  the  ratios  of  the  first  to  the  second,  of  the  second  to 
the  tlnrd,  and  of  the  third  to  the  fourth  are  all  eqnal. 

Thus  a,  b,  c,  d  are  in  continued  proportion  when 
a  :  h  =  h  :  c  =  c  :  d. 

359.  We  showed  in  Art.  205  the  process  by  which  wlien 
two  or  more  fractions  are  known  to  be  equal,  other  relations 
between  the  numbers  involved  in  them  may  be  determined. 
That  process  is  of  course  applicable  to  Examples  in  Ratio  and 
Proportion,  as  we  shall  now  show  by  particular  instances. 

Ex.  1.     l^  a  •.h  =  c  :  d,  prove  that 

a~-\-lr  :  a"^ - h"^  =  c' +  d^  :  c-d^^ 


Since 

a:h  =  c:d,   -^=^ 

Let  l^\. 
b 

Then|=\; 

.-.  a  =  \h,   and   c  =  \d. 

Now 

X2  +  1 
\2-l' 

and 

c2  +  d2    \W  +  d^    d^X^  +  l) 
c^-d'^~\hl^-d-^     rf2(X2-l) 

\2  +  l 
\2-l" 

Hence 

that  is. 

a^  +  P  :  a'^-F-==c'  +  d-.  c^ 

-dl 

Ex.  2.     If  a  :  h  ::  c  :  d,  prove  that 


LetS'  =  X.     Then^  =  X; 


d 
.-.  a=\h,    and    c  =  \d. 
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^T  a    \b     h 

-Now  ~  =  n  =  i' 

Hence  -  =  ^tVi — m ; 

c     4/(c^  +  #) 

that  is,  a  :  c  : :  4/(a*  +  6')  :  4^(c*  +  #). 

Ex.   3.     If  «:  6  =  c  :  (?  =  c  :/,  prove  that  each  of  these  ratios 
is  e([ual  to  the  ratio  a  +  c  +  e  :  1  +  d  +/. 

Let  T  =  ^,  -5  =  ^1  7=^- 

b      '  d       '         J 

Then  a  =  'Kb,         c=\d,        e=X/. 

■j^  fi  +  c  +  c_X6  +  Xf^  +  X/_X(6_-Hi+/)_. 

'^      b  +  d+f    b  +  d+f  "'b  +  d+f  ~  ' 

fT  a  +  c  +  eace 

b+d+f    b    d    J 

that  is,  a  +  r  +  e  :  6  +  f?  +/=  n  :  b  =  c  :  d  =  e  :/. 

Elx.   4-.     If  a,  &,  c  are  in  continued  proportion,  show  that 
a^  +  b^  :  6"  +  c-  =  a  :  c. 

Let  ^=X.     Then  -^=X. 
0  c 

Hence  a  =  \b  and  6  =  Xc. 

Now  ™-  =  ^'-'^1±1^ = b'jX-^  +  l) ^ ^^+V)  Jb^^ac^a 
.  b'^  +  c-  ~  i!)2  +  c^  ~  X"'c2  +  c"'^  ~  c-(X-  +  1 )  ~  c^  ~  c- "~  c" 

Ex.  5.     If  15«  +  6  :  15c  +  (Z  =  12a  +  6  :  12c  +  d,  prove  that 

« : 6  =  c :  rf. 
Since  15a  +  6  :  15c  +  (Z  =  12a  +  i  :  ISc  +  f?, 

cud  since  nrodnct  of  extremes  =  i)rodiict  of  means. 
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(15a  4- fe)  (12c  +  d)  =  (15c  +  fO  (12«  +  6), 

or,        180ac  +  12k  +  Xhai  +  M  =  180ac  + 12«(/  +  Ybhc  +  6fi, 

or,  126c  +  15afZ  =  12af/  +  156c, 

or,  3a(Z  =  36c, 

or,  ad  =  hc. 

Whence,  by  Art.  355,     a:h  =  c:d. 

Additional  Examples  Avill  be  found  in  pa^e  137,  to  which 
we  may  add  the  i'ollowing. 

EXAMPLES. — CXXXi. 

r.    If  a  :h  =  c  :  d,  show  that  a  +  h  :  a  =  c  +  d'  c 

2.    Ua:b  =  c:d.  show  that  a-  -  h" :  h-  =  c-  -  d^  :  (P. 

-t.    If  a, :  6i=a2 :  O2,  show  that  —  y- =y-. 

•^  1  1  -  ->  V(li6i  +  ???2'*2         Ol 

4.  If  a  :  6  ::  c  :  rf,  show  that 

3„.'2  +  f,/,  +  2Jfl  :  3ft2  -  2^2  : :  3c-  +  cd  +  2r/2 :  3c2  -  2dK 

5.  If  «. :  Z)  =  c  :  rf,  show  that 

ft-  +  3«&  +  h-:c"  +  -icd  +  d"'  =  2ah  +  Zlf- :  2cd  +  M^-. 

6.  If  ft  :  h  =  c  :  d  =  e  :/then  ft  :  h  =  mc-ne  :  md-nf. 

7.  If  —ft,  -6,  any  parts  of  a,  h,  be  taken  from  a  ana  h 

'  n      n 

respectively,  show  that  ft,  b,  and  the  remainders  form  a  propor- 
tion. 

8.  .If  ft  :  6=c  :  d=e  :/,  show  that 

ftt!  :  M  =  Zft2  +  7?ic"  +  9;<'-  :  llr  +  riuP  +  np. 

9.  If  ((1  :  ?;i  =  tt2  :  h  =  (h  ■  K  show  that 

fti-  +  a2^  +  tts^  :  bi-  +  bi  +  b}  ::  a^  :  h^. 
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10.  Il'tti  :  ?^i  =  «o  :  63  =  0.3  :  63,  sliow  that 

11.  It  ~, -, — 77,  =  -^ -, — f5,  snow  that  /  =  j. 

J  2.     If  rt^  +  6"  :  o?  -  6'^  =  c-  +  tr-  :  <?  —  d^,  show  that 

13.  If  ft  :  6  =  c  :  d,  show  that 

(ft  +  c)  {a^±f)  ^  {b  +  d)(b'^  +  d^ 
(ft  -  c)  ("2  -  c2)     (?>  -  d.)  {¥  -  d')' 

14.  Iffti  :  6x  =  «2  :  &2,  shuw  tliat 

fti  :  &i=  V(«i^  +  «2^)  :  V(V  + V)- 

0?^  </ic  Geometrical  Treatment  of  Proportion. 

360.  The  definition  of  Proportion  (viz.  the  etxuality  of 
ratios)  is  the  same  in  Euclid  as  in  Algebra.  (Eucl.  Book  v. 
Def.  6  and  8.) 

But  the  ways  of  testing  whether  two  ratios  are  equal  are 
quite  different  in  Euclid  and  in  Algebra. 

The  algebraic  test  is,  as  we  have  said,  that  the  two  fractions 
representing  the  ratios  must  be  equal. 

Euclid's  test  is  given  in  Book  v.  Def.  5,  where  it  stands 
thus  : 

"  The  first  of  four  magnitudes  is  said  to  have  the  same  ratio 
to  the  second  which  the  third  has  to  the  foiu'th,  wlien  any 
equimultiples  whatsoever  of  the  first  and  third  being  taken 
and  any  equimultiples  whatsoever  of  the  second  and  fourth  : 

"  If  the  multiple  of  the  first  be  less  than  that  of  the  second, 
the  multiple  of  the  third  is  also  less  than  that  of  the  fourth  : 

or, 

"  If  the  multiple  of  the  first  be  equal  to  that  of  the  second, 
the  multiple  of  the  third  is  also  equal  to  that  of  the  fourth  : 
or. 
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"If  the  multiple  of  the  first  be  greater  than  that  of  the 
second,  the  multiple  of  the  third  is  also  greater  than  that  of 
the  fourth. " 

We  .shall  now  show,  first,  how  to  deduce  Euclid's  test  of  the 
equality  of  I'atios  from  the  algebraic  test,  and  secondly,  how  to 
deduce  the  algebraic  test  from  that  employed  by  Euclid. 

361.  I.  To  show  that  if  quantities  be  proportional  accord- 
ing to  the  algebraical  test  they  will  also  be  projiortional 
according  to  the  geometrical  test. 

If  a,  6,  c,  d  be  proportional  according  to  the  algebraical 
test, 

a_c 
b~d' 

Multiply  each  side  by  — ,  and  we  get 

ma_mc 
nb     nd* 

Now,  from  the  nature  of  fractions, 

if  ma  be  less  than  nh,  mc  will  also  be  less  than  nd,  and 
if  ma  be  equal  to  7ib,  mc  will  also  be  equal  to  nd,  and 
if  ma  be  greater  than  nb,  mc  will  also  be  greater  than  nd. 

Since  then  of  the  four  quantities  a,  b,  c,  d  equimultiples  have 
been  taken  of  the  first  and  third,  and  equitnultiples  of  the 
second  and  fourth,  and.  it  appears  that  when  the  multiple  of 
the  first  is  greater  than,  tqual  to,  or  less  than  the  multiple  of 
the  second,  the  multiple  of  the  third  is  also  greater  than, 
equal  to,  or  less  than  the  multiple  of  the  fourth,  it  follows  that 
a,  b,  c,  d  are  proportionals  according  to  the  geometrical  test. 

362.  II.  To  deduce  the  algebraic  test  of  proportionality 
from  that  given  by  Euclid. 

Let  a,  b,  c,  d  be  proportional  according  to  Euclid. 

Then  if  t-  is  not  equal  to  ^, 

let  ^^^  he  equal  to  ^ (1). 
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Take  m  and  %  such  that 

ma  is  greater  than  vh, 

but  less  than  /!-(6  +  a;) (2). 

Then,  by  Euclid's  definition, 

mc  is  greater  than  nd (3). 

Butsmce,by(l),        ;^--)  =  -^, 

and,  by  (2),  ma  is  less  than  7t(6  +  .r), 

it  follows  that  mc  is  less  than  jk^ (4). 

The  results  (3)  and  (4)  therefore  contradict  each  other. 

Hence  (1)  cannot  be  true. 

Therefore  t  is  equal  to  -,. 

We  shall  conclude  this  chapter  with  a  mixed  collection  of 
Examples  on  Ratio  and  Proportion. 


EXAMPLES.— CXXXii. 

1.  If  ct -  6  :  6 -  c  ::  &  :  0,  show  that  6  is  a  mean  proportional 
between  a  and  c. 

2.  If  a  :  6  : :  c  :  d,  show  that 

a+b  c+d 

and  a:h::  4/(rH«.*  +  ?ic>)  :  ^{m¥+  id*). 

3.  li  a  :  b  ::  c  :  d,  prove  tliat 

mft  —  nh  _  mc  -  iid 
tna  +  nh     mc  +  nd' 

4.  If  5a  +  3b  :7a  +  3b  ::  oii  +  'Sc -.Ib  +  Sc, 
b  is  a  mean  proportional  between  a  and  c. 

5.  If  4  quantities  be  proportional,  and  the  first   be  the 
greatest,  the  fourth  is  the  least. 

If  a  +  b,m  +  n,m-n,a  —  bhe  four  such  quantities,  show  that 
b  is  greater  than  n. 
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6.  Solve  the  ec[uation 

x-1  :x-2  =  2a;  +  l  :x  +  2. 

7.  If — 5— =  —7—5  show  tliat  the  ratios  a  :  b  and  c  ;  d  are 

0  a 

also  equal. 

8.  In  a  mile  race  between  a  bicycle  and  a  tricycle,  their 
rates  were  proportional  to  5  and  4.  The  tricycle  had  half-a- 
minute  start,  but  was  beaten  by  176  yards.  Find  the  rates  of 
each. 

9.  li  a  :  b  ::  c  :  d  and  a  is  the  greatest  of  the  four  quanti- 
ties, show  that  a^  +  d"  is  greater  than  h'^  +  c'^. 

^,         ,,    ^  ...  lOa  +  b     12(1  +  6 

10.  bhow  that  II  rr-T ,  =  -r^ -„  then  a  :  0  ::  c  :  a, 

K)c  +  d     I2c  +  d' 

11.  If  :<;  :  7/  ::  3  :  2  and  x  :  25  ::  24  :  7/,  tind  x  and  y. 

1 2.  If  a,  b,  c  be  in  contmued  propoiiioii,  then 

(1)  a  :  a  +  b  ::  a  -  b  :  a  -  c ; 

(2)  (a2  +  62)  (62  +  c2)  =  («6  +  6c)2. 

n.     If  ti :  6  : :  c  :  cL  show  that  — j—  =  — j— : 

and  hence  solve  the  equation 

ab  —  bc  —  dx_^a  —  b  —  c 
bc  +  dx  b  +  c   ' 

14.  If  «,  6,  c  are  in  continued  proportion,  show  that 

a  +  mb  :  a  -  mb  ::  b  +  mc  :  b  -  mc. 

15.  If  a  :  6  ::  5  :  4,  find  tlie  value  of  the  ratio 

a^  -b'^ :  a-  +  b^. 

16.  The  sides  of  a  triangle  are  as  2-  :  3'-  :  4,  and  the  peri- 

^4 

meter  i.s  205  yards :  find  tlie  sides. 

17.  The  sides  of  a  triangle  are  as  3  :  4  :  5,  and  the  peri- 
meter is  480  yards :  find  the  sides. 
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1 8.  Assuming  a  +  &  -.f  +  q^  '■'■'P  —  (l  '•  a-i, prove  that  tlie  sum 
of  the  greatest  and  least  terms  of  any  proportion  is  greater  than 
the  snm  of  the  other  two. 

19.  A  waterman  rows  30  miles  and  back  in  12  hours,  and 
he  finds  that  he  can  row  5  miles  witli  the  stream  in  the  same 
time  as  3  against  it.     Find  the  rate  of  the  stream. 

20.  There  are  three  equal  vessels  A,  B,  G ;  the  first  con- 
tains water,  tlie  second  brandy,  the  third  brandy  and  water. 
If  the  contents  of  B  and  C  be  put  together,  it  is  found  that  the 
mixture  is  nine  times  as  strong  as  if  the  contents  of  A  and  G 
had  been  put  together.  '  Find  the  ratio  of  the  brandy  to  the 
water  in  the  vessel  G. 

21.  A  factor  buys  a  certain  quantity  of  wheat  which  he 
sells  again  so  as  to  gain  5  per  cent,  on  his  outlay,  and  thus 
clears  £16.  Had  he  sold  it  at  a  gain  of  5s.  a  quarter  he  would 
have  cleared  as  many  pounds  as  each  quarter  cost  shillings. 
How  many  quarters  did  he  buy,  and  what  did  each  quarter 
cost  him  ? 

22.  A  man  buys  a  horse  ami  sells  it  for  £144,  gaining  as 
much  per  cent,  as  the  horse  cost  liim.  Wliat  was  the  price  of 
the  horse  ] 

23.  I  buy  goods  and  sell  them  again  for  £96,  gaining  as 
mucli  per  cent,  as  the  goods  cost.     What  is  the  cost  price  ? 

24.  A  man  bought  some  sheep  and  sold  them  again  for  £24, 
gaining  as  much  per  cent,  as  the  sheep  cost  him.  What  did  he 
give  for  them  ? 

25.  A  certain  crew,  who  row  40  strokes  per  minute,  start 
at  a  distance  equivalent  to  four  of  their  own  strokes  behind 
another  crew,  who  row  45  strokes  to  the  minute.  In  8  minutes 
the  former  succeed  in  bumping  the  latter.  Find  the  ratio 
between  the  lengths  of  the  strokes  of  the  two  boats. 

26.  The  time  which  an  express  train  takes  to  travel  a 
journey  of  180  miles  is  to  that  taken  by  an  ordinary  train  as 
9  :  14.  The  ordinary  train  loses  as  much  time  from  stoppages 
as  it  would  take  to  travel  30  miles  without  stopping.  The 
express  train  only  loses  half  as  much  time  as  the  other  in  t^'" 

fS-A.] 
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manner,  and  it  also  travels  15  miles  an  hour  quicker.  Sup- 
posing the  rates  of  travelling  uniform,  what  are  they  in  miles 
per  hour  % 

27.  Au  article  is  sold  at  a  loss  of  as  much  per  cent,  as  it 
is  worth  in  pounds.  Show  that  it  cannot  be  sold  for  more 
than  J25. 


XXIX.    ON   VARIATION. 

363.  If  a  sum  of  money  is  put  out  at  interest  at  5  per  cent, 
the  jjrincipal  is  20  times  as  great  as  the  annual  interest,  what- 
ever the  sum  may  be. 

Hence  if  x  be  the  principal,  and  y  the  interest, 
a;  =  201/. 

Now  if  we  change  x  we  must  change  1/  in  the  same  j)'>'opor- 
tion,  for  so  long  as  the  rate  of  interest  remains  the  same,  x 
will  always  be  20  times  as  great  as  y,  and  hence  if  x  be 
doubled  or  trebled,  y  will  also  be  douliled  or  trebled. 

This  is  an  instance  of  what  is  called  Direct  Variation, 
of  which  we  may  give  the  following  definition. 

Def.  One  quantity  y  is  said  to  vary  directly  as  another 
quantity  x,  when  y  depends  on  x  in  such  a  manner  that  any 
increase  or  decrease  made  in  the  value  of  x  produces  a  propor- 
tional increase  or  decrease  in  the  value  of  y. 

364.  If  x=my,  wliere  m  is  a  constant  quantity,  that  is,  a 
quantity  which  is  not  altered  by  any  change  in  the  values  of  x 
and  y, 

y  will  vary  directly  as  x. 

For  any  increase  made  in  the  value  of  x  must  produce  a 
proportional  increase  in  the  value  of  y.  Thus  if  x  be  doubled, 
y  must  also  be  (Joubled,  to  preserve  the  equality  of  x  and  my, 
since  m  cannot  be  changed. 
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365.  Suppose  a  man  can  reai>  an  acre  of  corn  in  a  day. 
Tlien  10  men  can  reap  60  acres  in  G  days, 

and  20  men  can  reap  60  acres  in  3  days. 

So  that  to  do  the  same  amount  of  work  if  we  doiihle,  the 
mimber  of  men  we  must  lialve,  the  number  of  days. 

This  is  an  instance  of  what  is  called  Inverse  Variation, 
of  which  we  may  give  the  following  definition. 

Def.  One  quantity  y  is  said  to  vary  mversely  as  another 
quantity  x,  when  y  depends  on  x  in  such  a  manner  that  any 
increase  or  decrease  made  in  the  value  of  x  produces  a  propor- 
tional decrease  or  increase  in  the  value  of  y. 

366.  If  ;<;  =  — ,  where  m  is  constant, 

y 

y  will  vary  inversely  as  x. 

For  any  increase  made  in  the  value  of  a;  must  produce  a  pro- 
portional DECREASE  in  the  value  of  y.     Thus  if  a;  be  doubled, 

y  must  be  halved,  to  preserve  the  equality  of  x  and  — . 

„                                      „       2)?t     m 
For  2x= = — . 

y     y 

2 

367.  If  1  man  can  reap  1  acre  in  1  day, 
5  men  can  reap  20  acres  in  4  days, 

and     10  men  can  reap  80  acres  in  8  days. 

That  is,  the  number  of  acres  reaped  will  depend  on  thd 
product  of  the  number  of  men  into  the  nuiulier  of  days. 

This  is  an  example  oi  joint  variation,  of  which  we  may  give 
the  following  definition. 

Def.  One  quantity  a;  is  said  to  vary  jointly  as  two  others 
y  and  ?,  when  any  cha,nge  made  in  x  produces  a  proportional 
change  in  the  product  of  y  and  2. 

368.  One   quantity  x  is  said  to  vary  directly  as  y  and 

y 
inversely  as  s  when  x  varies  as  -. 
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369.  Theorem,  if  x  varies  as  y  when  %  is  constant,  and 
as  z  wl)eii  '/  is  constant,  then  when  y  and  2  are  Loth  variable, 

a;  va>ries  as  yz. 

Let  x  =  m.yz. 

Then  we  have  to  show  that  m  is  constant. 

Now  when  z  is  constant, 

a;  varies  as  y  ; 
.'.  mz  is  constant. 

Now  s  cannot  involve  1/,  since  z  is  constant  when  y  changes, 
and  therefore  m  cannot  involve  y. 

Similarly  it  may  be  shown  that  m  cannot  involve  z  ; 

:.  m  is  constant, 

and  X  varies  as  yz. 

370.  The  symbol  oc  is  used  to  exj^ress  variation  ;  thus  xocy 
stands  for  the  words  x  varies  as  y. 

371.  Variation  is  only  an  abbreviated  form  of  expressing 
proportion. 

Thus  when  we  say  that  x  varies  as  y,  we  mean  that  x  l)ears 
to  y  the  same  ratio  that  any  given  value  of  x  bears  to  the 
corresponding  value  of  y,  or 

X  :  y=ei  given  value  of  x  :  the  corresponding  value  of  y. 

And  similarly  for  the  other  kinds  of  variation,  as  will  be 
seen  from  our  examples. 

Ex.  1.     If  ic oc  1/  and  y<xz,to  show  that  xocz. 
Let  0/ = my,  and  y=nz. 

Then  substituting  this  value  of  y  in  the  first  equation, 
x  =  mnz  ; 
and  therefore,  since  mn  is  constant, 
xocz. 
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Ex.  2.     If  ajoc  y  and  xocz,  then  will  cccx  V(2/2!)- 
Let  x=my,  and  a; =712. 

Then  x^=mnyz; 

Now  sj(mn)  is  constant ; 

•••  a;oc  ^{ijz). 

Ex.   3.     If  7/ vary  as  x,  and  when  x=l,  1/  =  2,  what  will  be 
the  value  of  y  when  x  =  2] 

Here  y  :  a;=  a  given  value  of  y  :  corresponding  value  oix; 
:.  y  :  x=2  :  1  ; 
.".  y  =  2x. 
Hence,  when  x=2,  y  =  4. 

Ex.  4.     If  A  vary  inversely  as  B,  and  when  A=2,  5=12, 
what  will  B  become  when  ^  =9  ? 

1  1 

Here  A  :  -^=  a  given  value  ol  A  : ,-. . ^^  ; 

B  corresponding  valne  01 B 

•A-^-2-^- 
'■^■B-^-12' 

■  A-^ 

■'  12~B 


Hence,  when  A  =  d, 


9^2 
12  ~  5' 


„    24     8     „2 
whence  ~^^Z^    Z' 

Ex.  5.     If  ^  vary  jointly  as  5  and  (7,  and  when  v4  =  6, 5=6, 
and  C'=15,  find  the  value  of  A  when  JS=10  and  C=3. 

Here 
A  :  BG=  a  given  value  of  A  :  corresponding  value  of  5(7; 
/.  ^  :5C'=6  :  6x15; 
.-.  90^  =  65(7, 
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Hence,  when  5=  10  and  C=3, 

90^  =  6x10x3; 

••^-90-^- 

Ex.  6.    If  z  vary  as  x  directly  and  y  inversely,  ana  if  wHeu 
z  =  2,  a;  =  3  and  i/  =  4,  what  is  the  value  of  z  when  x  =  15  and 

TT  X  .  1        r       correspondincT  value  of  x 

Here  »  :  -  =  a  given  value  oi  z  :  * — ^r^^^ — =. „-    ; 

V  corresponding  value*oi  y 

«     o    3 

y         4' 

.   33_2x 

4  ~y 

Hence,  when  a;  =15  and  i/  =  8, 

33_30 
4~  8  ' 

120  -  i 


Examples.— cxxxiil. 


1  1 

I.     If  A  oc  -_,  and  i? cc  -=^  then  will  A<xO, 

3.     If  ^  ocB  then  will  j,°^-p. 

3.  U  AazB  and  Ccc  D  then  will  A  Gcc  5D. 

4.  If  xozy,  and  when  x=7,  y  =  5,  find  the  value  of  a;  wheu 
y  =  12. 

5.  If  XOC-,  and  when  x=lO,  y  =  2,  find  the  value  of  y  when 
x  =  4. 
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6.  If  xoci/z,  and  when  x=l,y  =  2,z  =  3,  find  the  value  of  y 

when  X = 4  and  z  =  2. 

7.  If  a;oc^,  and  when  a;=6, 2/=4,  and  2  =  3,  find  the  value 
of  X  when  1/  =  5  and  z  =  7. 

8.  If  Sec  +  51/  cc  5a;  +  Sy,  and  when  x=2,y  =  b,  find  the  value 

of  -. 

y 

9.  If  J^oc^  and  B^ozG^,  exj^ress  how  A  varies  in  respect 
of  C. 

10.  If  z  vary  conjointly  as  x  and  ?/,  and  2=4  when  a;  =  l 
and  1^=2,  what  will  be  the  value  of  x  when  2  =  30  and  y  =  3  ? 

11.  If  ^ocB,  and  when  ^  is  8,  5  is  12 ;  express  A  in 
terms  of  B. 

12.  If  the  square  of  x  vary  as  the  cube  of  y,  and  a; =3  when 
y  =  4,  find  the  equation  between  x  and  y. 

13.  If  the  square  of  x  vary  inversely  as  the  cube  of  y,  and 
« =  2  when  y  —  'S,  find  the  equation  between  x  and  t/. 

14.  If  the  cube  of  x  vary  as  the  square  of  y  and  x  =  3  when 
y  =  2,  find  the  equation  between  x  and  y. 

I?.     If  ajocg  and  t/oc-,  show  that  xcc-. 

16.  Show  that  in  triangles  of  equal  area  the  altitudes  vary 
inversely  as  the  bases. 

17.  Show  that  in  parallelograms  oi  e(j[ual  area  the  altitudes 
vary  inversely  as  the  bases. 

18.  If  1/  =p  +  q  +  r,  where  p  is  invariable,  q  varies  as  x,  and 
r  varies  as  x^,  find  the  relation  between  y  and  x,  supposing 
that  when  x  =  l,  j/  =  6;  when  »  =  2,  ^  =  11  ;  and  when  a; =3, 
y  =  18. 

19.  The  volume  of  a  pyramid  varies  jointly  as  the  area  of 

its  base  and  its  altitude.     A  pyramid,  the  base  of  which  is  9 
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feet  square  and  the  height  of  which  is  10  feet,  is  found  to  con- 
tain 10  cubic  yards.  What  must  be  the  height  of  a  pyramid 
upon  a  base  3  feet  square  in  order  that  it  may  contain  2  cubic 
yards  ? 

20.  The  amount  of  glass  in  a  window,  tlie  panes  of  which 
are  in  every  respect  equal,  varies  as  the  number,  length,  and 
breadth  of  the  panes  jointly.  Show  that  if  their  number  varies 
as  the  square  of  their  breadth  inversely,  and  their  length  varies 
as  their  breadth  inversely,  the  whole  area  of  glass  varies  as  the 
square  of  the  length  of  the  panes. 


XXX.  ON  ARITHMETICAL  PROGRESSION. 

372.  An  Arithmetical  Progression  is  a  series  of 
numbers  which  increase  or  decrease  hy  a  constant  difference. 

Thus,  the  following  series  are  Arithmetical  Progressions  : 
2,     4,     6,     8,     10; 
9,     7,     5,     3,     1. 

The  Constant  Difference  being  2  in  the  first  series  and  -  2 
in  the  second. 

373.  In  Algebra  we  express  an  Arithmetical  Progression 
thus  :  taking  a  to  represent  the  first  term  and  d  to  represent 
the  constant  difterence,  we  shall  have  as  a  series  of  numbers  in 
Arithmetical  Progression 

a,  a  +  d,  a  +  2d,  a  +  3d, 
and  so  on. 

We  observe  that  the  terms  of  the  series  difter  only  in  the 
COifficicnt  of  d,  and  that  each  coefficient  of  d  is  always  less  by  1 
than  the  number  of  the  term  in  which  that  particular  coefficient 
stands.     Thus 

the  coefficient  of  d  in  the  3rd  term  is  2, 

in  the  4th  3, 

in  the  5th 4. 
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Consequently  the  coefficient  of  A  in  the  w*  term  will  be 
n-\. 

Therefore  the  n'"  term  of  the  series  will  bea  +  (n  -  1>  d- 

374.  If  the  series  be 

a,  a-vA,  a  +  2d,  

and  z  tlie  last  term,  the  term  next  before  z  will  clearly  hez-d, 
and  the  term  next  before  it  will  be  z  -  2d,  and  so  on. 

Hence,  the  series  written  backwards  will  be 

z,  z-d,  z-2d, a  +  2d,  o,  +  d,  a. 

375.  To  find  the  sum  of  a  series  of  numbers  in  Arithmetical 
Progression. 

Let  a  denote  the  first  term. 

...   d the  constant  dilierence. 

...   z the  last  term. 

...  n the  number  of  terms. 

...   s the  sum  of  the  n  terms. 

Then  s=a+  {a  +  d)  +  {a  +  2d)  +  +(z-2d)  +  {z-d)+z. 

Also  s=z  +  {z-d)  +  {z-2d)+  +{a  +  2d) +  {a  +  d)  +  a, 

the  series  in  the  second  case  being  the  same  as  in  the  first,  but 
written  in  the  reverse  order. 

Therefore,  by  adding  the  two  series  together,  we  get 

2s  =  {a  +  z)  +  (a  +  z)  +  (a  +  z)+ ^(a  +  'i)  +  {a  +  z)  +  (a  +  z); 

and  since  on  the  right-hand  side  of  this  equation  we  have  a 
series  of  n  numbers  each  equal  to  a  +  z,  we  get 
2s=n(a  +  z); 

n,        , 

:.s  =  ^{a  +  z). 

This  result  may  be  put  in  another  form,  because  in  the 
place  of  z  we  may  put  a +  (71 -I)  d,  by  Article  373. 
n, 


Hence  s=-^\a  +  a+{n-l)d\, 


n, 


that  13,  ==-\2a  +  {n-l)d\. 
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376.    We  have  now  obtained  the  following  results  : 

z=a+(n-l)d (A), 

s=|(a  +  ») (B), 

5=|j2a  +  (n-l)(i} (C). 

From  one  or  more  of  these  equations  we  have  in  Examples 
to  determine  the  values  of  a,  d,  n,  s  or  z.  We  shall  now  pro- 
ceed to  give  instances  of  such  Examples. 

ElX.  1.     Find  the  last  term  of  the  series 
7,  10,  13,  to  20  terms. 

Taking  the  equation  a  =  «4-  {n—l)d, 
for  a  put  7  and  for  n  put  20,  and  we  get 
z=7  +  {20-l)d, 
or,  z=7+19d. 

Now  d  is  always  found  by  talcing  the  first  Urmfrom  the  second^ 
and  in  this  case, 

d=lO-7  =  3; 
:.  »=7  +  19x3=7  +  57  =  64. 

Ex.  2.     Find  the  last  term  of  the  series 
12,  8,  4, to  11  terms. 

In  the  equation  z =a  +{n-l)d, 

put  a=12andn=ll. 
Then  2!=12  +  10d. 

No-w  d  =  8-12=-4. 

Hence  2  =  12-40= -28. 

EXAMPLES. — CXXXiV. 

Find  the  last  term  of  each  of  the  following  series : 

1.  2,5,  8 to  17  terms. 

2.  4,8,12  to  50  terms. 
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^  29   15  ,    ,^, 

3.  7,  -J-,  -^ to  16  terms. 

1  5 

4.  5,  -1,  -^  ......  to  23  terms 


5   11 
5-     g,  2'6 to  12  terms. 

6.  -12,  -8,  -4 to  14  terms. 

7.  -3,  5,  13  to  16  terms. 

o      ?i  -  1   «  —  2   «  -  3 

0. , , to  n  terms. 

n        n         n 

9.     (a;  4-1/)^,  x^  +  y'^,  {x-y)'^ to  «  terms. 

a  —  h  4a -3b  7a  — 5b 


a  +  b'    a  +  b  '    a  +  b 


to  »  terms. 


377.     Ex.  1.     Find  the  sum  of  the  series 
2,  5,  7 to  12  terms. 

In  the  equation       s=-\2a+(n - 1)  d\ 

A 
put  3  for  a  and  12  for  n,  and  we  get 

19 

s=^j6  +  llci{. 
Now  d=h  -3  =  2,  and  so 

s=^j6  +  22|  =6x28  =  168. 

Ex.  2.     Find  the  sum  of  the  series 

10,  7,  4 to  10  terms. 

s  =  |j2a  +  (n-l)cZ(; 

put  10  for  a  and  10  for  71,  then 

s=^}20  +  9i}. 
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Now  c?  =  7  -  10  =  -  3,  and  therefore 

K 

2 


«=^j20-27(=5x(-7)=-35. 


EXAMPLES.— CXXXV. 

Find  the  sum  of  tlie  following  series: 

1.  1,  2,  3  to  100  terms. 

2.  2,  4,  6 to  50  terms. 

3.  3,  7,  11  to  20  terms. 

4-     4,   2'   4  to  15  terms. 

5.  -9,-7,-5  to  12  terms. 

6.  \  \  \ to  17  terms. 

7.  1,  2,  3 to  n  terms. 

8.  1,  4,  7 to  n  terms. 

9.  1,8,15 to  «  terms. 

o. , , to  n  terms. 

n         %        n 

378.     Ex.    What  is  the  Constant  Difference  when  tha 
first  term  is  24  and  the  tenth  term  is  -  12? 

Taking  the  equation  (A), 

z=x-\-(ii-\)d, 
and  regarding  the  tenth  as  the  last  term,  we  get 

-12  =  24  +  (10-1)£Z, 
or  -  36  =  9d, 

■whence  we  obtain         d=  —  4. 


ON  ARITHMETICAL  PROGRESSION.  269 

Examples. — cxxxvi. 

What  is  the  Constant  Difference  in  the  following  cases  % 
I.  When  the  first  term  is  100  and  the  twentieth  is  —14. 
2 X      fifty-first  is  -  a;. 

3 -g  forty-ninth  is  5^. 

4 — -  tv/enty-fifth  is  —21-;. 

5 -10 sixth  is  -20. 

6 150  ninety-first  is  0. 

379.     Ex.     What  is  the  First  Term  when 

the  40th  term  is  28  and  the  43rd  term  is  32  ? 

Taking  equation  (A), 

s  =  a  +  (»-  l)cZ, 
and  regarding  the  last  term  to  be  the  40th,  we  get 

28  =  a  +  39f/ (1). 

Again,  regarding  the  last  term  to  be  tlie  43rd,  we  get 

32  =  a  +  42(Z (2). 

From  equations  (1)  and  (2)  we  may  find  the  value  of  a  to 
be  -24. 

EXAMPLES.— CXXXVii. 

I.     What  is  tlie  first  term  when 

(1)  The  59th  term  is     70     and  the  66th  term  is  84 ; 

(2)  The  20th  term  is  93  -  356  and  the  21st  is  98 - olh ; 

(3)  The  second  term  is  ^  and  the  55th  is  5'8 ; 

(4)  The  second  term  is  4  and  the  87th  is  —30? 
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2.  TI18  sum  of  tlie  31(1  and  8th  terms  of  a  series  is  31,  and 
the  sum  of  the  5th  and  10th  terms  is  43.  Find  the  sum  of 
10  terms. 

3.  The  sum  of  tlie  1st  and  3rd  terms  of  a  series  is  0,  and 
the  sum  of  the  2nd  and  7th  terms  is  40.  Find  the  sum  of 
7  terms. 

4.  If  24  and  33  be  the  fourth  and  fifth  terms  of  a  series, 
what  is  the  100th  term  % 

5.  Of  how  many  terms  does  an  Arithmetical  Progression 
consist,  whose  difference  is  3,  first  term  5,  and  last  term  302  ? 

6.  Supposing  that  a  body  falls  through  a  space  of  16—  feet 
in  the  first  second  of  its  fall,  and  in  each  succeeding  second 
32-  feet  more  than  in  the  next  preceding  one,  how  far  will  a 
body  fall  in  20  seconds  1 

7.  What  debt  can  be  discharged  in  a  year  by  weekly  pay- 
ments in  arithmetical  progression  ;  the  first  payment  being  1 
shilling  and  the  last  ^5. '38.  ? 

8.  Find  the  41st  term  and  the  sum  of  41  terms  in  each  of 
&e  following  series  : 

(1)  -5,4,13 

(2)  4a\0,-4a^ 

(3)  l  +  x,  5  +  3x,  9  +  5a: 

(4)  -4-i"4 

..19 

v5;    4>  20 

9.  To  how  many  terms  do  the  following  series  extend,  and 
what  is  the  sum  of  all  the  terms  ? 

(i)     1002 10,2. 

(2)     -6,2 ,186. 
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(3)  2^x,-8x ,  -V2-3X. 

(4)  I    \ -24.- 

(5)  m-1 137(1 -m),  139(1 -m). 

(6)  x  +  254, x  +  2,  a;-2. 

380.  To  insert  3  arithimtic  means  between  2  and  10. 
The  nmuber  of  terms  will  be  5. 

Taking  tlie  equation  z  =  a  +  {n-  1)  d, 

/ve  have  10  =  2  +  (5-l)d 

Whence  8  =  4d;    .-.  d  =  2. 

Hence  the  series  will  be 

2,  4,  6,  8,  10. 

Examples. — cxxxviii. 

1.  Insert  4  arithmetic  means  between  3  and  18. 

2.  Insert  5  arithmetic  means  between  2  and  -  2. 

2 

3.  Insert  3  arithmetic  means  between  3  and  -. 
^  3 

4.  Insert  4  arithmetic  means  between  -  and  ^. 

381.  To  insert  3  arithmetic  means  between  a  and  b. 

The  number  of  terms  in  the  series  will  be  5,  since  there 
are  to  lie  3  terms  in  addition  to  the  first  term  a  and  the  last 
term  b. 

Taking  the  equation  z=a  +  (n  —  l)d, 

we  have  to  find  d,  having  given 

a,z  =  b  and  n  =  t 
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Hence  6=rt  +  (5-l)fZ, 

or,  4d  =  b-a,  :.  d= — 7— 

4 

Hence  the  series  will  be 

h  —  a         b  —  a         3(b  —  a), 

^,    .  .  3ffi  +  fe     a  +  b     a  +  36   , 

that  IS,  «.  — ^'    —2—    ^4^'*- 


Examples. — cxxxix. 

1.  Insert  3  arithmetic  means  lietween  m  and  n. 

2.  Insert  4  aritlimetic  means  between  in  +  1  and  m  - 1. 

3.  Insert  4  arithmetic  means  between  n"^  and  7i-  +  1. 

4.  Insert  3  arithmetic  means  between  x'  +  y-  and  x-  —  ifi. 

382.     We  shall  now  give  the  general  form  of  the  propositiou 
"  To  insert  m  arithmetic  means  between  a  and  b." 

The  number  of  terms  in  the  series  will  be  m  +  2. 

Then  taking  the  equation  2  =  a  +  (?i  —  1 )  d, 
we  have  in  this  case     6  =  a  +  (m  +  2  -  1)  d, 
or,  6  =  a  +  (m  +  l)d 

Hence  d  = -,, 

m  +  1' 

and  the  form  of  the  series  will  be 

b-a         2b-2a  ,     2b-2a  ,      b-a    . 

'       m  +  V         m+1'  '  m  +  1'       m+1'    ' 


that 


am  +  b    am -a  +  2h  bm -b  +  2a     bm  +  a  » 

'm+1'        m  +  1     ' '      m+1     '    m  +  1'   * 


XXXI.  ON  GEOMETRICAL  PROGRESSION. 

383.     A  Geometrical  Progression  is  a  series  of  numbers 
which  increase  or  decrease  by  a  constant  factor. 

■  Thus  the  following  series  are  Geometrxcal  Progressions, 

2,    4,    8,    16,    32,    64; 

12     3     ^     ^     -^• 

^^'    '^'    4'    16'    64' 

11  11 


4, 


2'    16'        128'    1024' 


The  Constant  Factors  being  2  in  the  first  series,  ^  in  the 
second,  and  —  -  in  the  third, 

b 

Note.  That  which  we  shall  call  the  Constant  Factor  is 
usually  called  the  Common  Ratio. 

384.  In  Algebra  we  express  a  Geometrical  Progression 
thus  :  taking  a  to  represent  the  first  term  and  /  to  represent 
the  Constant  Factor,  we  shall  have  as  a  series  of  numbers  in 
Geometrical  Progression 

a,  af,  af^,  af^,  and  so  on. 

We  observe  that  the  terms  of  the  series  difl'er  only  in  the 
index  of/,  and  that  each  index  of/ is  always  less  by  1  than  the 
number  of  the  term  in  which  that  particular  index  stands. 

Thus  the  index  of/  in  the  3rd  term  is  2, 

in  the  4th 3, 

in  the  5th  4. 

Consequently  the  index  of/  in  the  nth.  term  will  be  n  - 1. 

Therefore  the  nth  term  of  the  series  will  be  af"~\ 

[S.A.]  S 
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Hence  if  %  be  the  last  term, 

385.  If  the  series  contain  ti  terms,  a  being  the  first  term 
and /the  Constant  Factor, 

the  List  term  will  l)e  »/""', 

the  last  term  but  one  will  be  a/"~*, 

the  last  term  but  two  will  be  a/""*. 

Now  a/"-i  X  /=  a/"-'  x  /  =  «/»">+'  =  a/», 

«/«-='  x/=«/"-"-  x/=a/''-^i  =  a/»-S 

a/»-3  x/=  rt/"^  x/  =  a/"^!  =  a/"-*. 

386.  We  may  now  proceed  to  find  the  sum  of  a  series  of 
7iumbers  in  Geometrical  Progression. 

Let  a  denote  the  first  term, 

/  the  constant  factor, 

n  the  number  of  terms, 

s  the  sum  of  the  n  terms. 

Then  s  =  a  +  af+af+...+  af'^  +  af'"^  +  af"~\ 

Now  multiply  both  sides  of  this  equation  by/,  then 

fs  =  af+af  +  af+...+  af"-"  +  af"-'  +  af\ 

Hence,  subtracting  the  first  equation  from  the  second, 

fs  —  s  =  af"  —  a. 

:.sif-l)  =  a{f'-l); 

Note.  The  proposition  just  proved  presents  a  difficulty  to 
a  beginner,  which  we  shall  endeavour  to  explain.  When  we 
multiply  the  series  of  n  terms 

a  +  af+af+ +  a/«-^  +  a/''-Ha/" 


fn-l 
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by/,  we  shall  obtain  another  series 

af+af-  +  af+ +  of"'-  +  of'-'-  +  a/", 

which  also  contains  n  terms. 

Though  we  cannot  fill  up  the  gap  in  each  series  completely, 
we  see  that  the  terms  in  the  two  series  must  be  the  same, 
excejit  the  first  term  in  the  former  series,  and  the  last  term  in 
the  latter.  Hence,  when  we  subtract,  all  the  terms  will  dis- 
appear except  these  two. 

387.  From  the  tbrmulse  : 

«  =  «/"-^ (A), 

s=''-^ (B), 

prove  the  folio  \ving  : 

(«)     «=frf'  <y)     a=fz-if-l)s. 

(i8)     a=^,.  (S)     /=:-^^. 

388.  Ex.     Find  the  last  term  of  the  series 

3,  6,  12 to  9  terms. 

The  Constant  Factor  is  -,  that  is,  2. 

In  the  formula 

z  =  af"-\ 

putting  3  for  a,  2  for/,  and  9  for  n,  we  get 
2  =  3x28  =  3x256  =  768. 

EXAMPLES.— CXl. 

Find  the  last  term  of  the  following  seriea 

1.  1,  2,  4 to  7  terms. 

2.  4,  12,  36 to  10  terms, 

3.  5,  20,  80 to  9  terms. 
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4.  8,    4,    2  to  15  terms. 

5.  2,    6,    18 to  9  terms. 

6-     64.    16'    4  *°  ^^  **^'™^- 

2     1          1  .    „. 

7.     -3J    3,    -g to  7  terms. 

389.     Ex.     Find  the  sum  of  the  series 

3 
6,    3,    ^  to  8  terms. 

Generally,  ^^^  l~\ 

and  here  a = 6,  /=  k,  « = 8, 


,.  ,    '(^'-^)     H2I6-O 
2"-^  "2 


256  256     765 

'  _1     ~     1     ""eT" 
2  2 


EXAMPLES.— CXli. 
Find  the  sum  of  t  .3  following  series  : 

1.  2,    4,    8 to  15  terms. 

2.  1,    3,    9 to  6  terms. 

3.  a,  ay?,  ax^ to  13  terms. 

4.  a,  -,    -o  to  9  terms. 

5.    a?  -  x^,  a  —  a:,  — — to  7  terms. 
'            a  +  x 
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6.  2,   6,    18 to  n  terms. 

7.  -  7,    14,   28 to  n  terms. 

8.  5,    -10,   20 to  8  temw. 

2     1         1  ^    w^ 

9-     -35   3»    -g to  7  terms. 

390.  To  find  the  sum  of  an  Infinite  Series  in  Geometrical 
Progression,  when  the  Constant  Factor  is  a  proper  fraction. 

If/ be  a  proper  fraction  and  n  very  large, 
/"  is  a  very  small  number. 

Hence  if  the  number  of  terms  be  infinite,/''  is  so  small  that 
we  may  neglect  it  iji  the  expression 

"^-1,    ' 
and  we  get 

-a 

_     * 

4      3 

391.  Ex.1.     Find  the  sum  of  the  series -  + 1 +  - + to 

infinity. 

Here  /=l-^-  =  -; 

4 

a^ 3 16. 1 

•■•*~l-/~7^~3  ~   3- 
1-4 

3     2      8 
Ex.  2.     Sum  to  infinity  the  series  9~o  +  97~ 

Here  /=_|^|=._|; 

3  3 

_    a  2  2 27 

•••*-r-7-,    /   4X-^    4-26- 


-i-t) 


i-(-;i  1*, 
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Examples. — cxlii. 

Find  the  sum  of  the  following  infinite  series : 

9.     4^  2*,  ... 


I. 

1, 

1    1 

2'   4' 

2. 

1, 

1      1 

4'    16'  

3- 

3, 

1      1 

3'   27' 

2 

1     1 

4- 

3' 

3'   6' 

3 

1 

!)• 

4' 

4' 

6. 

1 
2' 

1 

3' 

7. 

8, 

2 

3' 

8. 

A 

>  -5,  

10.  2.7;',  -•26x, 

11.  rt,   6,  

'^'     10'    102'  •  — 


13-   X,  -y, 


14. 


^6        86 

100'   10000'  •"" 


15.  -54444, 

16.  -83636, 


392.     To  insert  3  geometric  means  between  10  and  160. 

Takiug  the  equation        z=af'~''^, 
we  put  10  for  a,  160  for  z,  and  5  for  n,  and  we  obtain 
160  =  10./*-^; 
.-.  16=/*. 

Now  16=2x2x2x2  =  2*; 

.-.  2*=/\ 
Hence /=  2,  and  the  series  will  be 

10,   20,  40,  80,    160. 
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Examples.— cxliii. 

1.  Insert  3  geometric  means  between  3  and  243. 

2.  Insert  4  geometric  means  between  1  and  1024. 

3.  Insert  3  geometric  means  between  1  and  16. 

1  2^3 

4.  Insert  4  geometric  means  between  -  and 


64' 


393.  To  insert  m  geometric  means  between  a  arid  b. 
The  number  of  terms  in  the  series  will  be  wi  +  2. 
In  the  formula  z=af"'~^, 

putting  h  for  z,  and  m  +  2  for  n,  Ave  get 

or,  h=af^+^; 

■••'       ~a' 

Hence  the  series  will  be, 

a,   ax — ~,   ax — ^-j   ,   0-. ^,  0-. j-j   0> 

o."+i  aF+^  a"^^        a'^ 

that  is, 

a,   {a^.h)^\   'a'^-\¥f+\   ,   {a^ .}r-^f^\  (a.b'^'f+\   b, 

394.  We  shall  now  give  some  mixed  Examples  on  AritL 
metical  and  Geometrical  Progression. 

Examples.— cxliv. 

I.     Sum  the  following  series : 

(i)     8  +  15  +  22+  to  12  terms. 

(2)     116  +  108  +  100+  tolOternK. 


28o 
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(3. 
(4 
(5 

(6; 

(7 

(9: 

(10; 

(II 
(12 


4     32 

1_2_11_ 
2     3      6 

1_1     2_ 
2     3''"9      • 

2  2 


, .  to  iiitiuity. 

.  to  infinity. 
..  to  13  terms. 

to  6  terms. 


...  to  29  terms. 


5  2 

-  +  1  + 1-+  to  8  terms. 

7  7 


1     2      4 

3  +  9  +  27  + 

3_14_51_ 
5     10     15 


to  infinity. 
.  to  10  terms. 


*/?-  x'6  + 2^(15)-  to  8  terms. 


/         /        35  ,        r    i 

--  +  - — -+  to  5  terms. 

5     2      4 


2.  If  the  continued  product  of  5  terms  in  Geometrical 
Progression  be  32,  sliow  that  the  middle  term  is  2. 

3.  If  a,  h,  c  are  in  arithmetic  progression,  and  a,  h',  c  are 
in  Qjeometrical  progression,  show  that  ,-  =  Er^"/7 — \- 

4.  Show  that  the  arithmetical  mean  between  a  and  b  is 
greater  than  the  geometrical  mean. 

5.  The  sum  of  the  first  three  terms  of  an  arithmetic  series 
is  12,  and  the  sixth  term  is  12  also.  Find  the  sum  of  the  first 
6  terms. 

6.  What  is  necessary  that  a,  h,  c  may  be  in  geometric  pro- 
gression? 
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7.  If  2n,  X  and  -^  are  in  geometric  progression,  what  is  a;? 

8.  If  2«,  %j  and  —  are  in  arithmetic  progression,  what  is  ?/? 

9.  The  sum  of  a  geometric  progression  whose  first  term  is 
1,  constant  factor  3,  and  number  of  terms  4,  is  equal  to  the  sura 
of  an  arithmetic  progression,  whose  first  term  is  4  and  constant 
difference  4  :  how  many  terms  are  there  in  the  arithmetic  pro- 
gression ? 

10.  The  first  (7  +  7i)  natural  numbers  when  added  together 
make  153.     Find  n. 

11.  Prove  that  the  sum  of  any  number  of  terms  of  the 
series  1,  3,  5, is  the  square  of  the  number  of  terms. 

12.  If  the  Slim  of  a  series  of  5  terms  in  arithmetic  progres- 
sion be  95,  show  that  the  middle  term  is  19. 

13.  There  is  an  arithmetical  progression  whose  first  term  is 

1  4 

3.5,  the  constant  difference  is  1^,  and  the  sum  of  the  terms  is 
o  9 

22.     Required  the  number  of  terms. 

14.  The  3  digits  of  a  certain  number  are  in  arithmetical 
progression ;  if  the  number  be  divided  by  the  sum  of  the  digits 
in  the  units'  and  tens'  phice,  tlie  quotient  is  107.  If  390  be 
subtracted  from  the  number,  its  digits  will  be  inverted. 
Eequired  the  number. 

15.  If  the  (^  +  5)""  term  of  a  geometric  progression  be  m, 
and  the  {f  —  qf"  term  l)e  n,  show  that  the  j/""  term  is  J{mn). 

16.*  The  difference  between  two  numbers  is  48,  and  the 
arithmetic  mean  exceeds  the  geometric  by  18.  Find  the 
numbers. 

17.  Place  three  arithmetic  means  between  1  and  11. 

18.  The  first  term  of  an  increasing  arithmetic  series  is  -034, 
the  constant  difference  -0004,  and  the  sura  2-748.  Find  the 
number  of  terms. 

19.  Place  nine  arithmetic  means  between  1  and  -  1. 
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20.  Prove  that  every  term  of  the  series  1,  2,  4, is 

greater  by  unity  than  the  sum  of  all  that  precede  it. 

21.  Show  that  if  a  series  of  nvp  terms  forming  a  geometrical 
progression  whose  constant  factor  is  r  be  divided  into  sets  oi'  ^ 
consecutive  terms,  the  sums  of  the  sets  will  form  a  geometrical 
progression  whose  constant  factor  is  r^. 

22.  Find  five  numbers  in  arithmetical  progression,  such 
that  their  sum  is  55,  and  the  sum  of  their  squares  765. 

23.  In  a  geometrical  progression  of  5  terms  the  difference 
of  the  extremes  is  to  the  ditference  of  the  2nd  and  4tli  terms 
as  10  to  3,  and  the  sum  of  the  2nd  and  4th  terms  equals  twice 
the  product  of  the  1st  and  2nd.     Find  the  series. 

24.  Show  that  the  amounts  of  a  sum  of  money  put  out  at 
Compound  Interest  form  a  series  in  geometrical  progression. 

25.  A  certain  number  consists  of  three  digits  in  geometrical 
progression.  The  sum  of  the  digits  is  13,  and  if  792  be  added 
to  the  number,  the  digits  will  be  inverted.     Find  the  number. 

26.  The  population  of  a  coimty  increases  in  4  years  from 
10000  to  14641 ;  what  is  the  rate  of  increase  ? 


XXXII.  ON  HARMONICAL  PROGRESSION. 

395.     A  Harmonical  Progression  is  a  series  of  numbers 
of  which  the  reciprocals  form  an  Arithmetical  Progression. 

Thus  the  series  of  numbers  a,h,  c,d, is  a  Harmonical 

Progression,  if  the  series  -,   ^   -,   ^,  is   an   Arithmetical 
Progression. 

If  a,  h,  c  be  in  Harmonical  Progression,  6  is  called  the 

Harmomcal  Mean  between  a  and  c. 

KOTK.     There  is  no  way  of  finding  a  general  expression  for 
the  sum  of  a  Harmonical  Series,  but  many  problems  with 
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reference  to  such  a  series  maybe  solved  by  inverting  the  terms 
and  treating  the  reciprocals  as  an  Arithmetical  Series. 

396.     J/a,  b,  c  he  in  Harmonical  Progression,  to  sho-w  that 
a  :  c  ::  n  —  b  :  b  —  c. 

Since  -,   t.  -  t^re  in  Arithmetical  Progression, 
a    b    c 

1_1_1_1 

c     b     h    a' 

b-c    a—b 

be        ah  * 

ah     a  -  b 

or  ir=7    ~> 

be     h  —  c' 

a    a  —  b 


or 


or 


c     b  —  c' 


397.     To  insert  m  harmonic  means  between  a  and  b. 

1  I 

First  to  insert  7*1  arithmetic  means  between  -  and  -r. 

a         0 

Proceeding  as  in  ^rt.  357,  we  have 

b     a    ^         '    ^ 
or  o=i  +  (7?i  +  l).rtM 

~'a6(7?;.  +  l)' 

Hence  the  arithmetic  series  will  be 

\    \         ft-&         1       2  (g  -  h)  1      m (a  - 6)      1 

«'   a     abi^n^\y   a    a6(m  +  l)'    a     a6(TO+l)'   6' 

1       6?)i  +  a       6??i  +  2a-6  ani  +  b      1 

'  a'  a&(7?i  +  l)'     a6(m  +  l)'   ab{m  +  iy  b' 

Therefore  the  Harmonic  Series  is 

ab  (m  + 1)      ah  {m  + 1)  ah  (m  +1)     , 

'      bm  +  a   '   hm  +  2a -F    am  +  b  ' 
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398.     Given  a  and  I  the  first  two  terms  of  a  series  in  Har- 
monical  Progression,  to  find  the  Jt""  term. 

-  -  are  the  first  two  terms  of  an  Arithmetical  Series  of 
a'  h 

•    1     1 
which  the  common  dinerence  is  t  -  -• 

The  ■/i'"  term  of  this  Arithmetical  Series  la 

^f..-i)(i-') 

a  ' \b     a/ 

1     (n-\){a-l)  _h  +  na-a-nh  +  h 
~a  ah  ah 

~  ab  ah  ' 

.*.  the  %"■  term  of  the  Harmonical  Series  is 

ah 
(M,-l)a-(»-2)6' 

399.  Let  a  and  c  be  any  two  numbers, 

h  the  Harmonical  Mean  between  them. 
1111 

h'~   ac    ' 

lac 

400.  The  following  results  should  be  remembered. 
Arithmetical  Mean  between  a  and  c  =  — g— . 

Qeometrical  Mean  between  a  and  c=  x/ac. 

2oc 
Harmonical  Mean  between  a  and  c  =  — — . 

a  +c 


or 
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Hence  if  we  denote  the   Means  by  the  letters  A,  G,  H 
respectively, 

A  X  H==  -— —  X 

2       a  +  c 

=ac 

that  is,  (?  is  a  jnean  proportional  between  A  and  H. 

401.     To  show  that  A,  G,  E  are  in  descending  order  of 
magnitude. 

Since  (  V^  —  \/c)^  must  be  a  positive  quantity. 

(  ija-  sfcf  is  greater  than  0, 

or  a — 2  sJO'C  +  c  greater  than  0, 

or  a  +  c  greater  than  2  V^c, 

a  +  c  ,  , — 

or  —^  greater  than  v<^c ; 

that  is,  A  is  greater  than  G. 

Also,  since  a  +  c  is  greater  than  2  sjac, 

>Jac  (a  +  c)  is  greater  than  2ac ; 

, — .  ,         2ac 

.'.  njac  IS  greater  than  — -  ; 

i.e.  G  is  greater  than  H. 


Examples.— cxlv. 

I,     Insert  two  harmonic  means  between  6  and  24. 
2 four 2  and  3. 

■\ three  ...-and  jr. 

^  3  2 

4-      four S^^^'^^IS' 
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5.     Insert  five  harmonic  means  between  —  1  and  2"^. 

6 five 9  and     -. 

7 SIX   3  ana  — . 

8 n 2a;  and  32/. 

9.  The  sum  of  three  terms  of  a  harmonical  series  is  — ,  and 
the  first  term  is  ^  :  find  the  series,  and  continue  it  both  ways. 

10.  The  arithmetical  mean  between  two  numbers  exceeds 
the  geometrical  by  13,  and  the  geometrical  exceeds  the  har- 
monical by  12.     What  are  the  numbers  % 

11.  There  are  four  numbers  a,  6,  c,  d,  the  first  three  in 
arithmetical,  the  last  three  in  hai-monical  progression ;  show 
that  (1 :  6  =  c  :  (Z. 

12.  If  a;  is  the  harmonic  mean  between  in  and  n,  show  that 

1        _J__J_     1 
x-tn    x-n     m.     n 

13.  The  sum  of  three  terms  of  a  harmonic  seiies  is  11,  and 
the  sum  of  their  squares  is  49  ;  find  the  numbers. 

14.  If  X,  y,  z  be  the  i)"",  5*,  and  r*  terms  of  a  h.p.,  show 
that  (r  -q)yz  +  {p.-  r)  xz  +  {q  -p)  xy  =  0. 

15.  If  the  H.M.  between  each  pair  of  the  numbers,  a,  b,  c 
be  in  a.p.,  then  &-,  a^,  (P-  will  be  in  h.p.  :  and  if  tlie  h.m.  be  in 
H.P.,  &,  a,  c  will  be  in  h.p. 

c  +  2a     cH-26      .       „  ,^  T 

16.  Show  that  ——r  f~:~"  =4,  >7,  or  >10,  accordmg  as 

c  is  the  A.,  G.  or  H.  mean  between  a  and  6. 


XXXIII.     PERMUTATIONS. 


402.  The  different  arrangements  in  respect  of  order  of  suc- 
cession which  can  be  made  of  a  given  number  of  things  are 
called  Permutations. 

Thus  if  from  a  box  of  letters  I  select  two,  P  and  Q,  I  can 
make  hvo  permutations  of  tbeni,  placing  P  lii'st  on  the  left  and 
then  on  tlie  right  of  Q,  thus : 

P,  Q  and  Q,  P. 

If  I  now  take  three  letters,  P,  Q  and  B,  I  can  make  six  per- 
mutations of  them,  thus : 

P,  Q,  B  ;  P,  B,  Q>  two  in  whicli  P  stands  first. 

Q,P,B;  Q,B,P, Q 

B,P,Q;  B,Q,P,  B 

403.  In  the  Examples  just  given  all  the  things  in  each  case 
are  taken  together ;  but  we  may  be  required  to  find  how  many 
permutations  can  be  made  out  of  a  number  of  things,  when  a 
certain  number  only  of  them  are  taken  at  a  time. 

Thus  the  permutations  that  can  be  formed  out  of  the  letters 
P,  Q,  and  B  taken  two  at  a  time  are  six  in  number,  thus  • 
P,Q;  P,B;  Q,P;  Q,B;  B,P;  B,Q. 

404.  To  find  the  tiumber  of  permutations  of  n  different  things 
taken  r  at  a  time. 

Let  a,  b,  c,  d  ...  stand  for  n  different  things. 

First  to  find  the  number  of  permutations  of  the  n  things 
taken  two  at  a  time. 

If  a  be  placed  before  each  of  the  other  things  6,  c,  c?  ...  of 
which  the  number  is9i— 1,  Ave  shall  havew— 1  permutations 
in  which  a  stands  first,  thus 

ab,  ac,  ad,  
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If  h  be  placed  before  each  of  the  otlier  things,  a,  c,  d  ...  we 
shall  have  n—\  permutations  in  which  6  stands  first,  thus: 
ha,  be,  bd, 

Siniilurly  there  will  be  n  -  1  permutations  in  which  c  stands 
iivst :  and  so  of  the  rest.  In  this  way  we  get  every  possible 
penuuLation  of  the  ri  things  taken  two  at  a  time. 

Hence  there  will  be  n .  {n  -  1)  permutations  of  n  things  taken 
ttvo  at  a  time. 

Next  to  find  the  number  of  permutations  of  the  n  things 
taken  three  at  a  time. 

Leaving  a  out,  we  can  form  (n-1) .  (n  —  2)  permutations  of 
the  remaining  (n  -  1)  things  taken  two  at  a  time,  and  if  we 
place  a  before  each  of  these  permutations  we  shall  have 
(«- 1) .(»- 2)  permutations  of  the  n  things  taken  three  at  a 
time  in  which  a  stands  first. 

Similarly  there  will  be  (n  -  1) .  (n  -  2)  permutations  of  the 
n  things  taken  three  at  a  time  in  which  b  stands  first :  and  so 
for  the  rest. 

Hence  the  whole  luimber  of  permutations  of  the  n  things 
taken  three  at  a  time  will  be  n.  (n-  1).  (»  — 2),  the  factors  of 
the  formula  decreasing  each  by  1,  and  the  figure  in  the  last  factor 
being  1  less  than  the  number  taken  at  a  time. 

We  now  assume  that  the  formxila  holds  good  for  the  number 
of  permutations  of  n  things  taken  r—  1  at  a  time,  and  we  shall 
proceed  to  show  that  it  will  hold  good  for  the  number  of  per- 
mutations of  n  things  taken  r  at  a  time. 

The  number  of  permutations  of  the  n  things  taken  r— 1  at 
1  time  will  be 

n.{n-\).(:n-2)  [n-\{r -l)-!^ 

that  is  n.{n-\) .  {n-2) {n-r  +  2). 

Leaving  a  out  we  can  f  jrm  (w  -I) .  {n  —  2) {n-l  —  r  +  2) 

permutations  of  the  (n-l)  reinaiuing  things  taken  r—1  at  a 
time. 

Putting  a  before  each  of  these,  we  shall  have 

(n-l). {n-2) (ii-r+l) 

permutations  of  the  n  things  taken  r  at  a  time  in  which  a 
stands  first. 
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So  again  we  shall  have  (71  — 1).  (?i-2)  (?i  — r  fl)  per- 

imilatiuiis  of  the  n  things  taken  r  at  a  time  in  which  h  stands 
first ;  and  so  on. 

Hence  the  whole  number  of  permutations  of  the  n  things 
taken  r  at  a  time  will  be 

7i.(n-l).(?i-2) (w-r+1). 

If  then  the  formula  holds  good  when  the  n  things  are  taken 
r  -  1  at  a  time,  it  will  hold  good  when  they  are  taken  r  at  a 
time. 

But  we  have  shown  it  to  hold  when  they  are  taken  3  at  a 
time;  hence  it  will  hold  when  they  are  taken  4  at  a  time,  and 
so  on :  therefore  it  is  true  for  all  integral  values  of  r.* 

405.  If  the  n  things  be  taken  all  together,  r=n,  and  the 
formula  gives 

71 .  (rt  -  1) .  (?i  -  2) (»  -  n  +  i )  ; 

that  is,  w.(?i-l).(?i-2) 1 

as  the  number  of  permutations  that  can  be  formed  of  n  dif- 
ferent things  taken  all  together. 

For  brevity  the  formula 

n.{n-\).  («-2) 1, 

which  is  the  same  as      1.2.3 «, 

is  written  |  n.     This  symbol  is  called  factorial  n. 

Similarly  |  r  is  put  for  1 .  2  .  3 r  ; 

[^-1 for  1.2.3 (r-1). 

Obs.         \  n  —  n .  \  n  -  1  =  n  .  (n  —  I) .  \  11  —  2  =  &c. 

406.  To  find  the  number  of  permutations  ofi\  things  taken  all 
together  when  certain  of  the  thinga  are  alike. 

Let  the  n  things  be  represented  by  the  letters  a,  h,  c,d 

and  suppose  that  a  recurs  f  times, 

h   q  times, 

c    r  times, 

and  so  on. 

*  Another  proof  of  this  Theorem  may  he  seen  in  Art.  475. 
[s.A.]  <t 
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Let  P  represent  the  whole  luuiiber  of  permutations. 

Then  if  all  the  p  letters  a  were  changed  into  f  other  letters, 
different  from  each  other  and  from  all  tlie  rest  of  the  n  letters, 
the  places  of  these  |)  letters  in  any  one,  permutation  could  now 
he  interchanged,  each  interchange  giving  rise  to  a  new  permu- 
tation, and  thus  from  each  single  ])erii!Ut:!tion  we  could  Ibrm 
1 .  2 ij)  permutations  in  all,  and  tlie  Vvhole  number  of  per- 
mutations would  1)6  (1.2...^))  P,  that  is  |  ^3 .  P. 

Similarly  if  in  addition  the  g  letters  h  were  changed  into  q 
lette.i's  different  from  each  other  and  from  all  the  rest  of  the  •); 
letters,  the  whole  number  of  permutations  would  be 

and  if  the  r  letters  c  were  also  similarly  changed,  the  whole 
number  of  permutations  would  be 

\r  .  \q  .  \'p  .  P  ; 
and  so  on,  if  more  were  alike. 

But  when  the  j3,  g,  and  r,  &c.,  letters  have  thus  been  changed, 
we  shall  have  n  letters  all  different,  and  the  number  of  permu- 
tations that  can  be  formed  of  them  is  |  n  (Art.  405). 

Hence  P.|p.|g.|r =  |»i; 


.-.  P= 


|p.  Iff.  |r 


Examples.— cxlvi. 

I.     How  many  permutations  can  be  forjned  out  of  12  things 
taken  2  at  a  time  % 

1.     How  many  perimitations  can  be  formed  out  of  16  things 
taken  3  at  a  time  % 

3.  How  many  permutations  can  be  formed  out  of  20  things 
taken  4  at  a  time  ? 

4.  How  many  changes  can  be  rung  with  5  bells  out  of  8  ? 

5.  How  many  permutations  can  be  made  of  the  letters  in 
the  word  Exwrnination  taken  all  together  % 

6.  In  how  many  ways  can  8  men  be  placed  side  by  side  ? 
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7.  Ill  liow  many  ways  can  10  men  be  placed  side  by  side  ? 

8.  Three  flags  are  recjuiivd  to  make  a  signal.  How  many 
signals  can  be  given  by  20  flags  of  5  different  colours,  there 
being  4  of  each  colour  1 

9.  How  many  different  permutations  can  be  formed  out  of 

the  letters  in  Algebra  taken  all  together  ? 

I  o.  The  number  of  things  :  number  of  permutations  of  the 
tilings  taken  3  at  a  time  =  1 :  20.    How  many  things  are  there? 

1 1.  The  number  of  permutations  of  m  things  taken  3  at  a 
time  :  the  number  of  permutations  of  m  +  2  things  taken  3  at 
a  time  =  1:5.     Find  m. 

12.  In  the  permutations  of  a,  b,  c,  d,  e,  f,  g  taken  all 
together,  find  lunv  many  begin  with  cd. 

13.  Find  the  number  of  permutations  of  the  letters  of  the 
product  a%h^  written  at  full  length. 

14.  Find  the  numl)er  of  permutations  that  can  be  formed 
out  of  tlie  letters  in  each  of  the  following  words  :  Conceit, 
Talavera,  Calcutta,  Proposition,  Mississippi. 


XXXIV.    COMBINATIONS. 

407.  The  Combinations  of  a  numljer  of  things  are  the 
difierent  collections  that  can  be  formed  out  of  them  by  taking 
a  certain  number  at  a  time,  without  regard  to  the  order  in 
which  the  things  stand  in  each  collection. 

Thus  the  combinations  of  a,  b,  c,  d  taken  two  at  a  time  are 
ab,  ac,  ad,  be,  bd,  cd. 

Here  from  each  combination  we  could  make  two  permuta- 
tions :  thus  ab,  ba ;  ac,  ca ;  and  so  on :  for  ab,  ba  are  the  same 
combination,  and  so  are  ac,  ca. 

Similarly  the  combinations  of  a,  b,  c,  d  taken  three  at  a  time 
are  ahc,  abd,  acd,  bed. 

Here  from  each  conil>ination  we  could  make  six  permuta- 
tions ;  thus  abc,  acb,  bac,  bca,  cab,  cba  :  and  so  on. 
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Ami,  ,'.;('iicrally,  in  accordanci'  v;jt!i  Art.  405,  any  c(tnibiiia- 
tioii  of  n  tilings  may  be  made  into  1  .  2  .  3  ...  ?i  pernnitations. 

408.  To  find  the  number  of  combinations  of  n  different  things 
taken  r  at  a  time. 

Let  (7,  denote  the  number  of  combinations  required. 

Since  each  combination  contains  r  tilings  it  ct>n  be  made 
into  I  r  permutations  (Art.  405) ; 

.•.  the  whole  number  of  permutations  =  \r  .  C,. 

But  also  (from  Art.  404)  the  whole  number  of  permutations 
of  n  things  taken  r  at  a  time 

—  n{n—V) (?i  - ?•  + 1) ; 

:.  \r_.  Cr  =  n(n-l) (n-r+l); 

^     n{n  —  \) (7i-r  +  l) 

409.  To  shov)  that  the  number  of  combinations  of  n  things 
taken  i  at  a  time  is  the  same  as  the  number  taken  n  — r  at  a 
time. 

n.  (n-l) (n  —  r+l) 


a 


1.2.3 r 


J  „        n.(n-l) \7i-(n-r)  +  l\ 

^  ^-=  1.2.3......in-r)  ^ 

_n.{n-\) (»'  +  l)        / 

~    1.2.3 {n-r)  ' 

Hence 

0,  _n.(n-l) (n-r+l)       1.2.3 ,(n-r) 

C„_  r72.3 r  ^n.(n-iy. (r  +  1) 

_ n.(n-l) (n-r+l).  (n-r) 3.2.1 

1.2.3 r.  (r+l) (n-l).n 

I  '* 

~  \n 

=  1. 
Thai  is,  C,=G,^ 
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410-     Making  r  =  ],  2,  3 r-  1,  r,  r+  1  in  order, 


~  ^     71    n  —  l    ^     n    71-1    n-2 


-,        %.(/)-!) (n-r+2) 


1.2 (r-1) 

^  _7t.  (/t-l) (it-r  +  2).  (n-r+1) 

'  1  .  2 (r-1)  .  r 

^     _?i .  (li-  1) (w  — r  +  1) .  {n  —  r) 

^•+'  172 r.(7+I) 


(7„  =  1. 

Hence  the  general  expression  for  the  factor  connecting  C,, 
one  of  the  set  of  numbers  6',,  Co t-'^i C'„,  with  O^j, 

that  which  stands  next  before  it,  is ,  that  is, 

r 

With  regard  to  this  factor ,  we  observe 

r 

(1)  It  is  always  positive,  because  «  + 1  is  greater  thanr 

(2)  Its  value  continually  decreases,  for 

n-r+\ _n+\     , 
r       ~ 
which  decreases  as  r  increasef> 

(3)  Though  continually  decreases,  yet  for  several 

successive  values  of  r  it  is  greater  than  unity,  and  therefore 
each  of  the  correspoudii.g  terms  is  greater  than  the  preceding. 

(4)  When  r  is  such  that  is  less  than  unity  the  cor- 
responding term  is  less  than  the  preceding. 
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H  —  ?'  +  1 

(5)     If  n  and  r  be  such  that =  1,  C^  and  (7,_i  are  a 

r 

pair  of  t'(|ual  terms,  each  greater  than  any  preceding  or  subse- 
quent term. 

Hence  up  to  a  certain  term  (or  pair  of  terms)  the  terms  in- 
crease, and  after  that  decrease :  this  term  (or  pair  of  terms)  is 
the  greatest  of  the  series,  and  it  is  the  object  of  the  next  Article 
to  determine  what  value  of  r  gives  this  greatest  term  (or  pair 
of  terms). 

411.  To  find  the  value  of  t  for  which  the  number  of  combina- 
tions  of  11  things  taken  r  together  is  the  greatest. 

„        71 .  (n-l) {71 -r +  2) 


-'r— 1- 


1.2 (r-1) 


p  _n.  (h-1) i»  -  )--!-2^  _  {7i  —  r  +  l) 

'~         1.2 (r-1)  '         r 

„     _n.{n-l) (w-r+1)    7i-r 

^'+' 1.2 r  r  +r 

Hence,  if  C,  denote  the  niunber  uf  combinations  required, 

G  0 

y^  and  Yr~  miist  neither  of  them  be  less  than  1. 

T3   .  0,      n-r+1 

But  y=, —  = , 

CV_i  r       ' 

and  -; —  = . 

Hence is  not  less  than  1  and is  not  less  than  1, 

r  71  — r 

or,  n  —  r-\-l  is  not  less  tlian  r  and  ■/•+  1  not  less  than  n  -  r, 

or,  71  +  1  is  not  less  than  2r  and  2r  not  less  than  Ji  —  1 ; 

.'.  2r  is  Bot  greater  than  7i  +  1  and  not  less  than  ?i  -  1. 

Hence  2r  can  have  only  three  values,  n-  I,  7i,  n+  1. 

Now  2r  must  be  an  even  numljer,  and  thereibre 

(1)     Km  be  odd,  n-l  and  /(  +  1  being  1)oth  even  numbers, 
2r  may  be  equal  to  li  -  1  or  n  +  I ; 


COMBINATIONS.  20  <; 


n  —  1  ri  +  1 

,.r  =  -      orr  =  --. 

(2)     If  n  be  even,  n-\  and  m  +  1  being  both  odd  numbers, 
2r  can  only  be  equal  to  n ; 

n 


Ex.  1.  Of  eight  things  how  many  must  be  taken  together 
that  the  number  of  combinations  may  be  the  greatest  pos- 
sible \ 

Here  7i  =  8,  an  even  number,  therefore  the  number  to  be 

taken  is  4,  which  will  give  - — - — - — -  or  70  combinations. 
1x2x3x4 

Ex.  2.     If  the  number  of  things  be  9,  then  the  number 

to  Oe  taken  is  — jr—  or  — s— .  that  is  4  or  5,  which  -will  givf 
2  2  ° 

respectively 

9x8x7x6        ,_         ,  .     ^.  , 

:; — "s — j7 — ,,  or  12o  combinations,  ana 
1x2x3x4  ' 

9x8x7x6x5        ^_         ,.     ,. 
-, — ?. — .^ — i — -,  or  12o  combinations. 
1x2x3x4x5 


EXAMPLES.— CXlvil. 

1.  Out  of  iUO  soldiers  how  many  dilferent  parties  of  4  can 
be  chosen  % 

2.  How  many  combinations  can  be  made  of  6  things  taken 
5  at  a  time  \ 

3.  Of  the  coiuuinations  of  the  first  10  letters  of  tlie  alphabet 
taken  5  together,  in  how  many  will  a  occur  ? 

4.  How  many  words  can  be  formed,  consisting  of  3  con- 
sonants and  one  vowel,  in  a  language  containing  19  consonants 
iuiil  T)  \-invels? 

5.  The  number  of  combinatidiis  of  n  tilings  taken  4  at  a 
time  :  the  number  taken  2  at  a  time  =15:2.     Find  ■«. 

6.  The  number  of  combinations  of  n  things,  taken  5  at 
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3 
a  time,  is  3_-  times  tlie  number  of  combinations  taken  3  at  a 
5 

time.     Find  n. 

7.  Out  of  17  consonants  and  5.  vowels,  how  many  words 
can  be  formed,  each  containing  2  vowels  and  3  consonants? 

8.  Out  of  12  consonants  and  5  vowels  how  many  words  can 
be  formed,  eacli  containing  6  consonants  and  3  vowels? 

9.  The  number  of  permutations  of  n  things,  3  at  a  time,  is 
6  times  the  number  of  combinations,  4  at  a  time.     Find  n. 

10.  Plow  many  ditTerent  sums  may  bf  formed  with  a  guinea, 
a  half-guinea,  a  crown,  a  half-crown,  a  shilling,  and  a  sixpence? 

11.  At  a  game  of  cards,  3  being  dealt  to  each  j_x?rson,  any 
one  can  have  425  times  as  many  hands  as  there  are  cards  in 
the  pack.     How  many  cards  are  there  ? 

12.  There  are  12  soldiers  and  16  sailors.  How  many  dif- 
ferent parties  of  6  can  be  made,  each  party  consisting  of  3 
soldiers  and  3  sailors  ? 

13.  On  how  many  nights  can  a  ditferent  patrol  of  5  men  be 
draughted  from  a  corps  of  36  ?  On  how  many  of  these  would 
any  one  man  be  taken  ? 


XXXV.    THE    BINOMIAL   THEOREM. 
POSITIVE    INTEGRAL    INDEX. 

412.  The  Binomial  Theorem,  first  explained  by 
Newton,  is  a  method  of  raising  a  binomial  expression  to  any 
power  without  going  through  the  process  of  actual  multipli- 
cation. 

413.  To  iivoestigate  the  Binomial  Theorem  for  a  Positive 
Jntegral  Index. 
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By  actual  multiplication  we  can  show  that 

(a;  +  a.j)  (;c  +  a.^  =  x^  +  («!  +  (f.^)  x  +  a^a^ 

(x  +  tti)  (x  +  a.2)  (x  +  tta)  =x^  +  (fi^  +  a^  +  ag)  x^ 

+  («!«„  +  a-iCt^  +  a^a^  x  +  rtifflaf^ 

(.1-  4-  flf-i)  (a;  +  fto)  (a;  +  as)  (x  +  (X4)  =  x*  +  («!  +  a^  +  <3^3  +  ^4)  ^^ 

+  (aiftg  +  a^a^  +  a^a^  +  a^aa  +  a.2a^  +  a3a4)  x^ 

+  {a^aM^  +  ai«-a4  +  a^a^rti  +  aoa3a4) «  +  a^a^a^a^. 

In  these  results  we  observe  the  following  laws  : 

I.  Each  product  is  composed  of  a  descending  series  of 
powers  of  x.  Tlie  index  of  x  in  the  first  term  is  the  same  as 
the  number  of  factors,  and  the  indices  of  x  decrease  by  unity 
in  each  succeeding  term. 

II.  The  number  of  terms  is  greater  In'  1  than  the  number 
of  factors. 

III.  The  coeliicieiit  of  i\\Q  first  term  is  unity. 

of  the  second  the  sum  of  «i,  a^;  ^'3  ••• 
of  the  third  tlie  sum  of  tiie  products  of 

«!,  rtj,  rtj  ...  taknn  two  at  a  time. 
of  t\\Q  fourth  the  sum  of  the  products  of 
«!,  a.^,  a-^  ...  taken  three  at  a  time. 
and  the  last  term  is  the  product  of  all  the  quantities 

«i,  flo,  (h 

Suppose  now  this  law  to  hold  for  n  —  1  factors,  so  that 

(x  +  a^)  (x  +  ffg)  (x  +  a^) (x  +  «„_i) 

= x"-i  +  S^ .  x"-2  +  S.^ .  x"-^  +  -S'j ,  X"-*  + +  S„_i, 

where  /Sij = a^  +  a.2  +  03  +  ...  +  «„_i, 

that  is,  the  sum  of  a^,  a.,,  03 ...  a„_i, 

S.^  =  tfi«2  +  *i%  +  fV%  +  •  •  ■  +  fhf*ii-i  +  rtv".i-i  +  •  •  • 

that  is,  the  sum  of  the  products  of  a^,  a^,  a^.,,  rt,,_i, 
taken  two  at  a  time, 
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S3  =  ctid-Ms  +  diCiM^  +  . . .  +  aiaM„_i  +  aia3a„_i  +  . . . 

that  is,  the  sum  of  the  products  of  a^,  a,_^...a^ 
taken  three  at  a  time, 


-»-i" 

tliat  is,  the  product  of  a^,  a„,  a^  ...  a^j. 

Now  multiply  both  sides  Ly  x  +  a^. 

Then 

(x  +  ill)  (^  +  '■'2)  ..•(«  +  «„_i)  {x  +  a„) 

= a;"  +  Si  x""i  +  (S'a  X"-"  +  S3  x"-^+... 

+  a„  re'*-!  +  a„Si  x"-2  +  a„S.,  x"-^  +...  +  a„S^^^ 
=x"  +  {Si  +  a„)  a;"-i  +  {S.  +  a^S^)  x"-'^ 

+  {S3  +  a,^S„)  x''-^  +  . . .  +  a„-S«_i. 

Now  Si  +  a„  =  ai  +  a.-,  +  a3  +  ...+  a„_^  +  a,,, 

that  i*;,  the  sum  of  dj,  a.,,  «3  ...a„, 
S.2  +  a„Si  =  S^  +  a„  («!  +  a.,  +  ...  +  a„_{), 

that  is,  the  sum  of  the  products  of  a^,  a.^...a^ 
taken  two  at  a  time, 

iSg  +  a„S.,  =  S3  +  a„  (a^rtg  i  "ii's  +•■•), 

that  is,  the  sum  of  the  products  of  a^,  a^^.a,, 
taken  three  at  a  time, 

a„S„_i  =  aiciicis . . .  a,^_i  «,„ 

that  is,  the  product  of  a^,  a.,,  a.^ ...  a„. 

If  tlien  the  law  holds  good  for  ?t  —  1  factors,  it  will  hold  good 
for  w  factors  :  and  as  we  have  shown  that  it  holds  good  up  to  4 
factors  it  will  hold  for  5  factors  :  and  hence  for  6  factors  :  and 
go  on  for  auv  number. 
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Now  let  each  of  the  n  quantities  a^,  a.^,  «3  ...  a„  be  equal  to 

rt,  and  let  us  write  our  result  thus : 

(x  +  ai)  (a;  +  ft^)  ...(;<;  +  tO  =^"  +  ^\  ■  ^^""'  +  ^2  •  •'«"~'^+  •••  +  ^'.• 

The  left-hand  side  becomes 

(x  +  a)  (x  +  ft) ...(«  +  a)  to  n  factors,  that  is,  (x  +  a)". 

And  on  the  right-hand  side 

Al  =  ^%^-a-^a+  ...to  71  terms =m«, 

ylj^rt- +  ((,-  + a- -f-  ...to  as  many  terms  as  are  equal  to  the 
number  of  combinations  of  n  things  taken  two  at  a  time,  thivt 
.    n  .  (%  -  1) 


1.2 


,      n  .  (71  -  1) 


A^  =  (s? ^ i^ -V c? ^  ...to  as  many  terms  as  are  equal  to  the 
number  of  combinations  of  n  things  taken  IhrcQ  at  a  time,  tliat 
?i.(/i-l).(%-2)_ 


.    A  _w.(n-l).(n-2)      3 
..^3 3^7273  •'*' 


J,,, = a .  rt  .  ft . . .  to  n  factors  =  ft". 
Hence  we  obtain  as  our  final  result 

(x  +  «)•'  =  cc"  -J-  ?iaa;"-i  4-  — ^ — -^'  ft^x""' 

1    .    ^ 

?t .  (n  -  1) .  (n  -  2) 
"''  1.2.3 


(jSj-H-a^  ...-t-a" 


414.     Ex.     Expand  (.1; -1- ft)*^. 

Here  the  number  of  terms  will  be  seve,n,  and  we  have 

/  \i-  /»       ^       c        D.O      01        D.0.4      .,    T 

(:c  +  («.)''  =  x*^  4-  6c«r'  +  - — -  a-x^  +  - — —  ■    ft-^x^ 

6.5.4.3    .„     6.5.4.3.2    , 

+  1727374  "'"-^  17^37476  ^'^^^^^^ 

=  x"  -1-  Qaxfi  +  15ftV  +  20ft^x3  -t-  ISft^x-^  +  6rt"x  -t-  a^. 
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Note.  The  coefficients  of  terms  equidistant  from  the  end 
and  from  the  beginning  are  the  same.  The  general  proof  of 
this  will  be  given  in  Art.  420. 

Hence  in  the  Examjjle  just  given  when  the  coefficients  of 
jour  terms  had  been  found  those  of  the  other  three  might  have 
been  written  down  at  once. 


EXAMPLES. — cxlviii. 

Expand  the  following  expressions  : 

I.     (a +  .<;)*.  2.     (&  +  c)«.  3.     (ffi  +  6)'. 

4.     (.'»;  +  i/)*.  5.     (5  + 4ft)'*.  6.     ((("  +  6c)^ 

415.  Since 

^     n.i/n-V)      „  „  „ 

if  we  put  .x=  1,  we  shall  have 

w.  in-  1)     9 
(1  +  rt)"  =  1  +  mi  +  — p  9      • ""  +  •  •  •  +  **  • 

416.  Every  binomial  may  be  reduced  to  such  a  form  that 
the  part  to  be  expanded  ma\'  liave  1  for  its  first  term. 

Thus  since  x  +  a  =  .1;  (  1  +  -  \ 

(x  +  «)"  =  a;"  (1  +  -)  ; 

ami  we  may  then  expand  (l+-j    and  multiply  each  term  of 
the  result  by  .r". 

Ex.     E.xpand(2a;  +  3i/)5. 
(2x  +  32/)5  =  (2x)'''.(l+||y 

=3...|..5.||.?.|.(l^^■(|y 

, 5-4.3.2    /32/y     /W] 
1.2.3.4"  \2a;/      \2a;/  \ 
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.„  ,  f .      15j/  ^  90//'^     270r     405j/*     243y5) 

=  32a;'^  +  240x'»j/  +  720.>;3y2  +  losOa^V  +  SlOa:!/*  +  243i/. 

417.  The  expansion  of  (a; -a)"  will  Le  precisely  the  same  as 
that  of  (x  +  a)",  except  that  the  sign  of  terms  in  which  the  odd 
powers  of  a  enter,  tliat  is  the  second,  fourth,  sixth,  and  other 
even  terms,  will  be  negative,. 


Thus  (x  -  a)" =x"  -  waa;""^  +    '  ^       -  .  ftV 


n.{n-V).{n-^) 


for         (aj-a)"=|x  +  (-«)['' 

=x''  +  w(-«)x''  '+        -  ^— '^(-a)'-x"~''+ &c. 

„   ,      ?(  .  (7i  -  1)     0  „   ,        0 
='£*-nax''  'H ^ — - —  a-x"~''+  &c. 

Ex.     Expand  (ft  -  c/'. 

xfi       r     ^  4      5.4,2     5.4.3  „,  ,  5.4.3.2    ,      . 
(«  -  c)5  =  a"  -  5rt*c  h  -  ^a-^c^  -  Y:^-f'^^  +  r7273:4"^'  ~  ^ 


Examples. — cxlix. 

Expand  the  following  expressions : 

I.     {a-xf.  2.     il^-cf.  3.     (2x-3i/)5. 

4.     (l-2x)5.  5.     (l-x)io.  6.     («3-Z*2)8. 

418.     A  trinomial,  as  a-vh  +  c,  may  be  raised  to  any  power 
by  ihe  Binomial  Theorem,  if  we  regard  two  terms  as  one,  thus : 

(a  +  6  +  c)"  =  (a  +  6)"  +  » .  (a  +  6)--\  c 

fi.in  —  X)    ,       ,.„  ,    ., 
+  —172     •  ^"^  ^  ^^     • '  "^  
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Ex.     Expand  (1  +  a;  +  :<;-)'. 

=  (1  +  3x  +  3a;2  +  x^)  +  3  (1  +  2a;  +  a;^)  r/i 

+  3(1  +a;),T'*  +  .x" 
=  1  +  3a:  +  3.t2  +  cc^  +  3a;2  +  6a;3  +  3a;^  +  3.r,'» 

«  +3ar'>4a;" 

=  1  +  3a;  +  6x2  +  73.3  ^  53,4  ^.  33.5  +  ^^ 

Examples. — cl. 

Expand  the  following  expressions  : 
I.     (rt  +  2&-cyi.  2.     (1 -2r(;  +  3;c2)3;      3.     (^.-3  _  rc2  +  a;)3. 

4.     (3,/;- +  2x6 +  1)3.       5      /,^.  +  i_ly.  6.     (a^  +  6i  -  c:^)3. 

419.  To  _/?7(fZ  //le  1"'  or  general  term  of  the  expansion  of 
{x  +  ay. 

We  have  to  determine  three  things  to  enable  ns  to  write 
down  the  r*""  tenn  of  the  expansion  of  (x  +  a)". 

1.  The  index  of  x  in  that  term. 

2.  The  index  of  a  in  that  terra. 

3.  The  coefficient  of  that  term. 

Now  the  index  of  x,  decreasing  by  1  in  each  term,  is  in  the 
r""  tetm  ?i  — r+  1 ;  and  the  index  of  a,  increasing  by  1  in  each 
term,  is  in  the  j-""  term  r—  1. 

For  exarajjle,  in  the  tldrd  term 

the  index  of  a;  is  w  -  3  +  1,  that  is,  ?i  -  2  ; 
the  index  of  a  is  3  -  1,  that  is,  2. 

Ill  assigning  its  proper  coefficient  to  the  r*  term  we  have  to 
determine  the  kist  factor  in  the  denominator  and  also  in  the 
numerator  of  the  fraction 

7^.(Tt-l).(n-2)■(^^-3) 

1.2.3.4 


I 
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•  Now  the  last  factor  of  the  (lenominator  is  less  by  1  tliau  the 
number  of  the  term  to  which  it  belongs.  Thus  in  the  3"*  term 
the  last  factor  of  the  denominator  is  2,  an<l  in  the  r*  term  the 
last  factor  of  the  denominator  is  r—  1. 

The  Imi  factor  of  the  numerator  is  formed  by  sulitra.-ting 
from  n  the  number  of  the  term  to  which  it  belongs  and  adding 
2  to  the  result. 

Thus  in  the  S'*  term  the  last  hictor  of  the  numerator  is 

71-3  +  2,  that  is  #  —  1  ; 

in  the  4'" n-4-l-2,  that  is  h  -2  ; 

and  so      in  the  r"" n-r\1. 

Observe  also  that  tlie  factors  of  the  numerator  decrease  by 
unity,  and  the  factors  of  the  denominator  increase  by  unity,  so 
that  the  coetiicient  of  the  7"'  term  is 

n.{n-l).{n-2) (n-r  +  2) 

1.2.3 (?-l) 

Collecting  onr  results,  we  write  the  r"'  term  of  the  expansion 
of  {x  +  a)"  thus  : 

n.{n-l).{n-2) (n-r  +  2) 

i.2.3...:::7(r-i)        •''  •"=    • 

Obs.  The  index  of  a  is  the  same  as  the  last  factor  in  the 
denominator.     The  sum  of  the  indices  of  a  and  x  is  n. 


Find 


Examples. — cli. 

1.  The  8*"  term  of  (1+ a;)". 

2.  The  5"-  term  of  (a''^  -  ¥y^. 

3.  The  4"-  term  of  (a  -  hf^. 

4.  The  9*"  term  of  {2ab  -  «Z)'*. 

5.  The  middle  term  of  (a  -  6)'". 

6.  The  middle  term  of  {a"^  +  b^)^. 

7.  The  two  middle  terms  of  (a  -  hy^. 

8.  The  two  middle  terms  of  {a  +  x)^. 
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9.     Show  that  the  coeffieit'iit  of  the  middle  term  ct' 
1.3.5 (4?),-l) 


(a  +  x)*"  is  2""  X 


1.2.3 2m 


10.     Show  that  the  coefficient  of  the  middle  term  of 
{%%  +  3)  (2tt  +  5) (4?i  -  1)  (4n  +  1) 


(a  +  x)*"+'  is  2"+»  X 


1.2 


420.  To  show  that  the  coefficient  of  the  r""  term  from  the 
beginning  of  the  expansion  of  {x  +  a)"  is  identical  with  the  coeffi- 
cient of  the  r"'  term  from  the  end. 

Since  the  number  of  terms  in  the  expansion  is  ?i+  1,  there 
are  '/(.+  l—t  terms  before  the  I'"'  term  from  the  end,  and  there- 
fore the  j""  term  from  the  end  is  the  {n  —  r  +  2)*  term  from  the 
beginning. 

Thus  in  the  expansion  of  {x  +  a)^,  that  is, 

x^  +  bax^  +  lOa^x^  +  lOa^.c^  +  5«*x  +  a^, 

tlie  3rd  term  from  the  end  is  the  (5  -  3  +  2)'",  that  is  tne  4""  terra 
from  the  beginning. 

Now  if  we  denote  the  coefficient  of  the  ?■'''  term  by  C,, 
and  tbe  coefficient  of  the  {n  -r  +  2)"'  term  by  C'„_^,^^ 
we  have 

~  _?i.  {n-  1) (n-r  +  2) 

'~     r:2:~..(r-i)     ' 

^        _9i.(7i-l) j?i-(n-r  +  2)  +  2f 

t'H-r+2-  J    2 (n-r  +  2- 1) 

n.{n-  1) r 

~r.2 {n-r+iy 

Hence 

C,       n.(n-\) (w-r  +  2)     1.2 (w-r  +  l) 

G^^r^         1.2 (r-1)         ""     n:{n-l)..:...r 

_ n.{n-\) (n-r  +  2).  (n-r+1). 2.1 

~  1.2 (r-l).r (n-l).w 

s=l=  =  l,  which  proves  the  proposition. 
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421.     To  find  the  greatest  term  m  the  expansion  of  (x  +  a)",  a 
being  a  positive  integer. 

The  r""  term  of  the  expansion  (x  +  a)"  is 

n.in-1) {n-r  +  2)  '  _^^ 

—  Tr2T."(73iy  --■'*    •■*     • 

The  (r+ 1)""  teiiu  of  the  expansion  (x  +  a)"  is 

n.{n-l) {n-r  +  2).{n-r  +  l)   ^,  ^,._ 

1.2 (r-l).r 

Hence  it  follows  that  we  obtain  the  (r  + 1)*  term  by  multi- 
plying the  r""  term  by 

n-r+ 1  a 
r       '  x 

When  this  multiplier  is  first  less  than  1,  the  r*""  term  is  the 
greatest  in  the  expansion. 

Now .  -  is  first  less  than  1 

r         X 

when  na-ra  +  a  is  first  less  than  rx, 

or  na  +  a  fi.rst  less  than  rx  +  ra, 

or  r{x  +  a)  first  greater  than  a  {n  + 1), 

or  T  first  greater  than  — ^^ -. 


x  +  a 


Ti-       1-             1    ^     *(^  +  l)    xi,       n-r+1  a     .         ,    ., 
If  r  be   equal   to   -,  then    •-  =  !,  and  the 

.13  +  a  ?•         X 

(r  + 1)""  term  is  equal  to  the  r"",  and  each  is  greater  than  any 
other  term. 

^X.     Find  the  greatest  term  in  the  expansion  of  (4  +  ay, 

when  a  =  g. 

3 

Here  a(^  +  l)     #^+^^     12     24 

^^'^^  s  +  a    — 7^       11     11      "• 

^  +  2       T 

The  first  whole  number  greater  than  2^^  is  3,  therefore  the 
greatest  term  of  the  expansion  is  the  3rd. 

[s.A.]  V 
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422.  To  find  the  sum  of  all  the  coefficients  in  the  expansion 
of{\+xY. 

oi-        /*,        \       .  n.(n~V)  „ 

Since  (1  +  a;)"  =  1  +  nx  H !;         'x^  + 

i.  *  ^1 

J.  •  ^ 

putting  a;  =  l,  weget 

n.hi- 1)  ?t .  (n - 1)  , 

2''=l  +  7t  +  — -f-2^  + +  — 1    2"    +""'-^' 

or,  2"= the  sum  of  all  the  coefficients. 

423.  To  shoiu  that  the  sum  of  the  coefficients  of  the  odd  terms 
in  the  expansion  of  (l+jc)"  is  equal  to  the  sum  of  the  coefficients 
of  the  even  terms. 

Since 

,,       ,„     ,  n.(n-l)  .,     n.(7i-l).(«-2)  „  , 

(1 +.<;)■•  =  l  +  ?^ic+ — ^         V  +  — ^    ^    ^   g -V+ 

putting  x=  -  1,  we  get 

,,     ,,       ,  n.(n-l)     n'.(n-l).(n-2) 

(1  -  1)»  =  1  -  n  +  -  -{-^^-^  -      H:273  + 


or  Q,  fi   I  n.{n-l)  ) 


(        n.in-l).{n-2) 
-\''^ 17273""      + 


■} 


=  suni  of  coefficients  of  odd  terms  -  sum  of  co- 
ethcients  of  even  terms ; 

.•.  sum  of  coefficients  of  odd  terms  =  sum  of  coefficients  of 
<iven  terms. 

Hence,  by  the  preceding  Article, 

2" 
sum  of  coefficients  of  odd  terms  =  —  =  2"~* ; 

2" 
gum  of  coefficients  of  even  terms  =  ^  =2"~'. 


XXXVI.    THE    BINOMIAL   THEOREM. 
FRACTIONAL  AND    NEGATIVE    INDICES. 

424.     We  have  shown  that  when  m  is  a  positive  integer, 
(l+a;)'"  =  l  +  TOX  +  — ->-- ^5 — 'x^+ 


We  liave  now  to  show  that  this  equation  holds  yoocl  when 
m  is  a  positive  fraction,  as  ^,  a  negative  integer,  as  -  3,  or  a 

3 

negative  fraction,  as  —  j. 

We  shall  give  the  proof  devised  by  Enler. 
425.     Tf  m  be  a  positive  integer  we  know  that 


,  im -\)^    m.  (m -  1)^^ (m - 2) , 
T72~^  '^~~       1.2.3  ' 

Let  us  agree  to  represent  a  series  of  the  form 

m .  (m  —  1)    , 
l  +  7rtX+ — \—^ — '  x^+  


by  the  symbol  /(m),  whatever  the  value  of  m  may  be. 

Then  we  know  that  when  to  is  a  positive  integer 
(l+a;)"'=/(m); 
and  we   have  to   show  that,  also,  when  m  is  fractif>iial  or 
negative 

(l  +  x)"'=/(«i). 

>>mce  /(m)  =  l+TOX-i —        r.y-  x'+  
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If  we  multiply  together  the  two  series,  we  shall  obtain  an 
expression  of  the  form 

1  +  ax  +  fo;'-^  +  c;c^  +  cix'*  +  

that  is,  a  series  of  ascending  powers  of  x  in  which  the  coeffi- 
cients rt,  h,  c are  formed  by   various  combinations  of 

m  and  n. 

To  determine  the  mode  in  which  a  and  b  are  formed,  \vt  ns 
commence  the  multiplication  of  the  two  series  and  continue  it 
as  far  as  terms  involving  X",  thus 

,.,    ,      ,               711.  (m-1)    ,, 
J{iu)  =  l+mx+  -     j    g     ^x^+  

,,    >      ,               n  .  (n  -  1)    „ 
f{7i)  =  l+m  +  —>-^     ^x^+  


/(m)  x/(«)  =  l+mx+    -  j    _^     -  X-  + 

+  nx  +  mnx'-i-  

7i.(n-l)    „ 
+  -Y.2      ""  +  • 


,  ,  (7«,.(m— 1) 


TO .  (m  -  1)  ,    „ 


(«-2.)l 

1.2      I 


Comparing  this  prodiict  Avith  the  assumed  expression 

\  +  ax  +  hx'^-^cx^  +  dx*+  

Ave  see  that  a  =  7n  +  n, 

and  -0  =  — '-- g— -+m7i+-  y   ^^    •' 

_  m^  -  m  +  2?}i?i  +  ?i,2  _  ji 
_  -  __ 

_  (m  +  «,) .  (??i  +  91—1) 
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Similarly  we  could  show  hy  actual  multiplication  that 

_{m  +  n).  {m  +  n -1).  {m  +  n-2) 
"=  iT'2.3 

,_ {m  +  n).{m  +  n-\) .  (vi  +  ?t - 2) . (m  +  71  - 3) 
**"  rT273.4  '   "  ' 

Thns  we  might  determine  the  successive  coefficients  to  any 
extent,  but  we  may  ascertain  the  law  of  their  formation  by  the 
folio \v jng  considerations. 

The  forms  of  the  coefficients,  that  is,  the  way  in  which  vi 
and  n  are  involved  in  them,  do  not  depend  in  any  way  on  the 
values  of  m  and  n,  but  will  be  precisely  the  same  whether  m 
and  n  be  positive  intecfers  or  any  numbers  whatsoever. 

If  tlien  we  can  determine  the  law  of  their  formation  when 
m  and  n  are  positive  integers,  we  shall  know  the  law  of  their 
formation  for  all  values  of  m  and  n. 

Now  when  m  and  n  are  positive  integers^ 
f{m)  =  {\+xT, 
f{n)  =  {\+x)"; 
:.  /(m)  X  f{n)  =  (1  +  x)"  X  (1  +  x)" 

=  1  +  (m  +  n)x  +  ^ -^^ ^  +  ••• 

=f{m  +  n). 

Hence  we  conclude  that  whatever  he  the  values  of  m  and  n 
f(vi)xf{n)=f{m  +  n). 

Hence  /  (m  +  n+p)=f{m).f{n+p) 

=fH.f{n).f{p), 

and  so  generally 

f{m  +  n+p+  ...)=f{m).f{n).f{p)... 
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Now  let  m=n='p=  ...=j-,h  and  h  being  positive  integers, 


then 

j,fh     h     h  ^    ,  ^         \ 

J  {t  +  t  +  t+  ...to  k  terms  ) 

(l+xy'=j/(|)|*; 


,     h      k   \k       /„ 
=  ^  +  t+       1.2      ^+- 

wliicli  proves  the  theorem  for  a  positive  fractional  index. 

Again,  since  f{m).f(n)—f{m+n)  for  all  values  of  m  and  71, 
let  n=  -m,  then 

/ ("j)  •/ ( -  ™)  =/(««■  -  w) 
=/(0). 

XT  i1  •  1      .  ''"^  •  (''^  -1)9 

Now  the  series  1  +  mx h ^  '^a:^+  ... 

becomes  1  when  m  =  0,  that  is,/(0)  =  l; 
.•./(m)./(-m)  =  l; 

.•.(l+a:)-™=/(-m) 

1  ,  /       \     ,  -w(-m-l)  ,  , 
=  l  +  (-7?0rc+ Y'2 ^  "^  — 

which   proves  the   theorem   for  a  negative  index,  integral  or 
fractional. 
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1 
426.     Ex.     Expand  (a +  «)- to  four  terms. 

(a  +  x)2  =  a2  +  -.a5^  .x  + j-^ — .  «-^     .a;^  + 


.«i- 


1.2.3 
1  3 


1       X        x^         »•* 
2a 2     8a2     I6a2 


Or  we  might  proceed  thus,  as  is  explained  in  Art.  416. 

^^    V-^ra-^-^TT-    V^^-^    1.2.3  •^•••) 

_  i  f  1  4-  ^      *!  J.  Ji-      I 


2a  2     8a2     iGa'-^ 


Examples.— clii. 

Expand  the  following  expressions  : 


1.  (1  +  a;)-  to  five  terms. 

2.  (1  +  a)^  to  four  terms. 

3.  {a +  %)•''  to  five  terms. 

4.  (l  +  2x)2  to  five  terms. 

5 .  (a^—yio  four  terras. 


7.  (1  -  a;2)2  to  five  terms. 

8.  (1  -  rt'")^  to  four  terms. 

3 

9.  (1  —  3x)-^  to  four  terms. 

10.  (x^  —  -- )^  to  four  terms. 

5. 

11.  (1  —  cc) '^  to  four  terms. 


6.    (a^  +  xi)*  to  four  terms.  12.    (^  -  ^y^"  to  three  terms. 
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427.  To  expand  (l+x)~". 

H+xr"  =  l  +  i-n).x+-'''l-^^x^ 

1.2.3  ar>+  .... 

=  i_„^+^^.:Ly^2_«(»YiK^^+2)_^3_^ 

the  term?  lieing  alternately  positive  and  negative. 
Ex.     Expand  (1  +x)~^  to  five  terms. 
na...\-3     1     Q.3.4„     3.4.5    „     3.4.5.6     , 

=  1  -  3x  +  6.X-2  -  10a;3  +  15x* -  ... 

428.  To  expand  (1  -  x)-", 

t:"2."3        '*^'*"  ••• 

-  ,  n.(n+l)     „     n.(n+\)(n  +  2)    , 

=  l+„,^+_  1.2       •^-+  1.2:3  *^+" 

the  terms  being  all  positive. 

Ex.     Expand  (1  -x)'"  to  five  terms, 
n     ^\-3     1  ^  Q    ,  3  .  4   .,     3  .  4  .  5    ,     3.4.5.6, 

« 1  +  3x  +  6x-  +  lOx--  +  15x*  +  . .. 

Examples.— cliii. 
Expand 

(x\~2 
1-^j     to  five  terms. 

1.    (1  -  3x)-' to  five  terms.  5.    (a- -2.^)-^  to  five  terms. 

to  four  terms.         6.    (a ^ —x-')""  to  lour  terms. 


0-1)^* 
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429.     To  ex2)and  (1  +x)~». 

-•(---1) 


(l+x)-'^  =  l  +  (-l).  +  . 


n    \     n 


n\     n       /  \     n       / 


1.2.3 


.  :f^  + 


,      1       «  +  l   „     (n  +  l)(2n+l)  3^ 
n        2n'  on' 


Examples.— cliv. 

Expand 

1.  (1  +.'>;-)"-  to  five  terms,  4.   (1  +  2r)  2  to  five  terms. 

2.  (l-x^)  -  to  five  terms.  5.    (rt-  +  ;r^)  ^  to  four  terms. 

3.  (cc^  +  z^)  **  to  four  terms.  6.   {a^  +  x^)  ^  to  four  terms. 


430.    Observations  on  the  general  expression  for  the  term  involving 
a;'  in  the  expansions  (I  +r>;)"  and  (1  -x)". 

Tlie  general  exj^ression  for  the  term  involving  a;',  that  is  the 
(r+  1)*  term,  in  the  expansion  of  (1  +x)"  is 

«.(«-l)...(n-r  +  l) 

1.2 r         "  ' 

From  this  we  must  deduce  the  form  in  all  cases. 

Thus  the  (?•+  1)*  term  of  the  expansion  of  (1  -a;)"  is  found 
by  changing  x  into  (  -  x),  and  therefore  it  is 

H^(n--l)...(:n_-r  +  l) 

1.2 r         "^       '' 

(_  ly  -_(«- 1) :::(«-- IP.  ^. 
'  ^       ^  1.2 r 


314  THE  BINOMIAL    THEOREM. 

If  n  be  negative  and  =  -m,  the  (r+  1)""  term  of  the  expan- 
sion of  (1  +a;)"  is 

(-m)(-m-l) ...  (-m-r  +  1) 

1.2 r  ' 

(-iy.)m.(m-fl)...(m  +  r-l)|af. 
1.2 ..r 

If  w  be  negative  and  =  -m,  the  (r  + 1)**  term  of  the  expan- 
sion of  (1  +  x)"  is 

(-l)'.|m.(7«+l)...(™  +  r-l)f 

1:2.:::. ..;..::......>       •^"*^' 

m.(m+l) ...  C??i  +  r- 1)     , 
1.2 ;...r •^• 


Examples. — civ. 

Find  the  r*  terms  of  the  following  expansions : 
I.    (l+a;)7.  2.    (l-a;)i2,  3.    (rt-.T)8.  4.    (5x  +  2^)9 

5.    (1+a;)-^         6.    (l-3x)-^.        7.    (l-x^^.       g.    (a  +  a;)^ 
9.    (l-2a;)"^.  10.    (a2-x2)-|. 

1 1.  Find  the  {r  +  1)'"  term  of  (1  -  a;)^. 

1 2.  Find  the  (r  + 1)""  term  of  (1  -  4a;)"^. 

13.  Find  the  (r  +  1)""  term  of  (1  +  a;)-'. 

14.  Show  that  the  coeffirient  of  x"^^  in  (1  +X)''"'"*  is  the  sum 
of  the  coefficients  of  x'  and  x''+^  in  (1  +x)*'. 

15.  What  is  the  fourth  term  of  (rt--j  ^? 

1 6.  What  is  the  fifth  term  of  {a?-  -  &-')  2  ? 

17.  What  is  the  ninth  term  of  («2  +  2x^)2  % 

18.  What  is  the  tenth  term  of  (a  +  hy^ "? 

19.  What  is  the  seventh  term  of  (a +  6)'"? 
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431.  The  following  are  examples  of  the  application  of  the 
Binomial  Tlieorem  to  the  approximation  to  roots  of  numbers. 

(1)  To  approximate  to  the  square  root  of  104. 
V104=  Va00  +  4)  =  10(H-^)* 

t        2    100         1.2         VlOO/ 

1.2.3  VlOO/       ■■■) 

=io(i+A__?_+_±__.  1 
1     100   10000   1000000       j 

=  10-19804  nearly. 

(2)  To  approximate  to  the  fifth  root  of  2. 
4/2  =  (1  +  1)* 

^^     l_^     _3 2]_ 

5     25 '''250     2.500'*' ••• 

=  1  +  — I nearly 

25^2500  ^ 

-1-1236  nearly. 

(3)  To  approximate  to  the  cube  root  of  25, 

4/25=  4/(27- 2)  =  3|l-Ap. 

Here  we  take  the  cube  next  ahove,  25,  s»  as  to  make  the 
second  term  of  the  binomial  as  small  as  possible,  and  then 
proceed  as  before. 


Examples. — clvi. 

Approximate  to  the  following  roots  : 
I.    4/31.  2.    4/IO8.  3.    4/260.  4.    4/31. 


XXXVII.    SCALES    OF    NOTATION. 

432.  The  sjnnhols  employed  in  our  common  system  of 
Arithmetical  Notation  are  the  nine  digits  and  zero.  These 
digits  when  written  consecutively  acquire  local  values  from 
their  positions  with  respect  to  the  place  of  units,  the  value  of 
every  digit  increasing  ten-fold  as  we  advance  towards  the  left 
hand,  and  hence  the  number  ten  is  called  the  Eadix  of  the 
Scale. 

If  we  agree  to  represent  the  number  ten  by  the  letter  t,  a 
number,  expressed  according  to  the  conventions  of  Arithmetical 
Notation  by  3245,  would  assume  tbe  form 

3(^  +  2<2  +  4i  +  5 
if  expressed  according  to  the  conventions  of  Algebra. 

433.  Let  us  now  suppose  that  some  other  number,  as  _/i«e, 
is  the  radix  of  a  scale  of  notation,  then  a  number  expressed  in 
this  scale  arithmetically  by  2341  will,  if  five  be  represented  by 
/,  assume  tlie  form 

2/3  +  3/2  +  4/+ 1 

if  expressed  algebraically. 

And,  generally,  if  r  be  the  radix  of  a  scale  of  notation,  a 
number  expressed  arithmetically  in  that  scale  l)y  6789  will, 
when  expressed  algebraically,  since  the  value  of  eacli  digit 
increases  r-fold  as  we  advance  towards  the  left  hand,  be  repre- 
sented by 

6r3  +  7r2  +  8r  +  9. 

434.  The  number  which  denotes  the  radix  of  any  scale  will 
be  represented  in  that  scale  by  10. 

Thus  in  the  scale  whose  radix  is  five,  the  number  five  will 
be  represented  by  10. 
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In  the  same  scale  seven,  lieing  eiiual  to  five  +  two,  will 
therefore  be  represented  by  12. 

Hence  the  series  of  natural  numbers  as  far  as  twenty-Jive  will 
be  represented  in  the  scale  whose  radix  is  five  thus  ; 

1.  2,  3,  4,  10,  11,  12,  13,  14,  20,  21,  22,  23,  24,  30,  31, 
32,  33,  34,  40,  41,  42,  43,  44,  100. 

435.  In  the  scale  whose  radix  is  eleven  we  shall  rerpiire 
a  new  symbol  to  express  the  number  ten,  for  in  that  scale  the 
number  eleven  is  represented  by  10.  If  we  agree  to  express 
ten  in  this  scale  by  the  symbol  t,  the  series  of  natural  numbers 
as  far  as  twenty-three  will  be  represented  in  this  scale  thus  : 

1,  2,  3,  4,  5,  6,  7,  8,  9,  t,  10,  11,  12,  13,   14,   15,   10,  17, 

18,   19.  It,  20,  21. 

436.  In  the  scale  whose  radix  is  ticelve  we  shall  ret|uire 
another  new  symbol  to  express  the  number  eleven.  If  we 
agree  to  express  this  number  by  the  symbol  e,  the  natural 
numbers  from  nine  to  thirteen  will  be  represented  in  the  scale 
whose  radix  is  twelve  thus  : 

9,  t,  e,  10,  11. 

Again,  the  natural  numbers  from  twenty  to  twenty-five  will 
be  represented  thus  : 

18,  19,  It,  le,  20,  21. 

437.  The  scale  of  notation  of  which  the  radix  is  two,  is 
called  the  Binary  Scale. 

The  names  given  to  the  scales,  up  to  that  of  which  the 
radix  is  twelve,  are  Ternary,  Quaternary,  Quinary,  Senary, 
Septenary,  Octonary,  Nonary,  Denary,  Undenary  and  Duo- 
denary. 

438.  To  perform  the  operations  of  Addition,  Subtraction, 
Multiplication,  and  Division  in  a  scale  of  notation  whose  index 
is  r,  we  proceed  in  the  same  way  as  we  do  for  numbers  ex- 
pressed in  the  common  scale,  with  this  difference  only,  that  r 
must  be  used  where  ten  would  be  used  in  the  common  scale  : 
which  will  be  understood  better  by  the  following  examples. 
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Ex.  1.    Find  the  sum  of  4325  and  5234  in  tlie  senary  scale. 
4325 
5234 

the  sum  =  14U03 

which  is  obtained  by  adding  the  numbers  in  vertical  lines, 
carrying  1  for  every  six  contained  in  the  several  results,  and 
setting  down  the  excesses  above  it. 

Thus  4  units  and  5  units  make  nine  units,  that  is,  six  units 
together  with  3  units,  so  we  set  down  3  and  carry  1  to  tlie 
next  column. 

Ex.  2.  Find  the  difference  between  62345  and  53466  iii 
the  septenary  scale. 

62345 
53466 


the  difference  =   5546 


which  is  obtained  by  the  folloAving  process.  We  cannot  take 
six  units  from  five  units,  we  therefore  add  stven  units  to  the 
five  units,  making  12  imits,  and  take  six  units  from  twelve 
units,  and  then  we  add  1  to  the  lower  figure  in  the  second 
column,  and  so  on. 

Ex.  3.     Multiply  2471  by  358  in  the  duodenary  scale. 
2  4  7  1 
3  58 


7088 
e,  t  e,  b 

7  19  3 

8  3  3  3  l"8 

Ex.  4,     Divide  367286  by  8  in  the  nonary  scale. 
8  )  367286 
"  42033 
The  following  is  the  process.    We  ask  how  often  8  is  contaiiit-i  1 
in  36,  which  in  the  nonary  scale  represents  thirty-three  units  ; 
the  answer  is  4  and  1  over.     We  then  ask  liow  often  8  is  con- 
tained in  17,  which  in  the  nonary  scale  represents  sixteen  units : 
the  answer  is  2  and  no  remainder.    And  so  for  the  other  digits. 
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Ex.  5.     Divide  1184323  by  589  in  the  duodenary  scale. 

589;  1184323  (^2483 
e56 

3e32 
39  <0 


1523 
1523 


Ex.  6.     Extract  the  square  root  of  10534521  in  the  semiry 
scale. 


10534521  (^  2345 
4 

43 

253 
213 

504 
5125 

4045 
3224 

42121 
42121 

r. 

2. 
3- 
4- 
5- 
6. 

7- 
8. 

9- 

10. 

scale. 


Examples. — clvii. 

Add  23561,  42513,  645325  in  the  septenary  scale. 
Add  3074852,  4635628,  1247653  in  the  nonary  scale. 
Subtract  267862  from  358423  in  the  nonary  scale. 
Subtract  124321  from  211010  in  the  quinary  scale. 
Multiply  57264  by  675  in  the  octonary  scale. 
Multiply  1456  by  6541  in  the  septenary  scale. 
Divide  243012  by  5  in  the  senary  scale. 
Divide  3756025  by  6  in  the  octonary  scale. 
Extract  the  square  root  of  25400544  in  the  senary  scale. 
Extract  the  square  root  of  56898 fl  in  the  duodenary 
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439.     To  transform  a  given  integral  number  from  one  scale  to 
another. 

Let  N  be  the  given  integer  expressed  in  the  first  scale, 

r  tlie  radix  of  the  new  scale  in  which  the  number  is  to 
be  expressed, 

a,h,c m,}-),  q  the  digits,  n  +  l  in  number,  expressing 

the  number  in  the  new  scale  ; 
BO  that  tlie  number  in  the  new  scale  will  be  expressed  thus  : 

ar"  +  h-"~^  +  cr"-^  +  -{- mr''^  +  pr  +  q. 

We  have  now  from  the  eq^uation 

^'■=ar"  +  6r"~^  +  cr"~2+  ^^,-2^^^^^^ 

to  determine  the  values  of  a,  b,  c in,  p,  q. 

Divide  N  by  r,  the  remainder  is  q.     Let  A  be  the  quotient : 

then 

^  =  ar""'i  +  6r"~2  +  cr"~^+  +'mr+p. 

Divide  A  by  r,  the  remainder  is  p.     Let  B  be  the  quotient : 

then 

B  =  ar''~^  +  br"-^  +  cr'^+  +m. 

Hence  the 
fii-st  digit  to  the  right  of  the  number  expressed  in  the 

new  scale  is  q,  the  first  remainder  ; 

second P,  the  second  remainder  ; 

third     f>i,  the  third  remainder  ; 

and  thus  all  the  digits  may  be  determined. 

Ex.  1.     Transform  235791  from  the  common  scale  to  the 
scale  whose  radix  is  6. 

6     I     235791 


6 

39298  remainder  3 

6 

6549  remainder  4 

6 

1091  remainder  3 

6 

181  remainder  5 

6 

30  remainder  1 

6 

5  remainder  0 

0  remainder  5 

The  number  required  is  therefore  5015343. 
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The  digits  by  which  a  number  can  be  exjjressed  in  a  scale 

whose  radix  is  r  will  be  1,  2,  3 t-\,  because  these,  with  0, 

are  the  only  remainders  which  can  arise  from  a  division  in 
which  the  divisor  is  r. 

Ex.  2.     Express  3598  in  the  scale  whose  radix  is  12. 


12 

3598 

12 

299 

remainder  t 

12 

24 

remainder  e 

12 

2 

remainder  0 

0 

remainder  2 

.•.  the  number  required  is  20ei, 

440.  The  method  of  transforming  a  given  integer  from  one 
scale  to  another  is  of  course  applicable  to  cases  in  which  both 
scales  are  other  than  the  common  scale.  We  must,  however, 
be  careful  to  perform  the  operation  of  division  in  accordance 
with  the  principles  explained  in  Art.  438,  Ex.  4. 

Ex.  Transform  142532  from  the  scale  whose  radix  is  6  to 
the  scale  whose  radix  is  5. 


5 

142532 

5 

20330 

remainder  2 

5 

2303 

remainder  3 

5 

300 

remainder  3 

6 

33 

remainder  3 

5 

4 

remainder  1 

0 

remainder  4 

The  required  number  is  therefore  413332. 

Examples.— clviii. 

Express 

1.  1828  in  the  septenary  scale. 

2.  1820  in  the  senary  scale. 

3.  43751  in  the  duodenary  scale. 

[S.A.] 
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4.  3700  in  the  quinary  scale. 

5.  7631  in  the  binary  scale. 

6.  215855  in  the  duodenary  scale. 

7.  790158  in  the  septenary  scale. 

Transform 

8.  34002  from  the  quinary  to  the  quaternary  scale. 

9.  8978  from  the  nndenary  to  the  duodenary  scale. 

10.  3256  from  the  septenary  to  the  duodenary  scale. 

1 1.  37704  from  the  nonary  to  the  octonary  scale. 

12.  5056  from  the  septenary  to  the  quaternary  scale. 

13.  654321  from  the  duodenary  to  the  septenary  scale. 

14.  2304  from  the  quinary  to  the  undenary  scale. 

441.  In  any  scale  the  positive  integral  powers  of  the  iium- 
ber  which  denotes  the  radix  of  the  scale  are  expressed  by 
10,  100,  1000 • 

Thus  twenty-five,  which  is  the  square  of  five,  is  expressed  in 
the  scale  whose  radix  is  five  by  100 :  one  hundred  and  twenty- 
five  will  be  expressed  by  1000,  and  so  on. 

Generally,  the  Ji""  power  of  the  number  denoting  the  radix 
in  any  scale  is  expressed  by  1  followed  by  n  cyphers. 

The  highest  number  that  can  be  expressed  by  f  digits  in  a 
scale  whose  radix  is  r  is  expressed  by  r''  - 1. 

Thus  the  highest  number  that  can  be  expressed  by  4  digits 
in  the  scale  whose  radix  is  five  is 

10*  - 1,  or  10000  -  1,  that  is  4444. 

The  least  number  that  can  be  expressed  by  f  digits  in  a 
scale  whose  radix  is  r  is  expressed  by  r'^\ 

Thus  the  least  number  that  can  be  expressed  by  4  digits  in 
the  scale  whose  radix  is  five  is 

10*-i  or  101  that  is  1000. 
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442.  In  a  scale  whose  radix  is  r,  the  sum  of  the  digits  of 
an  integer  divided  by  (r-  1)  will  leave  the  same  remainder  as 
the  integer  leaves  when  divided  by  r  -  1. 

Let  A'"  be  the  number,  and  suppose 

A''=ar''  +  6?-'''~i  +  c/-"~2+  +mr-+jjr  ^-g. 

Then 
i\^-rr(r"-l)  +  &(r"-i-l)  +  c(r''-2-l)+  ...  +m(r2-l)+p(r  -  1) 
+  {a  +  i  +  c+  +TO+2>  +  g'f. 

Now  all  the  expressions  r" -  1,  r"~^  —  1 r- -  1,  r-  1  are 

divisible  by  r  —  1 ; 

.     N  .  a-Vh-\-c-\- m^-p-vq 

.. -=  an  intesrer  H -' — ^  ; 

which  proves  the  proposition,  for  since  the  quotients  differ  by 
an  integer,  their  fractional  parts  must  be  the  same,  that  is,  the 
remainders  after  division  are  the  same. 

Note.  From  this  proposition  is  derived  the  test  of  the 
accuracy  of  the  result  of  Multiplication  in  Arithmetic  by  cast- 
ing otit  the  nines. 

For  let  A  =  9m-ha, 

and  B=9n  +  h  ; 

then  AB=9(9mn  +  cm  +  hn)  +  ah  ; 

that  ia,  AB  and  ab  when  divided  by  9  will  leave  the  same 
remainder. 

Radical  Fractions. 

443.  As  the  local  value  of  each  digit  in  a  scale  whose  radix 
is  r  increases  r-fold  as  we  advance  from  right  to  left,  so  does 
the  local  value  of  each  decrease  in  the  same  proportion  as  we 
advance  from  left  to  right. 

If  then  we  affix  a  line  of  digits  to  the  right  of  the  units' 
place,  each  one  of  these  having  from  its  position  a  value 
one-r*  part  of  the  value  it  would  have  if  it  were  one  place 
further  to  the  left,  we  shall  have  on  the  right  hand  of  the 
units'  place  a  series  of  Fractions  of  which  the  denominators 
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ai'e  successively  ?■,  ?'^,  r^,  ,  while  tlie  numerators  may  li>.' 

aiiy   numbers   between   r— 1    and    zero.       Tliese    aru    calluil 
Radical  Fractions. 

In  our  common  system  of  notation  the  word  Radical  is 
replaced  by  Decimal,  l)ecause  ten  is  the  radix  of  the  scale. 

Now  adopting  the  ordinary  system  of  notation,  and  uiarkin*,' 
the  place  of  units  by  putting  a  dot  •  to  the  right  of  it,  we  have 
the  following  results  : 


246-4789  =  2  x  10^  +  4  x  10  +  6  +  -^^^  +  -J^„  +  ^^  +  -^^, ; 


In  the  denary  scale 
246-4789  =  2; 
in  the  quinary  scale 

324-4213  =  3xl()2  +  2xin  +  4  +  ^+l^+^J^^  +  JL, 

remembering  that  in  this  scale  10  stands  Un'  Jive  ;ind  liot  foi-  ten 
(Art.  434). 

444.     To  show  that  in  any  scale  a  radical  fraction  is  a  proper 
fraction. 

Suppose  the  fi-action  to  contain  n  digits,  a,  b,  c 


Then,  since  r  -  1  is  the  highest  value  that  each  of  the  digits 
can  have, 

-+  — ,  +  ...  is  not  greater  than  (r-  l)(  -  +  -t,+  ...  to  w  terms  ) 
r     r^  \r     r-  I 


IV     , 


not  greater  than  (r  —  1) 


r  -. 


1 


not  greater  than  (r  -  1)  - 1 ; 

(r"(j--l)) 

not  greater  than ; 


not  greater  than  I  -  — 
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Hence  the  given  fraction  is  less  than  1,  and  is  therefore  a 
proper  fraction. 

445.  To  transform  a  fraction  expressed  in  a  given  scale  into 
a  radical  fraction  in  any  other  scale. 

Let  F  be  tlie  given  fraction  expressed  in  the  first  scale, 

r  the  radix  of  the  new  scale  in  which  the  fraction  is  to 
be  expressed, 

a,  b,  c  ...  the  digits  exjiressing  the  fraction  in  the  new 
scale,  so  that 

„    a,     b      c 
F=~ +  -,+  -.+  ... 

from  which  equation  the  values  of  a,b,  c ...  are  to  be  deter- 
mined. 

Multiplying  both  sides  of  the  equation  by  r, 

ET  be 

r     r- 

b      c 
Now  -  +  -J+  ...  is  a  proper  fractiim  by  jn.rt.  444. 

Hence  the  integral  part  of  Fr  will  =((,  the  first  digit  of  the 
neiv  fraction,  and  the  fractional  part  of  Fr  will 

b      c 
=  -  +  -7,+  ... 
r     r- 

Giving  to  this  fractional  j^art  of  Fr  the  symbol  Fi  we  have 

i^=^+4+ ... 

r     r^ 

Multiplying  both  sides  of  the  equation  by  r, 

F^r  =  b  +  ^+  ... 
r 

Hence  the  integral  part  of  F^r  =  b,  the  second  digit  of  the  new 
fraction,  and  thus,  by  a  similar  process,  all  the  digits  of  the 
new  fraction  may  be  found. 
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3 

Ex.  1.     Express  =  as  a  radical   fraction  in   the   quinary 

scale : 

15  5 

-X5=  y   =0  +  y, 
_x5=y  =  3  +  y, 

4     ,     20     ^     6 

7  7  7' 

6     ^     30      ,      2 

-X5  =  y=4  +  ^, 

2     _      10     ,      3 

therefore  fraction  is  •203241  recurring. 

Ex.  2.     Express  -84375  in  the  octenary  scale : 
•84375 

8 


6-75000 

8 


6-00000 
The  fraction  reqixirecl  is  •66. 

Ex.  3.     Transform  ^42765  from  the  nonary  to  the  senary 
scale. 

•42765 
6 


2-78133 
6 

5^23820 
6 

1-55430 
6 

3-65800 


The  liaction  reqiiired  is  -2513 , 
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Ex.  4.     Transform  e\'i'^-tTlb  from  the  duodenary  to  the 
quaternary  scale : 


4 

el24 

•«275 

4 

2937- 

83f- 

-  remainder  0 

-  remainder  3 

4 

^i 

3-4«58 
4 

4 

20e- 

-  remainder  2 

l-75<8 
4 

4! 

62- 

-  remainder  3 

-  remainder  2 

4 

16- 

2-5e68 

4 

4- 

-  remainder  2 

4 

4 

1- 

-  remainder  0 

l-ei28 

, 

0- 

-remainder  1 

Number  recjuired  is  10223230-3121  ... 

Examples.—  clix. 

25  . 

1.  Express  --  in  the  senary  scale. 

'  36  •' 

2.  Express  —  in  the  septenary  scale. 

3.  Express  23"125  in  the  nonary  scale. 

4.  Express  1820-3375  in  the  senar}'  scale. 

5.  In  what  scale  is  17486  written  212542  ? 

6.  In  what  scale  is  511173  written  1746305  ? 

7.  Show  that  a  number  in  the  Common  scale  is  divisible  : 
(i)     by  3  if  the  sum  of  its  digits  is  divisible  by  3. 

(2)  by  4  if  the  last  two  digits  be  divisible  by  4. 

(3)  ^y  8  if  the  last  three  digits  be  divisible  by  8. 

(4)  by  5  if  the  number  ends  with  5  or  0. 
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(5)  by  11  if  the  difference  between  the  sum  of  the  digits 
in  the  odd  phxces  and  the  sum  of  those  in  the  even 
places  be  divisible  by  11. 

8.  If  iV"  be  a  number  in  the  scale  whose  radix  is  r,  and  n 
be  the  number  resulting  when  the  digits  of  N  are  reversed, 
show  that  iV-7i  is  divisible  by  r-  1. 


XXXVIII.    ON    LOGARITHMS. 

446.  Def.  The  Logarithm  of  a  number  to  a  given  base 
is  the  index  of  the  power  to  which  the  base  must  be  raised  to 
give  the  number. 

Thus  if  'm  =  aj',  x  is  called  the  logarithm  of  m  to  the  base  a. 
For  instance,  if  the  base  of  a  system  of  Logarithms  be  2, 
3  is  the  logarithm  of  the  number  8, 
because  8  =  2^: 
and  if  the  base  be  5,  then 

3  is  the  logarithm  of  the  number  125, 
because  125  =  5^. 

447.  The  logarithm  of  a  number  m  to  the  base  a  is  written 
thus,  log^m;  and  so,  \im  =  a', 

x  =  \og^m. 

Hence  it  follows  that  m  =  a'°S''"'. 

448.  Since  l=«o,  the  logaritlim  of  unity  to  any  base  is 

zero. 

Since  «  =  «!,  the  logarithm  of  the  base  of  any  system 
is  unity. 

449.  "We  now  proceed  to  describe  that  which  is  called  the 
Common  System  of  logarithms. 

The  base  of  the  system  is  10. 
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By  a  system  of  logarithms  to  the  base  10,  we  mean  a  succes- 
sion of  values  of  x  which  satisfy  the  equation 

971=10^ 

for  all  positive  values  of  to,  integral  or  fractional; 

Such  a  system  is  formed  by  the  series  of  logarithms  of 
the  natural  numbers  from  1  to  100000,  which  constitute  the 
logarithms  registered  iu  our  ordi7iary  tables,  and  which  are 
tlierefore  called  tabular  logarithms. 


450.     Now 


and  so  on. 


1  =  100, 

10  =  10S 

100  =  102, 

1000  =  103, 


Hence  the  logarithm  of        1  is  0, 

of      10  is  1, 

of    100  is  2, 

of  1000  is  3, 

and  so  on. 

Hence  for  all  numbers  between  1  and  10  the  logarithm  is  a 
decimal  less  than  1, 

between  10  and  100  the  logarithm  is  a  decimal  between  1 
and  2, 

between  100  and  1000 a  decimal  between  2 

and  3,  and  so  on. 

451.  The  logarithms  of  the  natural  numbers  from  1  to  12 
stand  thus  in  the  tables  : 


1  No. 

Log 

!  1 

0-0000000 

i  2 

0-3010300 

3 

0-4771213 

4 

0-G020600 

5 

0-6989700 

6 

0-7781513 

No. 


Log 


7 

0-8450980 

8 

0-9030900 

9 

0-9542425 

10 

1-0000000 

11 

1-0413927 

12 

1-0791812 

The  logarithms  are  calculated  to  seven  places  of  decimals. 
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452.  The  integral  parts  of  the  logaritlims  of  number.s 
higher  than  10  are  called  the  characteristics  of  those  logarithms, 
and  the  decimal  parts  of  the  logarithms  are  called  the  mantissa. 


Thus 


1  is  the  characteristic, 
•0791812  the  mantissa, 
of  the  logarithm  of  12, 


453.  The  logarithms  for  100  and  the  numbers  that  succeed 
it  (and  in  some  tables  those  that  precede  loo)  have  im  charac- 
teristic prefixed,  because  it  can  be  supplied  by  the  reader,  being 
2  for  all  numbers  between  100  and  1000,  3  for  all  between 
1000  and  10000,  and  so  on.  Thus  in  the  Tables  we  sliall 
find 


No. 

Log 

100 

0000000 

101 

0043214 

102 

0086002 

103 

0128372 

104 

0170333 

105 

0211893 

which  W8  read  thus : 

the  logarithm  of  100  is  2, 

of  101  is  2-0043214. 

of  102  is  2-0086002 ;  and  so  on. 

454.  Logarithms  are  of  great  use  in  making  arithmetical 
computations  more  easy,  for  by  means  of  a  Table  of  Logarithms 
the  operation 

of  Multiplication  is  changed  into  that  of  Addition, 

...  Division  Subtraction, 

. . .  Involution        Multiplication, 

...  Evolution         Division, 

as  we  sliall  show  in  the  next  four  Articles. 

455.  llie  logarithm  of  a  frodact  is  equal  to  the  sum  of  the 
logarithms  of  its  factors. 


ON  LOGARI'lHMS.  331 


Let 

m  =  01°, 

nJ 

n  =  aK 

Then 

mn  =  a"'^" ; 

.*.  \oQjnn=^x  +  y 

=  log„m  +  log.». 

Hence  it  follows  that 

\og„myi.f  =  log^m  + 1  og„H  +  log„27, 
and  siniilailv  it  may  be  shown  that  the  Theorem  holds  good 
for  any  number  of  factors. 

Tliiis  the  operation  of  ^lulti plication  is  changed  into  that  of 
Addition. 

Suppose,  for  instance,  we  want  to  funl  tlie  product  of  240 
and  357,  we  add  the  logarithms  of  the  factors,  and  the  sum  is 
the  logarithm  of  the  product :  thns 

log246  =  2-39()9351 

log  357  =  2-5526682 

their  sum  =  4-9436033 
which  is  the  logarithm  of  87822,  the  product  required. 

Note.  We  do  not  write  logio246,  for  so  long  as  we  are 
treating  of  logarithms  to  the  particular  base  10,  we  may  omit 
the  suffix. 

456.  The  logarithm  of  a  quotient  is  equal  to  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor. 

Let  m  =  a', 

and  n=a^. 

m 

'J'hen  -  =  0.*-*; 

n 

,     m 
•••  log«-  =a;-y    ■ 

=  log„m-log„TO. 

Thus  the  operation  of  Division  is  changed  into  that  of  Sub- 
ti  action. 
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If,  for  example,  we  are  required  to  divide  371  49  by  52-376, 
we  proceed  thus, 

log  371 -49  =  2-5699471 
log  52-376  =  1-7191323 


their  difference  =   -8508148 
which  is  the  logarithm  of  7-092752,  the  quotient  required. 

457.  The  logarithm  of  any  power  of  a  number  is  equal  to  the 
product  of  the  logarithm  of  the  number  and  the  index  denoting  the 
■power. 

Let  '//I  =  a\ 

Then  m''  =  a"'; 

.',  loga?/!,'"  =  rx 

=  r .  log^m. 

Thus  the  oj^eration  of  Involution  is  changed  into  Multipli- 
cation. 

Suppose,  for  instance,  we  have  to  find  the  fourth  power  of 
13,  we  may  proceed  thus, 

log  13  =  1-1139434 
4 


4-4557736 
which  is  the  logarithm  of  28561,  the  number  required. 

458.  The  logarithm  of  any  root  of  a  number  is  equal  to  the 
quotient  arising  from  the  division  of  the  logarithm  of  the  number 
by  the  number  denoting  the  root. 


Let 

m  =  «*. 

Then 

1      » 

1         I    ^ 
.-.  log„m'  =  - 

=  - .  log^m. 

Tlius  the  operation  of  Evolution  is  changed  into  Division. 
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If,  for  example,  we  liavc'  to  iiiul  the  fifth  root  of  16807,  we 
proceed  thus, 

5  ;  4-2254902,  the  log  of  16807 

•8450980 
which  is  the  logarithm  of  7,  the  root  required. 

459.  The  common  system  of  Logarithms  has  this  advantage 
over  all  otiiers  for  numerical  calculations,  that  its  base  is  the 
same  as  the  radix  of  the  common  scale  of  notation. 

Hence  it  is  that  the  same  mantissa  serves  for  all  numbers 
which  have  the  suiue  significant  digits  and  differ  only  in  the 
liositioii  of  the  phice  of  units  relatively  to  those  digits. 

i'"or,  :-ii!ce  log  60  =  log  10  +  h)g  6=1+  log  6, 
log  600  =  hig  100  +  log  6  =  2  h  log  6, 
log  6000  =  log  1000  + log  6  =  ;5  +  h.g  6, 

it  is  clear  that  if  we  know  the  logarithni  of  any  number,  as  6, 
we  also  know  the  logarithms  of  tlie  numbers  resulting  from 
multiplying  that  number  by  the  powers  of  10. 

80  again,  if  we  Icnow  that 

log  1-7692  is  -247783, 
we  also  know  that 

log  17-692  is  1-247783, 
log  176-92  is  2-247783, 
log  1769-2  is  3-247783, 
log  17692  is  4-247783, 
log  176920  is  5-247783. 

460.  We  must  now  treat  of  the  logarithms  of  numbers  less 
than  nnity. 

Since  1  =  lO'^, 
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the  logarithm  cif  a  number 

between      land       -1  lies  between      0  and  -  1, 

between     -land    -01 -land  -2, 

between  -01  and  -001 -2  and  -3, 

and  so  on. 

Hence  the  logarithms  of  all  numbers  less  than  unity  are 
negative. 

We  do  not  require  a  separate  table  for  these  logarithms,  for 
we  can  deduce  them  from  the  logarithms  of  numbers  greater 
than  unity  by  tiie  follinving  process  : 

log  -6  =  log  ^^^  =]og  G  -  log  10  =  log  6  -  1, 
log  -06  =  log  — -  =  log  6  -  log  100  =  log  6  -  2, 
log  -006  =  log  ^-^  =  log  6  -  log  1000  =  log  6  -  3. 

Now  the  logarithm  of  6  is  -7781513. 

Hence 

log  -6     =  - 1  +  -7781513,  which  is  written  1-7781513, 

log  -06  =  -2  + -7781513,  which  is  written  2-7781513, 

log -006=  -3  + -7781513,  which  is  written  3-7781513, 

the  characteristics    only   being  negative   and  the    mantissas 
positive. 

461.  Thus  the  same  mantissoe  serve  for  the  logaritlims  of 
all  numbers,  whether  greater  or  less  than  unity,  which  have  the 
same  significant  digits,  and  differ  only  in  tlie  position  of  the 
place  of  units  relatively  to  those  digits. 

It  is  best  to  regard  the  Table  as  a  register  of  the  logarithms 
of  numbers  which  have  07ie  significant  digit  before  the  decimal 
point. 
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Log 


For  instance,  when  we  read  in  the  tables  144  |  1583625,  we 
interpret  the  entry  thus 

log  1-44  is  -1583625. 

We  then  obtain  the  following  rules  for  the  characteristic  to 
be  attached  in  each  case. 

I.  If  the  decimal  point  be  sliifted  one,  two,  three...  ■Ji 
places  to  the  right,  prefix  as  a  characteristic  1,  2,  3  ...  n. 

II.  If  the  decimal  point  be  shifted  one,  two,  three...  v) 
places  to  the  left,  prefix  as  a  characteristic  1,  2,  3  ...  ?i. 

Thus                   log  1-44  is    -1583625, 

.-.  log  14-4  is  1-15S3625, 

log  144  is  2-1583625, 

log  1440  is  3-1583625, 

log  -144  is  1-1583625, 

log  -0144  is  2-1583625, 

log  -00144  is  3-1583625. 

462.  In  calculations  with  negative  characteristics  we  follow 
the  rules  of  algebra.     Thus, 

(1)  If  we  have  to  add  the  logarithms  3-64628  and  2-42367, 
wc  first  add  the  mantissae,  and  the  result  is  1-06995,  and  then 
add  the  characteristics,  and  this  result  is  1. 

The  final  result  is  1  +  1-06995,  that  is,  -06995. 

(2)  To  subtract  5-6249372  from  3-2456973,  we  may  arrange 
the  numbers  thus, 

-  3  +  -2456973 

-  5  +  -6249372 


1  +  -6207601 


the  1  carried  on  from  the  last  subtraction  in  the  decimal  places 
changing  -  5  into  —  4,  and  then  —  4  subtracted  from  -  3  giving 
1  as  a  result. 

Hence  the  resulting  logarithm  is  1-6207601. 
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(3)     To  multiply  3-7482569  by  5. 

3-74825G9 
5 


12-^412845 

the  3  carried  on  from  the  last  miiltiplication  of  the  decimal 
places  being  added  to  - 15,  and  thus  giving  - 12  as  a  result. 

(4)     To  divide  14-2456736  l^y  4. 

Increase  the  negative  characteristic  so  that  it  may  be  exactly 
divisible  by  4,  making  a  proper  compensation,  thus, 

14-2456736  =16  +  2-2456736. 

14-2456736     16  +  2-2456736     -      ^„,„„. 
Then     ^ = ^ =4  + -5614184; 

and  90  the  result  is  4-5614184. 


I. 

2 

3 

4 
5 
6 

7 
8 

9 
lo 
II 

12 


Examples.— clx. 

Add  3-1651553,  4-7505855,  6-6879746,  2-6150026. 

Add  4-6843785,  5-6650657,  3-8905196,  3-4675284. 

Add  2-5324716,  3-6650657,  5-8905196,  -3156215. 

From  2-483269  take  3-742891. 

From  2-352678  take  5-428619. 

From  5-349162  take  3*624329. 

Multiply  2-4596721  by  3. 

Multiply  7-429683  by  6. 

Multiply  9-2843617  by  7. 

Divide  6-3725409  by  3. 

Divide  14-432962  by  6. 

Divide  4-53627188  by  9. 


463.  We  shall  now  explain  how  a  system  of  logarithms 
calculated  to  a  base  a  may  be  transformed  into  another  system 
of  which  the  base  is  h. 


ON  LOGARITHMS.  337 


Let  m  be  a  nuiuljer  of  which  the  logarithm  in  the  iirst 
system  is  %  and  in  the  second  ij. 


Then  771  =  a', 

and  m  =  lf. 

Hence  b^=a% 


.  y ]_. 

"x    I0-&' 


Hence  if  we  multiply  the  logarithm  of  any  number  in  the 

system  of  which  the  base  is  a  by  :j — ,,  we  shall  obtain  the 

logarithm  of  the  same  number  in  the  system  of  which  the  base 
is  h. 

This  constant  mr  tiplier  :j — ^  is  called  The  Modulus  of  the 
log,.6  -> 

system  of  which  the  base  is  b  with  reference  to  the  system  of 

which  the  base  is  a. 

464.  The  common  system  of  logarithms  is  used  in  all 
numerical  calculations,  but  there  is  another  system,  which  we 
must  notice,  employed  by  the  discoverer  of  logarithms,  Napier, 
and  hence  called  The  Napierian  System. 

The  base  of  this  system,  denoted  by  the  symbol  e,  is  the 
number  which  is  the  sum  of  the  series 

^■'|-^2T3+2:i:4+--'*^^"^-' 

of  which  sum  the  first  eight  digits  are  2-7182818. 

465.  Our  common  logarithms  are  formed  from  the  Loga- 
rithms of  the  Napierian  System  by  multiplying  each  of  the 

[6.A.]  V 
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latter  by  a  common  multiplier  called  The  Modulus  of  the 
Common  System 

This  modulus  is,   in   accordance   with   the   conclusion   of 
Art.  463,  , irx. 

That  is,  if  I  and  N  be  the  logaiitlims  of  the  same  number  in 
the  common  and  Napierian  systi-ms  respectively, 


Now  log^  10  is  2-30258509  ; 
1       .  1 


or  -43429448, 


■  ■  log^  10       2-30258509 
and  so  the  modulus  of  the  common  system  is  -43429448. 

466.     To  prove  that  log^ft  x  logjCt  =  1. 
Let  a;=logA 

Then  6= a"; 


1 


logjCJ. 

1 


T  hus  log»6  X  log^a = a^'  x 

=  1. 

467.     The  following  are  simple  exauiples  of  the  method  of 
applying  the  principles  explained  in  this  Chapter. 

Ex.  1.     Given  log  2  =  -3010300,  log  3  =  -4771213  and 
log  7  =  -8450980,  find  log  42. 

Since  42  =  2x3x7 

log  42  =  log  2  +log  3  +  log  7 

=  -3010300  4-  -4771213  +  -8450980 
=  1-6232493. 
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Ex.  2.     Given  log 2  = -3010300  and  log 3  = -4771213,  find 
the  logarithms  of  64,  81  and  96. 


log64=log2*'  =  6log2 

log  2  =  -3010300 
6 


log  64  =  1-8061800 


log  81  =  log  3^  =  4  log  3 

log  3  = -4771213 
4 


A  log  81  =  1-9084852 
log  96  =  log  (32  X  3)  =  log  32  +  log  3, 


and 


.-.  Iog96=5log2  +  log3  =  l-5051500  + •4771213  =  1-9822713. 

Ex.   3.     Given    log  5  = -6989700,    find    the    logarithm   of 
-^(6-25). 

log(6-25)- =ilogo-25  =  ^log^-  =  ^  (log625-log  100) 
=l(log5*-2)  =  ^(4log5-2) 


=^(2-7958800 -2)  =  -1136657. 


EXAMPLES.— Clxi. 

1.  Given    log  2= "3010300,    find     log  128,    log  125     and 
log  2500. 

2.  Given   log  2  =  -3010300   and   log  7  = -8450980,   find   the 
logarithms  of  50,  -005  and  196. 

3.  Given   log  2  =  -3010300,  and   log  3  =  -4771213,  find   the 
logarithms  of  6,  27,  54  and  576. 

4.  Given  Iog2  =  -3010300,log3  =  -4771213,log7  =  -8450980, 
find  log  60,  log  -03,  log  1-05,  and  lo^j  -0000432. 
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5.  Given  log  2  =  -30 10300,  log  18  =  1-2552725  and 

log  21  =  1-3222193,  tindlog -00075  and  log  31-5. 

6.  Given  log  5  =  -6989700,  find  the  logarithms  of  2,  -064, 


-*(P 


7.     Given  log  2  =  -3010300,  find  the  logarithms  of  5,  -125, 
590^- 


^^  (2T0) 


8.  Wiiat  are  the  logarithms  of  -01,  1  and  100  to  the  base 
10  l     What  to  the  base  -01  ? 

9.  What  is  the  characteristic  of  log  1593,  (1)  to  base  10, 
(2)  to  base  12  ? 

10.  Given  —^=8,  and  x=3y,  tind  x  and  y. 

1 1 .  Given  log  4  =  -6020800,  log  1  -04  =  -01 70333 : 

i_ 

(a)  Find  the  logarithms  of  2,  25,  83-2,  (•625)i"<'. 

(b)  How  many  digits  are  there  in  the  integral  ^lart  of 
(1-04)6000  ? 

1 2.  Given  log  25  =  1-3979400,  log  1  -03  =  -0128372 : 

1 
(a)     Find  the  logarithms  of  5,  4,  51-5,  (-064)'<". 

(6)     How  many  digits  are  there  in  the  integral  part  of 
(1-03)600? 

13.  Having  given  log  3  = -4771213,  log  7  = '8450980, 

log  11  =  1-0413927: 

f7>J  O 

find  the  logarithms  of  7623.  ^rrv-  and  — ^. 

14.  Solve  the  equations : 

(1)  ^f»96^=-^-  (4)    a'-lf'=c 

(2)  (;^y=6-25.  (5)    d^.h'-'  =  c^\ 

(3)  a'.Jf^m.  (6)    a^J"  =c^-^ 


i 
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468.  We  have  explained  in  Arts.  459 — 461  tlie  advantages 
of  the  Common  System  of  Logarithms,  which  may  be  stated  in 
a  more  general  form  thus  : 

Let  A  be  any  sequence  of  figures  (such  as  2-3.5916),  having 
one,  digit  in  the  integral  part. 

Then  any  number  N  having  the  same  sequence  of  figures 
(such  as  235-916  or  -00235916)  is  of  the  form  A  x  10",  where  n 
is  an  integer,  positive  or  negative. 

Therefore    logj(,yV= logjg(yl  x  10")  =  logjf,^  +  n. 

Now  A  lies  between  10**  and  10\  and  therefore  log  A  lies 
between  0  and  1,  and  is  therefore  a  proper  fraction. 

But  logj^A^'  and  logj^^  dift'er  only  by  the  integer  n  ; 
.'.  logjp^  is  the  fractional  part  of  logj(,A^. 

Hence  the  logarithms  of  all  nuvihers  having  the  same 
SEQUENCE  OF  FIGURES  have  the  same  mantissa. 

Therefore  one  register  serves  for  the  mantissa  of  logarithms  of  all 
such  numbers.     This  renders  the  tables  more  comprehensive. 

Again,  considering  all  numbers  wliich  have  the  same 
sequence  of  figures,  the  number  containing  two  digits  in  the 
integral  part=10.yl,  and  therefore  the  characteristic  of  its 
logarithm  is  1. 

Similarly  the  number  containing  m  digits  in  the  integral 
part  =  10".  A,  and  therefore  the  characteristic  of  its  logarithm 
is  m. 

Also  numbers  which  have  no  digit  in  the  integi'al  part  and 
one  cypher  after  the  decimal  point  are  equal  to  A  .  10~^  and 
A  .  10~^  respectively,  and  therefore  the  characteristics  of  their 
logarithms  are  -  1  and  —  2  respectively. 

Similarly  the  number  having  m,  cyphers  following  the  decimal 
point  =  .4  .  10-""+"; 

.-.  the  characteristic  of  its  logarithm  is  —{m-\- 1). 

Hence  v}e  see  that  the  characteristics  of  the  logarithms  of  all 
numbers  can  be  determined  by  inspection  and  therefore  need  not  he 
registered.     This  renders  the  tables  less  balky. 
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469.  The  metliod  of  using  Tables  of  Logarithms  doea 
not  fall  within  the  scope  of  this  treatise,  but  an  account  of 
it  may  be  found  in  the  Author's  work  on  Elementary 
Tkiqonometry. 

470.  We  proceed  to  give  a  short  explanation  of  tlie  way 
in  which  Logarithms  are  ajiplied  to  the  solution  of  questions 
relating  to  Compound  Interest. 

471.  Suppose  r  to  represent  the  interest  on  £\  for  a  year, 
then  the  interest  on  P  pounds  for  a  year  is  rejiresented  by 
P?-,  and  the  amount  of  P  pounds  for  a  j^ear  is  represented 
by  P  +  Pr. 

472.  To  find  the  amount  of  a  given  sum  for  any  time  at 
comj)ound  interest. 

Let  P  be  the  original  jmncipal, 

r       the  interest  on  £\  for  a  year, 
n       the  number  of  years. 

Tlicu  if  Pj,  P,,  Pg  ...  P„  be  the  amounts  at  ine  end  of 
1,  2,  3  ...  11  years, 

P^=.P  +Pr  =  P  (l+r), 

P,  =  P,  +  P,r  =  P,(l  +  r)=P(l+rf, 

P3  =  P„  +  P.r  =  P„  (1  +  r)  =  P  (1  +  r)% 


p„=p{i  +  7-y\ 

473.     Now  suppose  P„,  P  and  r  to  be  given :  tlien  by  the  aid 
of  Logarithms  we  can  find  n,  for 

logP„  =  log  )P(l  +  r)"; 

=  log  P  +  7ilog(l  +r)  ; 

••"        log  (l  +  r)     • 
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474.  If  the  interest  be  payable  at  intervals  otlier  than  a 
year,  the  formula  P„  =  P(1  +  ?•)"  is  applicable  to  the  solution  of 
tlie  question,  it  being  observed  that  r  represents  the  interest 
on  £\  for  the  period  on  which  the  interest  is  calculated,  half- 
yearly,  quarterly,  or  for  any  other  period,  and  %  represents  the 
number  of  such  periods. 

For  example,  to  find  the  interest  on  P  pounds  for  4  years 
at  compound  interest,  reckoned  quarterly,  at  5  per  cent,  per 
annum. 

Here  ^=1  of  A^l^=.0125, 

77  =  4x4  =  16; 
.-.  P„  =  P(1  + -0125)16. 


Examples. — clxii. 

N.B. — The  Logaiithms  required  may  be  found  from  the 
extracts  from  the  Tables  given  in  pages  329,  330. 

1 .  In  how  many  years  will  a  sum  of  money  double  itself 
at  4  per  cent,  compound  interest  % 

2.  In  how  many  years  will  a  sum  of  money  double  itself 
at  3  per  cent,  compound  interest  ? 

3.  In  how  many  years  will  a  sum  of  money  double  itself 
at  10  per  cent,  compound  interest  % 

4.  In  how  many  years  will  a  sum  of  money  treble  itself 
at  5  per  cent,  comiiound  interest  % 

5.  If  £P  at  compound  interest,  rate  r,  double  itself  in  n 
years,  and  at  late  2r  in  m  years :  show  that  in  :  n  is  greater 
than  1  :  2. 

6.  In  how  many  years  will  £UX10  amount  to  J1800  at 
5  per  cent,  compound  interest  % 

7.  In  how  many  years  will  £P  double  itself  at  6  per  cent, 
per  ann,  compound  interest  payable  half-yearly  ] 


APPENDIX. 

475.  The  following  is  another  nietliod  of  proving  the  prin- 
cipal theorem  in  Permutations,  to  which  reference  is  made  in 
the  note  on  page  289. 

To  prove  that  the  number  of  permutations  of  n  things  taken  r  at 
a  time  is  n.{n-  1) (n  — r+1). 

Let  there  be  n  things  a,  b,  c,  d 

If  n  things  be  taken  1  at  a  time,  the  ntimber  of  permutations 
is  of  course  n. 

Now  take  any  one  of  them,  as  a,  then  ??.  -  1  are  left,  and 
any  one  of  these  may  be  put  after  a  to  form  a  permutation, 

2  at  a  time,  in  which  a  stands  first :  and  hence  since  there  are 
n  things  which  may  begin  and  each  of  these  n  may  have  ?i  -  1 
put  after  it,  there  are  altogether  n(n  —  l)  permutations  of  n 
things  taken  2  at  a  time. 

Take  any  one  of  these,  as  ab,  then  there  are  n  -  2  left,  and 
any  one  of  these  may  be  put  after  ab,  to  form  a  permutation, 

3  at  a  time,  in  which  ab  stands  first :  and  hence  since  there 
are  n(n  -  1)  things  which  may  begin,  and  each  of  these  n{n-\) 
may  have  «.  -  2  put  after  it,  there  are  altogether  %(%  —  1)  (w  -  2) 
permutations  of  n  things  taken  3  at  a  time. 

If  we  take  any  one  of  these  as  abc,  there  are  7i  -  3  left,  and 
so  the  number  of  permutations  of  n  things  taken  4  at  a  time  is 
TO.  (n -!)(%- 2)  (71 -3). 

So  we  see  that  to  find  the  number  of  permutations,  taken 
r  at  a  time,  we  must  multiply  tlie  number  of  permutations, 
taken  r— 1  at  a  time,  by  the  number  formed  by  subtracting 
r—  1  from  n,  since  this  will  be  the  number  of  endings  any  one 
of  these  permutations  may  have. 

Hence  the  number  of  permutations  of  n  things  taken  5  at  a 
time  is 

n  (%  -  1)  (71  -  2)  (?t  -  3)  X  {n  -  4),  or  n  (n  -  1)  {n  -  2)  (n  -  3)  {n  -  4) ; 
and  since  each  time  we  multiply  by  an  additional  factor  the 
number  of  factors  is  equal  to  the  number  of  things  taken  at  a 
time,  it  follows  that  the  number  of  permutations  of  n  things 
taken  r  at  a  time  is  the  product  of  the  factors 
«.(ji-l)(?i-2) (n-r  +  l) 


A  ]sr  S  W  E  R  s. 


I.    5a +  76  + 12c. 

4.     8a  +  2h  +  2c. 
7.     126  + 3c. 


i.     (Page  10.) 
2.     a  +  36  +  2c. 
5.     2a;-7a  +  36-2. 


ii.     (Page  10.) 
I.     2a.         2.     2a  +  5x:  3.     3a -3a;, 

5.     4a  +  6  +  2(;.  6.     2a.  7.     4. 

9.     10a- 76 -a;. 

iii.     (Page  10.) 


3.     2a  +  26  +  2c 
6.     0.    • 


4.     8a3  +  5y. 
8.     13x~-y-ez. 


I. 

26. 

2. 

a; +  2?/. 

3.     a  +  bc  +  d. 

4- 

2y  +  22. 

5. 

2r. 

6. 

26  + 2c. 
iv. 

7.     a  -  36  -  c. 
(Page  11.) 

8. 

31/ +  z. 

I. 

4a -6. 

2.     46. 

3.     a  +  6  -  4c. 

4- 

26. 

5- 

14rc  +  2. 

6.     2a;  +  a 

7.     6a;  — a. 

8. 

a. 

9- 

2a  -  6. 

10.     2a. 

II.      c. 

12. 

a;  +  3a. 

13- 


V.     (Page  16.) 


Addition. 

I.     7a -26. 

2. 

-106  + 6c. 

3. 

-Ux-8ij-6z. 

4.     -6b-5c  +  dcl. 

5- 

2a. 

6. 

-2x~2a  +  h  +  4y. 

7.     7a  +  46  -  4c. 

8. 

7a -6  + 7c. 

9- 

-  6i/  +  2«. 

346 
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Subtraction. 

I. 

2a +  26 

2. 

a-  c. 

3- 

2a- 

-26  + 2c. 

4- 

8x-l7i/  +  5. 

5- 

7a -166  + 20c. 

6. 

5rt 

-  36  -  8.1;. 

7. 

-  3f(  +  3?)  -  4c. 

8. 

26+ 2c -15. 

9- 

11a 

-7?/ +  43. 

10. 

6a -b  +  5c. 

II. 
vi. 

12]^-9g  +  2r. 
(Page  20.) 

I. 

3x?/. .            2. 

I2xij. 

3.     12xY. 

4- 

3a-6c2.  ' 

5- 

a^.                6. 

(A 

7.      l2aW\ 

8. 

35a''6c*. 

9- 

lS0a*6''c*. 

10.     28a76cio.        II.     3aii 

12. 

20a^h^xy. 

13- 

76j;V*-^- 

14. 

5lah*c^yz. 

15- 

48xyz^ 

16. 

IQ. 

12((-6cxy. 

ahx-yh*. 

17- 
20. 

33a20?,ic„i2_;c. 

18. 

9mhi^2^^. 

I. 

4- 
6. 

8. 

TO. 
12. 


a-  +  a6  -  ac: 
9a^-15a*-18a3  +  21a' 
3a56-9a«63  +  3a26*. 


vii.      (Page  22. 

2.     2a-  +  (5ff6  — 8«c 

7- 


1  Sa«6  +  8«S62  -  6a''63  +  8a36*.  9. 
'/?!  ^?).  -  3m^n'^  +  37?Mi^  —  ii*.  1 1 . 
104?;^?/  -  V36xh/  +  4(li!2j/3  -  Sxy\ 


3.     a*  +  3a^  +  4a^. 
a36-2a262  +  a6l 
Sm'hi  +9??i-n-  +  10»j?i^ 
a;*?/*  -  x^y^  +  x-t/^  -  7x?/. 
144(15^4  _  72fi4j5  +  60a3j6_ 


I.    a;2  +  12x+27. 
4.     .x'-^- 15x  +  56. 


x^  +  x- 


20. 


9.  .x^-Skc'^  +  g. 

II.  .^*-3;''*  +  2a;- 1. 

14.  a"  -  sA 

16.  a;^-81?/. 


viii.     (Page  27.) 

2.  .t2  +  8x-105.  3.     a;2-2.x-120. 

5.  a'^-8a+15.  6.     y'^+7y~7S. 

8.  rc^  -  1 2.^3  +  50x'-^  -  84rc  +  45. 

1  o.  a"  -  '3a^  -  3a*  +  1 3«3  -  6a-  -  6a  +  4. 

12.  ;';•*  + a;-7/2  +  7/*.         13.     a;^-?/3. 

15,  x^-5x^  +  5x'-1. 

17.  a*-166^  18.     16a*-6*, 


ANSWERS.  347 


19.  «« -  4a*6  +  ^a?W  +  ^aW  -Via¥~\W'. 

20.  ftS  +  5(.j4j  +  ^3j2  _  10^263  +  \%a¥  -  9&5. 

21.  a*  +  4a'-.«-+16,c*.  22.     Slrt^  +  QfrV  +  a;*. 
23.  a;*  +  4a%''+ 16a*.  24.     a^  +  6^  +  ^3  _  3^5g_ 

25 .  a;5  +  03*^  -  ^x^f  -  20a;2?/3  +  2x?/*  +  1  hf. 

26.  aV)^  +  c^"d:^-ah'-bHK  27.     x^^-aS. 

28.  a;^  -  ax'  +  bx-  -  ex-  -  ahx  +  acx  -  bcx  +  abc.    ' 

29.  1-a;*.  30.  x^  —  y*^.  31.  ((^"-.t^*'.  32.  -47. 
33.  2.  34.  -14.  35.  ab  +  ac  +  bc.  36.  -60. 
37.  2.            38.     ???-"^. 


ix.     (Page  28.) 

I.     -a%.  2.     -«5.  3.     -ftSjs^  4.    I2a3j3^ 

5.     -20xh/.        6.     -  a3 +  «"?)- «i2.        7.     -6a''5-8rt^+10a3. 
8.     a'^  +  2a^  +  2a^  +  a.  9.     -  6x^1/ +  a;^^/^  +  7a;(/3  -  1 2i/. 

10.     5m^  +  mrn  -  13?mi2  ^  7jj3_         j  ,       _  i3,.3  _  22,-2  _,_  gg,.  ^  ^35^ 

12.  -  7x*  +  x^s  +  8x-z?  +  9xv2  +  92^. 

13.  x^  +  xhf.  14.     x'^  +  2x^y  +  2xY+2xy^  +  y\ 

X.     (Page  32.) 

I.  a;2  +  2ffa;  +  a2.  2.     a;2_2ax  +  a2_  3,     .^2  + 43:4. 4 

4.  x^--6x  +  9.  5.     a;-»  +  2;»;2r  +  ?/.  6.     a;*  -  Sx^//^  +  ^. 

7.  a6  +  2«353  +  5G_  g_     aC-2a353  +  5G 

9.  x^  +  y^  +  z^  +  2mj  +  2xz  +  2yz. 

10.  a;2  + 1/2  4-  ^2  _  2a;y  +  2x2  -  2?/^. 

r  I .  m^  +  n"+p^  +  r~  +  2mn  -  2mp  -  2mr  -  2np  -  2nr  +  2pr. 

12.  a;*  +  4x3-2x2-12x  +  9.         13.     x*- 12x3 +  50x2- 84xH- 49. 

14.  4x*  -  28x3  +  85x2 -126X  + 81. 

IS-  X*  +  2/*  +  «*  +  2xY  -  2x2^2  _  2y^z\ 


A 
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1 6.  a;8  -  8xy  + 1  Sa;*?/  -  Sa;^!/"  +  y\ 

17.  a6  +  6«  +  c6  +  2a3&3  +  2a3c3  +  263c3. 

18.  x^  +  if  +  26  _  2.7;3i/3  _  ^xh^  +  2y  V. 
19  a;2  ^  4y2  ^  9j,2  ^  43,^  ^%xz-\  2yz. 

20.  re*  +  4i/  +  25z*  -  4rc2?/2  +  lOa;^^^  _  2n?/V, 

21.  x^  +  Sax'^  +  3a^x  +  a^  22.     x3-3aa;2  +  3a2a;_a». 
23.  3;^ +  3x2  + 3a; +  1.                          24.     a;3-3x2  +  3x- 1. 

25.  r<;3  +  6x2+12x  +  8.  26.     a<^  -  3a*b- +  3a^¥  -  b^ 

27.  re''  +  3«2?,  +  3a52  +  js  ^.  ^3  ^  30^2^  +  g^^c  +  3^2^  ^  3^^2  4. 35^.2, 

28.  n^ - 3a%  +  3a¥ -¥-c^~  3ah  +  ^ahc -  3h\  +  Zac"- -  ?,hc\ 

29.  m"«-2m%2  +  ^4  20.     ?«.''  + 2m%-2mn3-n*, 

Xi.     (Page  34.) 
r.   :i?.         2.   a--*.        3.   x^y.        4.    x*y35_        j_   gjg^        g_   gg2_ 
7.    16a2&6c6.  8.    121;nS,r'<^>8.         9.    12a3x2/*.         10.    Sa^k^. 

Xii.     (Page  35.) 

I.  x2  +  2.r  +  l,          2.     i/-i/  +  y-l.  3.     a2  +  2n'&  +  36'''. 

4.  re*  +  m^JX^  +  7«,2p2^      ^_  4a?/-7x  +  x2.  6.  Sx^  -  4x2j/2  _  gy. 

7.  2Wn^-l8m^n*  +  9mp.                8.  3x^7/2  -  2x1/^  -  ?/*. 

9.  13a26-9a62  +  76.                          10.  l9Pc^  +  12bh^ -  7btfi. 

xiii.     (Page  36.) 
I.     -8.  2.     15«5.  3.     -~2\xh/. 

4.  -6y;i2jn  5.     16a%  6.     a2x-'  +  ax  +  l. 
7.     -2a2  +  3rt-x2.                             8.     2  +  6a^-8aW. 

9.       -12x2 +  9x1/ -82/2.  10.       -x3  +  63a;722  +  J^_ 

Xiv.     (Page  38.) 
I.     x+6.  2.     a- -10.  3.     x  +  4.  4.     x+12. 

5.  x2+7x+12.  6.    a;2-l.  7.    x-  +  x+L 


ANSWERS.  349 


8.  \.i?-'i,x^  -vZx-^l.  9.     x--2a;-l.  10.     a;^  — 2a;  +  l. 

II.  x^-%+\.  12.     x^  — 2x^  +  8.         13.     x^  +  'Sy\ 

14.  a^  +  -3a^  +  3ab"  +  ¥.  15.     a*  -  4a36  +  Ga^J^  -  4a63  +  ft*. 

1 6.  X-  -  6a;  +  5.  1 7.     a^  -  2a-i  +  Saft^  +  453^ 

1 8.  2ftx'^  -  3a^x  +  a\  19.     x-  -  x  + 1.  20.     x^  —  a\ 

21.  x  +  22/.  22.     x*-x^y  +  xh/-xi/  +  y*. 

23.  x^  +  x*i/4-»V  +  x'^y^  +  xi/*  +  i/^  24.     rt  +  6-c. 

25.  -6  +  26-'^-63.  26.     a-6  +  c-(?. 

27.  x^  —  xy  —  xz  +  y^  —  yz  +  z^.       28.     x^^  -  xy  +  x^i/*  -  a;^  + 1/^. 

29.  ^  +  22-r.  30.     a*  -  a%  +  a-b'^  -  ab'^  +  b\ 

31.  x''  +  x^i/  +  xY'^  +  a;2/^  +  2/*-        32.     2x^-3x-  +  2x. 

33.  a*  +  3«^  +  9a2  +  27a  +  81.        34.     F +  &■*  +  /!;. 

35.  x^-9x-10.  36.     24x- -  2ax  -  35rt2. 

37.  6x--7x  +  8.  38.     8x^+12ax--18a^x-27a3. 

39.  27x^  -  36ax"  +  48ct"''x  -  6ia^.  40.     2a  +  36. 

41.  x  +  2a.  42.     a- -46-.  43.     x^-3x-y. 

44.  x^-3xy-2y'.  45.     x'^  +  Sx-y +  9xy-  +  27y'i 

46.  a^  +  2a:-b  +  4ab'^  +  8b\  47.     27«3- 18a-6+ 12«62- 86^. 

48.  8x3 -12x^2/ +  18x^-^-272/3,  ^g_     3(6  +  26  +  c. 

50.  a^-2ax  +  4xl         51.     X"  +  xy  +  yi       52.     16x^ -4xy  +  y'-'. 
54.     ax^  +  4a-x  +  2a,3.  55.     a-x. 

57.     3X--X  +  2.  58.     4 -6x  + 8x^-10x3. 

60,     ax  +  by~ab-xy.  61.     bx  +  ay. 

XV.      (Page  40.) 
2.     y'^^{l  +  m)y  +  lm.  3.     x^^^.^^^, 

5.     x2-(6  +  cZ).T  +  6(i. 

xvi.     (Page  42.) 

m-n,  m^  —  mn  +  «.-,  m'*  —  m^n  +  jm-ji-  -  mn^  +  li"*, 

m^  -  mhi  +  &c.,  ?ji,*  -  mhi  +  &c 


53- 

X^  +  XJ/-^/^ 

56. 

x-y-z. 

59- 

x  +  y. 

62. 

x'^  -ax  +  b\ 

I. 

x^  +  ax  +  b. 

4- 

x^  +  ax  —  b. 

35° 
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2.  m  +  n,  m^  +  mm,  +  n-,  w?  +  ^n-^ji  +  &c.,  m^  +  m*n  +  &c., 

m^  +  m^Ji  +  &c. 

3.  «-l,  (r-ft  +  1,  a*-a3  +  &c.,  a^ - cv> -^ kc,  a7-afi  +  &c. 

4.  y  +  1 , 1/  +  y  +  1,  y*  +  ]/^  +  &c.,  f  +  y^  +  &c.,  1/  + 1/  +  &c. 

xvii.     (Page  43.) 
I.     5x(a;-3).  2.     3x  (cc^  +  Git;  -  2).  3.     7  (7i/ -  2(/  +  l). 

4.     4x7/(x2-3x2/  +  2i/).  5.     x(x3-«x'^  +  6x  +  c). 

6.  3xy(x2y-7x  +  97/2).  7.     27a36«(2  +  4a36'^-9a^63). 
8.     45xY(xy-2x-8i/). 

xviii.     (Page  44.) 
1.     (x-a)(x-6).       2.     (a-x)(?*-^x).        3.     {b-y)ic  +  y). 
4.     (rt  +  i)0(6  +  «).      5.     (ax  +  i/)(te-i/).    6.     {ab  +  cd)(x-y). 

7.  (fx  +  ?Mi/)(rfx-n(/.)  8.     {ac-hd){bx-dy). 

xix.      (Page  45.) 

I.     (x  +  5)(x  +  6).        2.  (x  +  5)(x  +  12).        3.   (7/  +  12)(2/  +  l). 

4,  {y  +  ll){y  +  lO).    5.   (m  +  20)(w  +  15).    6.   (m  +  6)(m  +  17). 
7.     (a  +  8&)(a  +  fc).       8.  (a;  +  4m)(x  +  9TO).  9.  (7/ +  3n)  (?/ +  16n). 

10.  (z  +  4p)(i3  +  25^).  II.  (x2  +  2)(x2  +  3). 

12.  (x3+l)(x3  +  3).  13-  (a;y  +  2)(x?/  +  16). 

14.  (xy  +  3)(xV  +  4).  15-  {m'  +  8){m^  +  2). 

16.  {n  +  20q){n  +  7q). 

XX. 

(x-5)(x-2). 
(7/- 11)  (7/- 12). 

5.  (w- 23)  (71-20). 
7.     (a;3-4)(x3_3). 

(6-c3  -  5)  (6-c3  -  6).  I  o.     (X7/^  -  1 1)  (x]/;;  -  2). 


(Pa^ 

^e  45 

■) 

2. 

(X- 

i9)(x- 

-10). 

4- 

{y- 

-20)  (7/- 

-10). 

6. 

(n- 

-  56)  (11 

-1). 

8. 

(ah 

-  26)  (a 

&-1) 
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xxi.     (Page  46.) 

I.  (x  4- 12)  (a; -5).        2.  (x+15)(x-3).        3.    (a+ 12)  («-!). 

4.  («  +  2())(a-7).        5.  (6 +  25)  (6 -12).       6.   (6  +  30)(6-5V 

7.  (x''  +  4)(a;i-l).  ^     8.    (xj/  +  14)(a;i/-n). 

9,  (TOS-h20)(m5-5).  10.    (jt  +  30)(ii-13). 

xxii.     (Page  46.) 

I.  (a;-ll)(«  +  6).       2.  (a;-9)(;o  +  2).        3.    (m-12)(m  +  3). 

4.  (7i-15)(n  +  4).       5.  (2/-14)(^y  +  l).      6.    (2;  -  20)  (s  +  5). 

7.  (a^-10)(a;S+l).  8.    (cY/.-3())(cd  +  6). 

9.  (TO3n-2)(7?(,%  +  l).  10,    (ijV-12)(2)Y  +  7). 


xxiii. 

(Pa 

ge  47.) 

I. 

(a;-3)(a;-12). 

2. 

(x  +  9)(a;-5). 

3- 

(a6-18)(a6  +  2). 

4- 

(x*  -  5?/i)  (x*  +  2to). 

5- 

(2/3+ 10)  (2/3-9). 

6. 

(x^  +  10)(.-;2-ll). 

7- 

X  {0?  +  Sflo;  +  4a'-'). 

8. 

(x  +  m)  (x  +  tc). 

9- 

(y3_3)(,y3_l). 

10. 

(xy  —  ah)  (x-e). 

ii. 

(r(;+a)(x-6). 

12. 

(x  —  c){x  +  d). 
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14. 
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xxiv.  (Page  48.) 

I.   (a; +  9)2.         2.   (x  +  13)2  3.   (x  +  l7)2.        4.    (^  +  1)'. 
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35.    1000x506. 
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(a  +  b  —  c  —  d)  (a-b  —  c  +  d), 
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I.  (a  +  6)  (a^-aft  +  i'^). 

3.  (a-2)(a2  +  2a  +  4). 

4.  (x  +  7)(x2-7x  +  49). 
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7.  (a-6)  (a2  +  6a  +  36). 
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12.  (a;  +  1)  (ic-  -  X  +  1)  (a;  -  1)  (.f-  +  x  +  1). 

13.  (a  +  2)  (rt'-^  -  2«  +  4)  (rt  -  2)  ((^2  +  2a  +  4). 

14.  (3  +  7/)  (9  -  3^  +  f)  (3  -  y)  (9  +  ?>y  +  /). 
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I.  a  +  6,  2.     Take  6  from  a  and  add  c  to  the  result. 

3.  2a;.       4.  rt  — 5.       5.  a;  +  l.       6.  a;— 2,  x— 1,  re,  x  + 1,  a;  +  2. 
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1.  To  a  add  h. 

2.  From  the  square  of  a  take  the  square  of  & 

3.  To  four  times  the  square  of  a  add  tlie  cube  of  h. 

4.  Take  four  times  the  sum  of  the  squares  of  a  and  h. 

5.  From  the  square  of  a  take  twice  h,  and  add  to  the  result 

three  times  c. 

6.  To  a  add  the  product  of  m  and  h,  and  take  c  from  the 

result. 

7.  To  a  add  m.      From  h  take  c.      Multiply  the  results 

together. 

8.  Take  the  square  root  of  the  cube  of  x. 

9.  Take  the  square  root  of  the  sum  of  the  squares  of  x  and  y. 

10.  Add  to  a  twice  the  excess  of  3  above  c. 

1 1.  Multiply  the  sum  of  a  and  2  by  the  excess  of  3  above  c. 
[s.A.]  z 
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5.  20. 
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10.  120. 

II.  210. 
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16.  4. 

17.  49. 

18.   10. 

12.  Divide  the  sum  of  the  square.-^  of  a  and  h  by  four  times 

the  product  of  a  and  h. 

13.  From  the  square  of  x  subtract  ihe  square  of  %j,  and  take 

the  square  root  of  the  result.     Then  divide  tliis  result 
by  the  excess  of  x  above  y. 

14.  To  the  square  of  x  add  the  square  of  ij,  and  take  the 

sqnare  root  of  the  result.     Then  divide  this  re.sult  by 
the  square  root  of  the  sum  of  x  and  y. 
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+  Gahc  +  362c  +  Sac^  +  3hc~. 
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(5  +  c  -  a)3  =  -  a3  4. 3^2;,  _  3^,  /yi  +  jp.  +  ^.s  +  3^j2c 

(c  +  a  -  hf  =  «.^  -  3a2?,  +  7mW-  -  ?r'  +  c^  +  Za\ 

-  6ahc  +  Sb'^c  +  3ac-  -  -^bc'. 
The  sum  of  the  last  three  subtracted  from  tlie  first  gives 
24ahc. 

16.  9a-  +  6ac-3ah  +  4hc-6¥.  17.  fti«-a;^«. 

1 8.  2ac  -  2bc  -  2ad  +  2bd.     The  value  of  tlie  result  is  -  2bc. 

19.  ab  +  xy  +  (b  +  l  +  2a)x  +  {2a-b~  1) y. 

20.  9.  21.  ab  +  Tr  +  (a-b  +  l)x-(a  +  b  +  l)y. 
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25.  4a^  +  Gac  +  2ah  +  9bc-6b''.  26.  3;  128;  3;  118. 

27.  9.  28.  44.  29.  20.  30.  35.  31.  18. 


XXxii.     (Page  GO 

•) 

I. 

3. 

2.  2. 

3-  1.        4-  7.         5. 

2. 

6.  2. 

7. 

3. 

8. 

4. 
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18.  8. 
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3. 

24.  15. 

25.   1.           26.  2. 

27.  3. 
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XXXiii.     (Page  62.) 
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10.  12  shillings,  24  shillings.  11.  52. 
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15.  21,  13.  16.  £8.  15s.  17.  84,  26.  18.  62,  28. 

19.  The  wife  £4000,  each  son,  £1000,  each  daughter  £500. 

20.  49  gallons.  21.  £14,  £24.  £38.  22.  31.  17. 
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23.  J21.  24.  48,  36.  25.   50,  40.  26.  42,  18. 

27.  tiO,  24.  28.  8,  12.  29.  88.  30.   18.  31.  40. 

32.  57,  19.  33.  4.  34.  80,  128.  35.   19,  22. 

36.  200,  100.       y].  23,  20.         38.  53,  318.  39.  5,  10,  15. 
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I.  u'-h.  2.  vhf-z.  3.   2:«-y.  4.   Xbmhi'p.  5.   ISnhcd. 
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I .  a-b. 

2.  a-  -  Jr. 

3.  a-x. 

4.  0  ^-  x. 

5.   3.:  +  l 

6.  l-.5a. 

7.  «  +  ?/. 

8.  re-?/. 

9.  ."<;  -  1. 

10.    1  +  a. 
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3.  x-7. 

4.  a; +  12. 
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a; -3. 

6. 

x  +  Zy. 

7.  x-4y. 

8.  x-151/. 
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x-y. 

10. 

X  +  y. 

II.   x-?/. 

12.  x  +  y. 

13- 

x  +  y. 

14. 

a  +  h-c. 

15.  4x  +  y. 

16.  3.0-?/. 

17. 

5x  -  y. 

18. 
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19.  a;''-2./-f  4. 
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■-X-1. 
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3.'c  -  y. 

24.  3x  - 1 

iy- 

25.  3a -b. 

26. 

3  (rt  -  x). 

27.  3.JJ-2 

28.    3x2  +  ft2. 

29. 
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30.  x  +  3. 
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2.    s-l. 
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6.    x-2. 
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2?/ 4- 5. 

ANSWERS.  357 


xxxix.      (Page,  81.) 
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4  bin                        a  2mx 

Q.    — ,^^.  10.    -    .             II. r-             12.    - — r. 

^    Sx'^!/**  j3                      a  +  b  3my-x 
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'^'    3y  -  5x3*  ^^'   ^aicr-x           '^'    6c;'  ^  '    2x-3i/ 

3-<6  ^     *^-2(6  3 
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a  +  5  |s— 5  »  +  l 

i^+3'  a; -3-  •^'    a;-?" 

^%.  5.    «^--  +  l  6.    ^^. 

x  +  7i/  ^  ^^-y^ 


x-2  J,     X--3  x2-5x  +  6 

7-    7i-4'  x+r  ^'     3x2- 7a;  • 
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10.      7. 7: .  II'  9 "      9' 
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'•"•     «2  +  „_-2-  ^^-  62  +  6-^5'                ^*    m2  +  m-6' 
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10a-14a2  2«62  +  3(t6  -  5a 
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21. 

3x-l 

X2  -  1* 

22 
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ft  -  3' 

23- 

x2-2     • 

24. 

3. 

25 

2x2  +  3x-5 
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26. 

2x2 -3x- 2' 

27. 
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29. 
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32. 

«  —  6  -  c 
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33- 
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3ft  +  2b' 
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34-    2x  +  3- 

35- 
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x3  +  x2-2 
2x2  +  2x  +  l' 

x24.a;-12 
^"^^       3x45    ■ 

38. 
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39-    ' 
xli. 
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"4x2-7x-l    • 

(Page  86.) 

ft2  -  5«  +  (i 
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7x2 
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^'    9ax' 
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^'     9d2- 

9- 

Smnxy 

10. 

xlii 
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-7 

4 
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(x  +  2)(x-4) 
x(x-2)      • 

4- 

(x-l)(x-6) 

5- 

x-6 
x-3- 

6. 

(x-2)(x-5) 
x2 

7. 
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6. 

9.  -y-. 

x~y 

c  -  ft  +  6 
10.     J. 

■    c-a-b 

II. 
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12.    1. 

13- 
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17.    4(1 -a;''').  18.    x'-l. 

19.    (,i-6)(u-c)(6-o).  20.    (rc+l)(a;  +  2)(x  +  3). 

21.    (x  +  i/)M^'^-#-  22.    (a  +  3)(a''^-l). 

23.    ..r(x'-^-r).  24.    (:c  +  l)(s+2)(x  +  3)(x  +  4). 

35.    i2(x-i/)'-(x^  +  y3).  26.    120xi/(x--7/-). 
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I.    (rc  +  2)(a;  +  3)(x  +  4).  2.    («- 5)  (rt  +  4)  (a-3). 

3.    (x  +  l)(x  +  2)(x  +  3).  ..|.    (x  +  .5)(x  +  6)(x  +  7). 

5.    (x-ll)(x  +  2)(x-2).  6.    (2x  +  l)(x+l)(x-2). 
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7.  (^'  +  '//)(«  +  2/)(.t-  +  r)(:*;-7/).         8.    («-5)(x-3)(u;  +  5). 

9.  (7x  -  4)  (3x  -  2)  (x'-^  —  3).  10.    (x"  + 1/^)  (x  +  2/)  (*  -  2/)- 

II.  (a2-62)((t^.26)(rt-2?*). 
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I.  (x-2)(x-l)(x-3)(x-4).  2.    (x  +  4)(x  +  l)(x  +  3). 

3.  (.,;-4)(x^5)(x-V).  4.    (3,.;-2)(2x+l)(7x-l). 

5 .  (x  -!- 1)  (x  -  1)  (x  +  3)  (3x  -  2)  (2x  +  1). 

6.  (x  -  3)  (x"'^  +  3x  + !))  (.K  -  1 2)  (x-  -  2). 
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49.  20  miles,  8  miles  an  hour.  50.  700.  51.  450,  600. 

52.  72,  60.  53.  12,  5s.  54.  750,  158,  148. 

55.  15  and  2  miles.      56.  The  second,  320  strokes.      58.  50,30. 

5 
59.  4  yd.  and  5  yd,  60.  ^,  6,  4  miles  an  hour  respectively. 

61.  142857. 


Ixxix.     (Page  164.) 

I. 

2xy. 

2.    9a^b\             3. 

1  lm%^r^. 

4.   8a2fe5c. 

5- 

267a-bx\ 

6.    Ua^^c^ 

3a 
7-    W 

^-    2ac2- 

9- 

lla;V 

II. 

25* 
18&* 

IXXX.     {Page  167.) 
I.    2a  +  3&.  2.    4J(fi-3P.  3.    a6+81.  4.    i/'-19. 

5.    3aic-l7.  6.    x'--3a;  +  5.  7.    3x2  4-2x+l. 
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8. 

2r2-3r+l. 

9- 

2?i, 

^  +  ?i 

-2. 

10.    1  -  3a;  +  2a;2 

II. 

a;^-2a;2  +  3a;. 

12. 

22/ 

^-3j 

21  +  4?/-. 

13.    a  +  26  +  3c. 

14- 

a.3  +  a26  +  a62  +  63. 

15- 

X3- 

2a;2-2a;-l. 

1 6. 

2a;2  +  2aa;  +  462. 

17- 

3- 

4x  +  7x2  _  ]^0^3_ 

1 8. 

4a2_5a6  +  8&a;. 

19. 

3a''^- 

-4a^^-5i. 

2(?. 

2i/2a;  -  Si/x^  +  2a;^ 

21. 

bx^y 

—  3x1/2  ^  2^^. 

22 

4x2-3a;?/  +  2'(/'^. 

23- 

3a- 

26  + 4c 

24.    x2  _  3aj  ^  5 

25- 

5X-23/  +  33. 

26. 

2x'' 

-y+y". 

Ixxxi. 

(P. 

ige  168 

.) 

I. 

2a3-_. 

2. 

3 

a 

3" 

3- 

,      1 

a- — n^. 

4- 

«     6 
b     a 

5. 

«- 

-a;  + 

1 
2* 

6. 

1 

7- 

2«-36  +  ^-. 
4 

8. 

a:2 

■1-4  + 

4 

9- 

4  •.       a  0     3 
:ja-%  +  2a2  -  ~. 
3                   4 

lO. 

1     2     3 

II. 

6m- 

4     » 
?i     5 

12. 

a&-3(;fZ  +  -^-. 
2m     :     3»i 

13. 

2x 
a    6 

z      x' 
c     d 

14. 

4 , 

n           m 

IS- 

3~4 

'^5  .  2" 

t6. 

7x2-2a;-| 

17- 

3x2- 

ax  ,  , 

18.    3x2-|-3. 
o 


Ixxxii.     (Page  170.) 

I.    2a.  2.    3x2^/2.  3.    -5??in.  4.    ~6a*b. 

5.    765c<'.  6.   -10ab^c\        7.    ~12mJn^  8.    lla=*6«. 


A 
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Ixxxiii.     (Page  172.) 

2a +1.  3.    ft +  8/).  4.    a'^h^c. 

6.    3:(;--2.<-+l.  7.    \-a^a-. 

9.    a'^  —  4a  +  2.  10.    2?ft2_3„j,  +  i 

1 


I.  a-b. 

5.  ,-<,'-i/  +  ^. 

8.  a; -2/  + 2s. 

II.  x  +  2y  —  z. 


I.  2a -3a;. 

4.  a  -  b. 

I.  ±8. 

5-  ±  v'(ll)- 

9.  ±52. 


1 2.    2m  —  Sn  -  r.  13,    7)1  +  1 

•/iv 

Ixxxiv.     (Page  173.) 

2.     1  -  2a.  3.    .5  +  4:r. 

5.    o:+l.  6.    »?i-2. 


Ixxxv.     (Page  17;i.) 
2.  ±«6.  ^  ±100. 

6.  ±8aV. 
10.   ±4. 

13-   ±  V6. 


J-    — 
7.   ±G. 


4-   ±7. 
8.   ±129. 


14.   ±2^/2. 


Ixxxvi.     (Page  179.) 


I. 

6, 

-12. 

2.  4,  -in. 

3-    1,  -15. 

4.    2,  -48. 

5- 

3, 

-131. 

6.    5,  -1:5. 

Ixxxvii. 

7.    9,  -27. 
(Page  180.) 

8.    14,  -30. 

I. 

7, 

-1. 

2.   5,  -1. 

3.    21,  -1. 

4.    9,-7. 

5- 

8, 

4. 

6.    9,  5. 

7.    118,  116. 

8.    10±2V34. 

9- 

12 

,10. 

lo.    14,  2. 
Ixxxviii. 

(Page  181.) 

I. 

3, 

-10. 

2.   12,  -1. 

,7         25 
'2'         2  ■ 

4.    20    -7. 

5- 

1 
4' 

5 

4* 

6.   9 

,  -8. 

7.    45,  -82 

8. 

8, 

-7. 

9.    4 

15. 

10.    290,  1. 
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7 

5 

3' 

3" 
3 

4- 

i, 

11' 

?1 

7- 

», 

5* 

Ixxxix.     (Page  182.) 

2-   -5'  -5-  3.    3,  ^. 

3       5  e.     A        ^ 

5-    5'- 7-  ^-    ^'    -5- 

8.    7,-^^. 


XC.      (Page  182.) 


I.    3, 

8 
3' 

2. 

'    49 
10,--. 

3.6.4. 

4-    8, 

19 

2" 

5- 

5    -1^ 

6-  ^.  1 

7.    8, 

17 
4' 

8. 

7         3 
2'       14* 

xci.     (Piige  184.) 

m      7m 
I.    -a±V2-«-  2.    2«.±v'll-'t-  3-    2'  ~    2' 


0        '^ 
4.    3.., -2. 

5- 

,    ,                        a^^ah  cfi  —  ah 

1,  -«.         6.  6,  —a.        7.  p,  — ^~.  ■ 

'                                       '      a  -  6  '    a  +  6 

8.    '',  -». 

c  +  V  (c^  +  4«c)     c  -  V  (c^  +  4ac) 
9-          2(a  +  6)       '          2(a  +  6)       ' 

62     62 
10.    — ,  — . 

ac    ac 

2ft  -  6       3a  +  26 
ac              be 

ac"  +  6(^2  ac"  +  6rf2 

'^"    ~2a  +  ;id^c'  ~2a-Yd^c' 


xcii.     (Page  185.) 
I.  8,  -1.  2.  6,  -1.  3.  12,  -1.  4.  14,  -1. 

5.    2,  -9.         6.  6,^.         7-  5,4.         8.  4,  -  L        9.  8,-2. 
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^;v3-«^^yr^. 

1 

lO. 

3       7 
'^'      3- 

,,.,4. 

12.  12,  -1. 

13.14,-1.         1 

14. 

3       5 

2'      G- 

.5.13,-^. 

16.  5,4. 

17.  36,  12. 

18. 

6,2. 

25       5 
^9-   18'  -3- 

^       10 

20.    /,  -  y. 

21.    7,  -y 

22. 

7,-5. 

23.  3, -i 

1       2 
^4-  2'  -3- 

2       1 

^5-  3' -6- 

1 

26. 

15,  -14. 

27.  2,  -^. 

23.3,-11. 

1 
29-  2,  3.                i 

30- 

^'      15- 

3.3,-- 

,       5 
32-  4,  -  -. 

33.3,f|. 

34.  14,  -  10.      35.  2,  ~.      36.  5,  2.      37.  -a,-b.      38.  -  a.  6. 

,  ,  o         Q  a       2a  a    ?) 

39.  a  +  o,a  —  o.        40.  a-,  -a-*.         41.  j-j  —  ^.         42.  r, -. 


xciii.     (Page  187.) 

I.  a;  =  30  or  10  2.  a;  =  9or4  3.  .c  =  25or4 

1/  =  10  or  30.  2/  =  4  or  9.  ?/  =  4  or  25. 

4.  K  =  22  or  -3.  5.  a;  =  50  or  -5  6.  a;=100  or  -  1. 

y  =  3  or  -22.  y  =  5  or  -50.  y=l  or  -100. 

XCiv.      (Pago  187.) 

I.  a;  =  6or-2  2.  ;7  =  13or-3\  3.  .T;  =  20or— 6 

y  =  2  OT  —d.  1/  =  0  or  —  1 3.  ?/  =  6  or  -  20. 

4.  a;  =  4  5.  .•r=10or2  6.  a:;  =  40or9 

y  —  4.  2/  =  2  or  10.  2/  =  9  or  40. 

XCV.      (Page  188.) 

I.  .T  =  4or3  2.  a;  =  5or6  3.  a;  =  10or2 

i/  =  3  or  4.  i/  =  6  or  5.  ■?/  =  2  or  10. 

4.  a;  =  4  or  -  2  5.  .x-  =  5  or  -  3.  6.  x  =  7  or  -  4 

y=2or— 4.  2/  =  3or-5,  i/  =  4or-7. 


o 
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XCVi.      (Page 

189, 

•) 

I .  a;  =  5  or  4 

2.  a;  =  4  or  2 

3- 

1      1 

7/ =  4  or  5. 

^  =  2  or  4. 

1       1 

4   a;  =  3 

1 

5.x=3 

6. 

1 

*=5 

i/  =  4. 

y  =  2. 

1 

2/  =  Q- 

XCVii.     (Pago  191.) 


I. 

a;  =  4 
2/  =  3. 

2. 

a;=±G 
y=±3. 

3- 

.T=±10 

2/=  +  ll. 

4- 

;(;=±8 

5- 

x  =  5  or 

3 

6. 

95 

x  =  5or-- 

33 

?/  =  2or  -y. 

2/=  ±2. 

?/  =  3  or 

5. 

7. 

■a;=±2 
i/=±5. 

8. 

a;  =  6 

9- 

a;=±2 

lO. 

a;=±2 

I. 

x=±7 

12. 

0       11 
a;  =  3  or  -— 

D 

0       17 
2/=2or^. 

y=±3. 

i/=±2. 

13- 

a;=10  or 

12 

14. 

a;  =  4  or 

85 
~8" 
19 
«• 

15- 

x=±9or  ±12 

7/=  12  or 

10. 

i/  =  9  or 

?/=±12  or  ±9. 

xcviii.     (Page  193.) 

3.  18.  4.  50,  15.  5.  85,  7G. 

8.  107.  9.  75.  10.  20.  6. 

13.  1-.  4.       14.  1296.       15.  56^. 

18.  12,  5.    ■    19.  12,  7.        20.  1,  2,3. 

23.   10,  11,  12.  24.   12.        25.  16. 

26.  £-2,  5s.       27.  12.       28.  6.       29.  75.  30.  5  and  7  hours. 

31.   101  yds.  and  100  yds.            32.  63.  33.  63  ft.,  45  ft. 

34.  16  yds.,  2  yds.            35.  37.            36.  100.            ^y.  1975. 


r. 

72. 

2.  224. 

6. 

29.  13. 

7.  30 

II. 

IS,    . 

12.  17,  15, 

16. 

2601. 

17.  6,  4. 

21. 

7,8. 

22.  15,  16. 
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xcix.     (Page  199.) 

I.  .T  =  3               2.  x=b                3.  x  =  90,  71,  52. ..down  to  14 
j/  =  2.  i/  =  3.  y  =  0,  13,  26  up  to  52. 

4.  x  =  7,  2      5.  a;  =  3,  8,  13...      6.  re  =  91,  76,  61  ...down  to  1. 
2/  =  l,4.  i/  =  7,21,35...         ?/  =  2,13,24  up  to  68. 

7.  r);  =  0, 7, 14,21,28  8.  x  =  50,39...         9,  a;  =  40,49... 

i/  =  44,33, 22, 11,0.  y^-2,7...  i/  =  13,33... 

10.  .'C=4,  ll...nptol23  II.  r  =2  12.  a;  =  92,  83....2 

^j  =  , 53, 50... down  to  2.  ;/  =  0.  i/=l,    8...71. 

13.  sand-.       14.  y-and-j.        15.  3ways,viz.  12,7,2; 2,6,10. 

16.  7.  17.  12,57,102...  18.  3.  19.  2. 

21.  19  oxen,  1  sheep  and  80  liens.     There  is  but  one  other 

solution,  that  is,  in  the  case  where  he  bought  no  oxen, 
and  no  hens,  and  100  sheep. 

22.  A  gives  B  \l  sixpences,  and  B  gives  A  2  lourpennj'  pieces. 

23.  2,  106,  27.  24.  3. 
2$.  A  gives  6  sovereigns  and  receives  28  doDars. 

26.  22,  3  ;  16,  9;  10,  15;  4,  21.  27.  5.  28.  56,  44. 

29.  82,  18;  47,  53;  12,  88.  30.  301. 

c.     (Page  205.) 

.5  .2.         Z  2  _2         $    5 

(1)  I.    X-  +x'^  +  x".  2.    x'^y  +  x-7j'^  +x'  ij^. 

4  5  5  12  i    3  I       3 

3.    ft^  +  a-^  +  a'^.  4.    x^  1/2^  +  «2i/*;3  +  a^yzt. 

(2)  I.    x~^-\-ax~-+l-x~^  +  ^xr*.  2.    x-i/"-'- +  3.^?/  '^  +  42/-\ 

a?y~h~'    5x^y~h~^        _j^_j 
3.        -^      +       -j^        +xy   z   . 

1   _i_     i_     1  ^  _JL+J__   _1 

^  ■    a     a'^^x"'     h^x~^     3x~*'  '    xhj~-     3xy~^     5?/"*" 
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4  3  1 


1  1  1 


^'  -11'  2       '  n^-h-^r 

(4)     I.    2  4/,c'-^  +  3  4/(xy2)  +  -L.  2.    -1^  +  4-^  +  ^. 
a;y^  y^.-*;      y^//-    s-* 

•^'     4/«       a;2    '*"3  4/«2'  ^'   x^^y^x^  ;^x"-- 


Ci.     (Page  206.) 

I.    x*p  +  x"''y'''  +  y*''.  2.    a^^'-Sli/*". 

3.    x*''  +  4aV'+16rt4.  4.    fr"- +  Srt^c' - /r"  +  c*', 

5 .  2a^  +  2(r &"  -  4(t'"c''  -  a^h  -  ?>"+^  +  260'  +  rr c^  +  /y c-  -  20'+". 

6.  x""'  +  ,'c'""-"  .  7/™"-"  -  a;"i/"  -  91"'"-"+".  7.    a;*"  +  ar";/-"  + 1/*". 

8.  a''"'"  -  «'•'-'•  ?*''"  +  o'"-^ c^  +  a''^^ '■ .  Z/^-"''^  -  i  +  5*"''" c'  +  «""+'■  c'-'' 

9.  a;*^  +  2x'''  +  3x-''  +  2,x''H-l,  10.    a;*^-2a;'''  +  3x-''-2a;''-t- 1. 

Cii.      (Page  207.) 

1.  af™  +  ar^™!/'"  +  a;™;/-'"  +  t/"*". 

2.  a;*"  —  a;'''iy"  +  x-^y""  -  xJ'y^"  + 1/*". 

3.  a;"'  +  a;*''^/''  +  x^'y"'  +  x^'tf"  +  x7y^'  +  y"'. 

4.  a'-''  -  a?''h^  +  a'^t^'  -  a"''W  +  6\ 
5 .   a;'"  +  3a;"'  +  9./r''  +  27!*;''  +  81. 

6.    a-"  -  2a'"x"  +  4.:c-".  7.    Z-x'  +  Sx^ 

8.  46'"c'"-5t-». 

9.  a^  +  Sa""  +  Sa"  +  1.  10.    a"*  +  6"  +  c'. 


^8o 
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ciii.     (Pag(i  208.) 
■3x^  +  3x^-1.  2.    y-l. 


3-    <* 


,2_o-;^ 


9- 
II. 

13- 

14. 

15- 
16. 


1  1  i 
a  +  ft  +  c-Sa^Tj^^c^*. 


5 .    lOx  -  1  \z^y^  +  5x^2/^  -  21y. 


7.    m^  +  4d^??r^  +  16cZ. 


m  —  n. 

16a  +  8aV  +  lOah^  +  18a^6"^  -  24(t4'^  -  12a^6^  -  15ft^ 
-27&. 

2_  1   1         2  a  I   i         2 

a;^ +  2a3a;'*  +  a^.  10.    a;^ -2a2a;2+a^. 


4         5  5.      A 
a;S  +  2x^y^  +y^ 


12.    a2  +  2rt&i  +  i2. 
a;  -  4x4  +  lOx^  -  12xi  +  9. 
4x^  +  12x^  +  25x^  +  24x^  +  16. 

2  11  112  112 

x'i  -  2x^y'^  +  2x^z^  +y'^  -  2.y^z^  +  z^. 
2  +  4x%^  ■ 


x^  +  4x^2/^  -  2a;^2^  +  4?/2  _  47/^2^  +  z^. 


3.   x^  +  x^i/^  +  2/^ 
3  1       J2.  2       1  3 


ciV.     (Page  209.) 
I.    a-^  +  y^.  2.    a2_j2_ 

2         112  4 

4.    a^-a^fc^  +  i^.  5.    x^ -x'''i/-'* +xSi/5 -x"2/5 +?/■' 

6         21        11         11        IS       6. 

6,  m°  +  m^?i^  +  m^n^  +  m^n 2  +  m ^ tj.^  +  »i-^. 

7.  x*  +  3x2?/i  +  9xii/2  +  272/* 


8.    27<i^  +  ISaSfti  +  \<2.ah^  +  86^. 


10. 

7?is  +  3m3  +  Qm,^  +  27ms  +  81. 

II. 

xHlO.               12.    x'^+4.                   13.    -6  +  26§-6'». 

14. 

3.3  _  a;3^*  _  ajSg!*  _f.  ^3  ^  gS  _  y^z^. 

15- 

x^- 9x^-10.'                         16.    in^  +  m^n^  +  n^. 

17- 

1         i                                ill                          11 

p~-2p^  +  l.               18.    x'^-y^-z^.               19.    x5+2/° 

^) 
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CV.      (Page  210.) 

I.    a-2-6-2.                    2.    x-e-fe-*.  3.    £c*-x-4. 
4.    a^  +  l+x-*.        5.    a-4-6-4.        6.    a-2  +  2a-ic-i - 6-2  +  c-«, 

9.    4x-5  -  a;-*  +  3x-^  +  2x-^  4-  x-^  +  1 , 

cvi.     (Page  211.) 

I.    x-x~^.                   2.    a4-6~^                   3.  m^  —  mnr^  +  TV^ 

4.  C*  +  0=5(^-1 +  c2d-2 +  0^-3  + (£-4.                               5,  Xf-^+X-hj. 

6.  ft-2_j.(j~I5-l  +  5-2_                                                          ^_  x2l/-2-2  +  X-2y2_ 

8.  |x-3-5x-2  +  ^a;-i  +  9.                              9.  a26-2  _  1  + a-zj^. 
10.   a-2  -  a-16-i  -  a-ic-i  +  6-2  -  6-ic-i  +  cr^. 

cvii.     (Page  211.) 

2               11  "'■M-13 

I.    a;*-2a;%2  +  22/.  2.    .-c '^''• 

3.   a-1^.  4.       ^'^j^. 

(X4_ci4)2 

^     .       22    ,    421     „     10    ,     1 

5.  7ar^  +  -g-a;-3  _  __^-2  _  ^.^.-i  ^  _  ^    ^a^ 

7.  yf'-'f.  8.    a2^2a-65_2a255_j5'. 

9.  a^  +  a^  +  ti              II.    m  =  n^\  12.    x2''+2^^ 
13.    of.                                 14.    16a^.  15.    a'^'. 
16.    2a-"' +  2a'"6' -  4ct'"c"  -  3a"'6  -  36"+' +  66c".  17.    c. 


'^h 
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19.  x*  +  a;*+l. 

20.  a™+»  +  2ft'»+"-2 .  hox^  -  «'"+"-=  62a;2  _  (j.»+.^  g2a.4_ 

21.  x''''""  — 1/'<'~^\  22.    0."'"*.  23.   x*''-i/*''. 

24-   5,  Y44  25.   a;'»»_a;'y''-«"'-a!;<"'-iV  +  2/'"". 

26.   x  +  3a;^-2a;*-7xT  +  2a;"i 

cviii.     (Page  215.) 

I-    ^'^^  ^y'-  2.    !y(1024),  J^S. 

3.     4/(5«32),  4/(2500).  4.    '"^2",  "4/2-.  5.   -^a",  "^yi-. 

6.    4/(a2  +  2a6  +  6-),  ^{ii^-Zarb  +  ZaW-W). 

CiX.     (Page  217.) 
I.    2V6.  2.    5V2.  3.   2a  Va.  4.   Sa'-'ii  V(5(i). 

5.   4z^i2yz).  6.    10V(10cO-  7-    12c  V5. 

8.  42V(lla;).                   9-    6a: Jy.  10.   a'^Jj^'. 
II.    (a  +  x).Mja.             12.    {x-y)sjx.  13.   5(a-6).V2. 
14-    (3c2-2/).V(7i/).                                15.  3a2 4/(262). 

16.   2an/2 .  4/(20x2/).  17.   3w%3^/(4ri). 

18.    7a565 4/(46).  19.   {x  +  y).^x.  20.     (a-6).4/a. 

ex.     (Page  217.) 
I.    V(48).  2.    V(63).  3-    4/(1125).  4.    4/(96). 

5.    //y.  6.    V(9a).  7.    N/(48a2x).  8.    ^/(Sct^a^). 

/rt  +  6\^  /a;    \i 

9.  V(m^-n^).  10.    (~_-^)-.  II.    (--)-. 


t 
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CXi.     (Page  218.) 

The  numbers  are  here  arranged  in  order,  the  highest  on  tlio 
left  hand. 

I.    V3,   *y4.  2.    VlO,  4^15.  3.    3^2,  2  V3. 


^'  \\\b)'  V^' 


5.    3V7,4V3. 


6.    2  V87,  3  V33.  7.    3  4/7,  4  V2,  2  V22. 

8.    5  4^18,3^19,3  4/82.  9.    5  4/2,2  4/14,3  4/3. 

10.    2^2,  ^V3,  4V4. 

cxii.     (Page  219.) 

1.  29^3.  2.    3tVlO+164V2.  3.    {0? ^V ^i?)  sjx. 

4.  134/2.  5.    334/2.  6.    V6.  7.    5V3. 

8.  48  V2.  9.    44/2.  10.    0.  II.    4V3. 

2.  2V(70).  13.    100.  14.    3a6.  15.    2rt6  4/(126). 

6...  ■;.  I  .8.^|.  ,,^| 

°'  yi+xy' 

cxiii.     (Page  220.) 
I,    js/(xy).  2.    sj{xy-y'^).  3.    x  +  i/.  4.    s/ix^-y^ 

5.  18a;.  6.    56(x+l).  7.    90V(a;^-a;).  8.    2^V3. 

9.  —X.  10.    1-x.  II.    -12a;.  12.    6a. 
13.    -V(«^-7x).              14.    6V(a;2  +  7a;).              15.    8(a2-l). 
16.    -6rt-+12ct-18. 

cxiv.     (Page  221.) 
I.  a; +  9^/0; +  14.  2.   x-2^x-l6,  3.   a. 

4.    a -53.  5.    3x  +  5v'x-28.  6.    6a; -54.  7.    6. 

8.     ^(9*^  +  3a;)  +  ^/{Gx^  -  Zx)  -  >J{6x^  -  a;  -  1 )  -  2a;  +  1 . 
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9.  i>J{a,x)  +  ^{ax  -  a;-)  -  i^{o?  -  ax)  -a  +  x. 

10.  3  +  X+ V(3a;  +  x2).  II.    x-y  +  z  +  l  s,'x.z. 

12.  2a;  +  2V(«a;).  13.    432  +  42  ^/(x- -  9) -I- xl 
14.  2x+ 11 +2  V(«2^  11x4-24).       15.    2x-4  +  2v'((;--4x). 
16.  2x-6  +  2V(a;'-6x).                   17.    4x-f9-12Va;. 

18.  2x-2V(a;^-r)-  19-    a;'-  +  2x-l-2V(a;^--a;). 

20.  x-  +  l+2V(a;^-a;). 

cxv.     (Page  222.) 

I .  (  Vc  +  Jd)  (  Vc  -  V<^)-  2.   (c  +  V(^)  (r  -  ^d). 

3-  ( Vc + rf)  ( Vc  -  rf).  4.  (1  +  V?/)  (1  -  sJy)- 

5.  (1+ V3.a;)(l- V3.a;).  6.    {^b.m+\){Jb.m-\). 

7.  }2rt+  V(3a;)n2a- V(3.'K)i.     8.    j3  +  2^/(2n)}  {3-2V(2h)}, 

9.  |V(ll)-''-  +  4|U/(ll).^i-4j.  10.   (2J  +  2Vr)0?-2Vr). 

11.  (Vi^+  V3.g)(Vp-  V3.g).  12.   ja'»  +  6^n«'"-?'^i- 

13.  «^.  14.   «_+„VM  ,5.   24+17V2. 

16.  2+v/2.  17.   3  +  2^3.  18.    3-2^2. 

a  +  x  +  'iJiax)  l+x  +  2^x 

iq.      .  20.    i . 

^  a-x  1-x 


^_±jM:z^'),  22.  7/.-^-vK-i). 

2a2_a;2  +  2aV(a2-x2) 


X 

23.    2a2_l  +  2aV(«^^l)-  24. 


CXVi.  (Page  224.) 

I.    19.  2.   11.  3-  8-26V(-l).  4.   5-4^3. 

5.    26  -  2  v/(«5)  -  12a.  6.   a^^d.  7.    63_a3. 

8.    a2  +  j82.  9.   e^.  10.    e2pV(-i)_g-2pV(-» 


o.> 
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CXVii.     (Page  224.) 
^+y  ,        c+y 


•i^{xy)'  •'•    2VM- 


5.    a;2-  ^2.  ax-\-a\ 


6.    m-+  J-2.vin  +  n^.  7.    2x  Jx.  8.    — ^^^ 5—^-. 

a-0 


9.  ^%aZ-2acy/|  10.    aV^-a  +  ^-i^, 

II.  -^.  12.    V(i-a=).  13.  -^. 

16.  «256c.  17.    -l+5a2(2-a2)  +  a(l0a2-a^-5)V(-l). 

18.  8  +  7'4/3.  19.    4V(3ca;).  20.    x4/(3i;2). 

21.  -4/(-4to2).  22.    (9?i-10).V7.  *3.    #. 


cxviii.     (Page  228.) 
I.  v/7+ V3.       2.  V11+  \/5-        3-  \/7-  V2.        4.  7-3v/5. 
v'lO-  V3.      6.  2V5-3V2.     7-  2  ^3  -  V2.     8.3^/11-2. 
.3^/7-2^3.  I0.3V7-2V6.  ii.i(VlO-2).  12.3^5-2^3. 

CXiX.     (Page  229.) 

I.   49.         2.   81.         3.    25.         4.    8.  5.  27.         6.   256. 

7.    27.         8.    56.         9.    79.        10.    153.      11.  6.         12.. 36. 
13.    12.                  14.    ^^^.                 15.    5.  lb.    6. 

17.    3.  .8.    10.  19.    -5 — .  20.    —r— 

'  ^       3a  13hj  • 

[s.A.]  2  B 


:.&6  axsij/-:a's. 

cxx.     (Page  231.) 
I.   9.         2.   25.         3.    49.         4.    121.         1;.    1^.         6.   8,0 


10.  5. 


CXXi.      (Page  231.) 


I.    25.  2.    25.  3.    9.  4.    64.  5     ^^ 


5 


■'-.  7.    a.  8.   -  or  0.  9.    64.  lo!    100, 

5  4  ^ 


cxxii.     (Page  232.) 


I.    16,  1.  2.    81,  25.  3.    3,  2|,  4.    10,  - 13. 

5         .  .        „^        ^     ^        ..3  „     ....    i:2i'52 
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5.  5,^.        6.     -4,  -32.       7.    9,  -3|  8.    28. 

9.  49.      10.    729.       II.    4^-21.       12.    1  or.    .  3"    24. 

14.  5  or  221.      15.    5  or  — y.      16.    5  or  0.      17.    "''..      18.    25. 

19.  ±9^2.  20.    ±.  V65or±V5-  21.    2a. 

22.  -2«.  23.    2"^--%  24.    ^.  25.    j2 

26.    ~p.  27.    '— .  28.    ±5  or  ±3^2.  29.   ±14. 

30.    6  or  --^.     31.    1.     32.    -.       33.    2or0.      34.    0  or  ^. 

cxxii i.     (Page  235.) 
I.    2,  5.  2.    3,  -  7.  3.-9,-2.  4.    5rt..  6ft 

7     5  A    ?27         83  ^11^ 

5'       2'    3'  19 '        14"  "^5'      6 
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8.  -2(X,  -  3a- and  3a,  4a.  9.   ±2,  a.  10.   0,5. 

2a-b    b-3a  d    e 

I.     ,    — r — .  12.     -,    -. 

ac  be  c'   c 

CXXV.     (Page  239.) 

I.   a;2-lla;  +  30  =  0.       2.  a;2  +  x-20  =  0.       3.  a;2  +  9a;+ 14  =  0. 

4.  6x2-7a;  +  2  =  0.  5.  9x'-^ - 58x - 35  =  0.         6.  a;2-3  =  0 

tt/j  a(3 

9.  a;2  +  ^^^^'a;-l=0. 

a/3 

cxxvi.     (Page  240.) 
I.   (£C-2)(a;-3)(a;-6).  2.    (x-l){x-2)(x-4:). 

3.  (a;  -  10) (x+l)fx  +  4).   4.  4(x  +  l)(.x  +  ^-~)  (x  +  ^-^^')- 

5.  {x  +  2){x+l){6x-7). 

6.  (a;  +  y  +  s)  (c^  +  y-  +  s^  -  re?/  -  xs  -  yz). 

7.  (ft  -  6  —  c)  (rt^  +  h-  +  c^  +  ab  +  ac  -  he). 

8.  (a;-l)(a;  +  3)(3«-7).  9.    (a;  -  1)  («  -  4)  (2x -f- 5). 
10.  (x  +  l)(3x  +  7)(5x-3). 

cxxvii.     (Page  242.) 
I.    Vl3orV-l-       2.  4/- 2  or  ^-12.       3.   4^  -  1  or  4/-21. 

4.  lor5J/-4.  S.y^or^-I.  6.   25  or  1. 

7-     --9£  797-         ^-  (5)  ""'  (  -D"  9-    1  on  ±2  V15. 

1  5±  V1329 
10.    3  or  --  or  - — -r . 

2  4 
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11.  a +  2,  or o— ,  or  ^)  '. 

O  O 

12.  0,  or  a,  or  — ^^^ — ■ ^. 


cxxviii.     (Page  245.) 

I.    6  : 7,  7  :  9,  2  :  3.  2.   The  second  is  the  greater. 

3.   The  second  is  the  greater. 

ad,  — he 
4-    -^ZTT'  5-    iO  :  9  or  9  :  10. 

cxxix.     (Page  246.) 
r.    2:3.  2.    h\a.         3.    h-vd:a~c.         4.   ±^6-1:1. 

5.    13  :  1,  or,  -1:1.         6.   ±  v'(™^  +  4?i-)  -  m  :  2.         7.   6,  8, 
8.    12,14.       9.35,65.        10.   13, 11.        11.  4:1.        12.  1:5. 


CXXX.      (Page  247.) 

4- 


..  A.    ,. 

8 
9" 

iC  +  l/ 

(x  +  2)^j 
(V-4)V 

a  — 6  +  c 
a  —  6  -  c" 


CXXXii.     (Page  255.) 

6.  35=4  or  0.  8.   440  yds.  and  352  yds.  per  minute. 

II.  a;=30,2/  =  20.  13.   ^.  k.   1-. 

16.  50,  75  and  80  yards.  17.    120,  160,  200  yards. 

19.  1~  miles  per  hour.  20.    1:7. 

21.  160  quarters,  £2.  22.    £80.  23.    £60, 

24.  X'20,  25.    90  :  79.  26.    45  miles  and  30  miles. 


ANSWERS.  ■  3S9 


cxxxiii.     (Page  262.) 
4.   14  5.   5-  6.    12.  7-   3^.  8.  I 

9.   ^ccA  10.   5.  II.   A=^B.  12.   64x2  =  97/. 

1  OR 
13.  a;2=^.     14.   4x^  =  27i/.      18.   y  =  3  +  2.-c  +  »2.      19.    181t. 


cxxxiv.  (Page  266.) 
I.   50.                 2.    200.  3.    lo|.  4-    -32^. 

5.    -2^.  6.   40.  7.    117.  8.   0. 

9.   x^  +  2/-'-2(7i-2)a;y.  10.    ^^ . 


CXXXV.     (Page  268.) 
I.   5060.  2.    2550.  3.    820.  4.   30. 

5.    24.  6.    -3li.  7.  -^^^.  8.  ^^'2-- 

Tn^  -5n  n-l 

9.    -^-  .  10.    -2-.      ^ 


CXXXvi.  (Page  269.) 

„  X  1  7 

..   -«.  2.    -^.  3.  8-  1-    -g. 

5.   -2.  6.    -l| 


2 


cxxxvii.     (Page  269.) 
i.~(i)-46.  (2)36-2.  (3)  |.  (4)4-4 

2.    155.  3.    112.  4.    888.  5.    100. 
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6.  6433-  7.  i;i35.  4s. 

o 

8.    (i)  355,7175.  (2)  -lb6a\  -3116a2. 

4 


(3)  161  + Six,  3321  +  16810;.  (4)  119^,  235 7^. 


(5)  8^,  174 

9.    (i)  126,  63252.  (2)  25,  2250. 

(3)  45,  -1570-5X.  (4)  99,  -1163^. 

(5)  71,  4899  (1  -  to).  (6)  65,  65x  +  8190. 


cxxxviii.     (Page  271.) 
I.   6,  9,   12,    15.  2.    li    |o,   -|-4 

g^  5  1  ■  '^  1^  ?  H 


cxxxix.     (Page  272.) 

3m  +  n    m  +  n    m  +  3n 
4     '    "~2~'    ~T~' 

5to  +  3     bm  +  1     5?/t  -  1     5m  -  3 


2. 


3- 


5  '        5      '        5      '        5      * 

o?i^+l     5^2  +  2     5?i,2  +  3     5«."-^  +  4 

6  '        5      '   ~5~'    ~6~~' 


2.o^  +  j/2  2x^-7/2 

2      '        '  2"^' 


CXl.      (Pago  275.) 
T.   64.  2.   78732.  3.    327680.  A. 

5.    13122.  6.    16384.  7.    -p^. 


2048" 


ANSWERS.  39» 


CXli.      (Page  276.) 


a(a;26-l) 


I.    65534.  2.    364.  3.     -^iry-- 

"^    x8(x-])"    -  5*    (a  +  x)5.  (1-a-x)' 

43 


7.    7(2»-l).  8.    -42.^ 


Q.      - 


96' 


CXlii.     (Page  278.) 

4  27  4  ^     ,- 

I.    2.  2.    3.  3.     8--  4-    3-  5-    Ig. 

SI  1  16x^ 

6.-3.         7.8-.  8.2-.  9.    «53.  10.    8^,^^. 

a2  1  a;2  86 

49  ,     46 

^5-    90-  *^-    55- 


cxliii.  (Page  279.) 

I.    9,  27,  81.  2.    4,  16,  64,  256.  3.    2,  4,  8. 

3     9     27     81 
^    4'    8'    16"    32* 

CXliv.  (Page  279.) 

I.    (I)  558.  (2)  800.  (3)    ^  (4)  ^. 

/  X       169  ,..   133  ,  ,       1189  ,„,    ,„5 

(5)  -2-  (^)  486-  ^7)    -^-  (8)  13^. 

(9)1.  10)   -84.  (II)    -(^/IcT^-iyv^s- 

,     ,      3157 

5.    42.  6.    ac  =  62.  7.    +1.  g.    n  +  ^. 


392 
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9- 
1 6. 

19. 

22. 
25. 


4. 

49,  1. 

4     3     2     1 


10.    10. 


13.    4. 


17.    3^,    6,    "^ 


,  0, 


5'    5'    5'    5 

3,    7,    11,    15,    19. 

139. 


2 

5'     "5' 


2" 
3         4 


14.    642, 
18.    60. 


23.    5,    15,   45,    135,   406. 
26.    10  per  cent. 


I.    8,    12. 


CXlv.     (Page  285.) 

15     30     5     30 
'■     7'    13'    2'    11" 


3-     on 


12      6     4 


29'    11'    5" 


4- 
6. 
8. 

9- 
10. 


1  1  i  Jl 

6'  9'  12'  15' 

3  3  3 

4'  2'  ""'        2' 


5.   -2,    00,   2,    1,   -. 
6     3      6      3      6 


'•    5'    4'    11'    7'    17'    10* 


6x2/(7H-l)  &xy  {n  +  1) 

3?i.2/  +  2.(;  '  3n7/  +  4x  — 3y' 

11  111         _____ 

-  4>        2'  °^'    2'    4'    6'  "^  31'    24'    17'    2'    3'        4" 


6,-;y/  (w  +  1) 
■■■'     2nx  +  Sy  ' 

5      15 


i04,    234. 


13.    2,   3,   6. 


5- 
10. 
14- 


cxlvi.  .   (Page  290.) 
132.  2.    3360.  3.    116280.  4.    6720. 

6.    40320.        7.    3628800.        8.    125.        9.    2520. 


8' 


13.  1260. 


6.  II.  4.        12.  120. 
2520,  6720,  5040,  1663200,  34650. 

cxlvii.  (Page  295.) 
3921225.  2.  6.  3.  126. 
12.      6.  12.      7.  816000. 

7.  10.  63.  II.  52.  12.  123200.   13.  376992;  52360- 


4.  116280. 
8.  3353011200. 
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cxlviii.     (Page  300.) 

1.  a*  +  Aa?x  +  Qa?x^  +  Aax^  +  a;*. 

2.  W  +  Q¥c  +  1  b¥c^  +  2(  )Zy^(;3  +  1 56  V  +  Qhc>  +  c\ 

3.  a7  +  7a«6 +  21«552  + 35^4^,3 +  35„3j4  +  2irt255  +  7„56  + 57. 

4.  a;8  4. 8x77,  +  2SxY'  +  56a;5^3  +  lidx^  +  SGx^i/S  +  2Sx"f 

5.  625  +  20()0tt  +  2400^2  +  1 280^3  +  256ft*. 

CXliX.     (Page  301.) 

1.  a^  -  Qa^x  +  15a*x-  -  SOa^x^  +  ISa'-x*  -  Gaa;^  +  x*. 

2.  6^  -  Wc  +  216V  -  356V  +  356^0*  -  2l6-c5  +  76c«  -  c^. 

3.  32x5  -  240xV  +  720x3?/2  -  lOSOx^i/S  +  8 lOx?/*  -  243?/^ 

4.  1 -lOx +  40x2- 80x3 +  80x*-32x^ 

5.  1  -  lOx  +  45x2 _  120x3  +  210x*  -  252x5  +  210x6  _  j 20x^ 

+  45xS-10.<;9  +  a;io. 

6.  a2^  -  8^216-  +  28ai86*  -  bQa.^^¥  +  70ai26«  -  56a96i'> 

+  28a66i2_  8^3614  + 616. 

Cl.     (Page  302.) 

1.  aH  6«26  _  3ft2c  +  12a62-  r2«6c  +  3ac2  +  86^-  1262c  +  QbG^-i?, 

2.  1  -  6x  +  21x2  -  443.3  +  533,4  _  54a;5  .f.  27x6. 

3.  x3-3x8  +  6x7-7x6  +  6x5-3x*  +  x3. 

4.  27x  +  54x«  +  63x^  +  44x^  +  2ix^"  +  6x^  + 1. 

5.  x3  +  3x2-5  +  ^-^. 
-'  X''     x^ 

6.  a^  + 1^  -  c^  +  3a26i  +  3a^62  _  2a^r^  -  Zh^c^  +  3aM 

.  ^  J.         >>  1  i 

+  30*c2-6a't6l<;4 


H  AA'SllEA'S. 

Cli.     (rage  303.) 
I.     330a;^  2.     AQba^%\  3.     -leiTOOaWfts^ 

4.     lQ^\ma%hH\  5.     12870a868. 

6.     70tt^R  7.     -92378aio6"and92378a96io. 

8.     I7l6a7x6  and  1716a6x7. 

Clii.     (Page  311.) 

*•     ^+T-9-^8f 

3.     a^  +  -5 ,+ ^ jj. 

3a^     Oa^:     Skt^     243a3 

#     -4^     1  -R       5  _a 

X     4     -i  1      2      -i  i       4       -y  4 
6.    a--'  +  ^.a  ^x^-^.a  ^"x^  +  ^^.a  ^xl 

a;2_a;*     x"     So^ 
^*       ~"2~"8~ie~l28" 

7        14        14 

9x_27x2_135     , 
9  4       32      128'     * 

10       X3-X2/  +  |^+-^ 
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5        5    , 35_  3 

-"6'' "72''"'     1296'' • 


Cliii.     (Page  312.) 

I.     l-2a  +  3«2-4a3  +  5ai  2.     1  +  3a; +  9x2 +  27x3 +  8  la:*. 

5  „      5    „  ,         ,3x2     x3     5aj4 

3.     i+^  +  ^;,-+_x3.  4.     l+^  +  X+2  +  l(f 

5.    a-'*  +  l()ct~"x  +  60ft-"x-  +  280a-"x3  + 1 120tt-^V. 

^      1   ,  6x"3     21x^     56x 


i2 

a'*       a" 


a^     A       A       a" 


Cliv.     (Page  313.) 


,     »2    3a,4     53;6     35a;8 
2       8       16      128 
,     3x2     i5a;4     35a;6     3i5jg8 
i.     ^  +  2         8         16       128 


3- 


0.-2  _  ?.,.-T5.5  J.  Xt-IS-vW  _;  ?^r..-\1^ 


3x2_5x3     35x*  1_^     3«*_  5;i^ 

4.     l-x  +  ^-  2-  +  --g-.  5-    ^    2a3  +  8a5     I6a^- 

l_x3^     2x0      i4a;9 
a    3a*  "^9^7    81a">* 


Clv.      (Page  314.) 

7.6...  (9-r)  12.11...(14-r) 

^-     I72T7(r-l)-*     •         2.     (     I)      .     1   2...(r~l)    •*^- 

,  8.7...(10-r) 
3-     ^     ^^      •  1.2...(r-l)  •''     -"^    • 


39'J  ANSWERS. 


9.8       {\\-r\ 

r.(r+l).(r  +  2)  1 .3.  5  ...  (2r-3)   /x\-\ 

3     1.2.5...  (3r- 7)  /      aiV-i     \ 
^'     1.2.3...(r-l)-(-3^)     •'*• 

7.9.11...(2r  +  3)      ,_i 
9-      1.2.3... (r-1)"'*     • 

eTs    3.7.11...(4r-5)    /xy"^" 
'°-    4-1  •    1.2.3...(r-iy   'VJ       • 


(r-1) 

1.3.5...(2r-l)    ,„  ,,  5        1 

^3-         l.2.3...r       •(^^^-  ^5.   16-   X,- 

,       3         .,„  429   a;i« 

'^-    128- "^'-  ^7.    -128-^' 


m.  (m  +  1) (m  +  8) 

1.2 9 


I  s. ,     ' -i ■  .  or  <"•+»' . 


(1  -  f>iiC)  (1  -  4m) (1  -  •»(.)     l-»,. 

'^  1.2 6^«  •""*    "^^ 


Clvi.  (Page  315.) 

».     3-14137....  2.     1-95204.... 

3.     3-04084....  4.     1-98734.... 

Clvii.      (Page  319.) 

I.     1045032.                   2.  10070344.                   3.     80451. 

4.     31134.                       5.  51117344.                  6.     14332216. 

7.     31450  and  remainder  2.  8.     522256  and  remainder  1. 

9.     4112.                      10.  2437. 
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Clviii.  (Page  321.) 

I.   5221.              2.   12232.  3.    2139e.  4.    104300. 

5.    1110111001111.  6.    tAtee.  7.    6500445. 

8.    211021.             9.    6il2.  10.    814.  11.    61415. 

12.    123130.                      13.  16430335.  14.    27<. 


I.   -41. 

4.    12232-20052. 


CliX.     (Page  327.) 
2.    -162355043. 
5.   Senary. 


3.    25-1. 

6.   Octouary. 


I.  1-2187180. 

4.  4-740378. 

7.  5-3790163. 

10.  2-1241803. 


Clx.     (Page  336.) 

2.  7-7074922. 

5.  2-924059. 

8.  40-578098. 

II.  3-738827. 


3.  2-4036784. 

6.  3-724833. 

9.  62-9905319. 

12.  1-61514132. 


Clxi.     (Page  339.) 

1.  2-1072100  ;  2-0969100  ;  3-3979400. 

2.  1-6989700;  3-6989700;  2-2922560. 

3.  -7781513;  1-4313639;  1-7323939;  2-7604226. 

4.  1-7781513;  2-4771213;  -0211893;  56354839. 

5.  4-8750613  ;  1-4983106. 

6.  -3010300;  2-8061800;  -2916000. 

7.  -6989700;    1-0969100;    3-3910733. 

8.  -2,  0,   2  :   1,   0,   -1. 


9.    (I)  3. 


(2)  2. 


9 

10.   x=^-,y  =  -, 


2' 


^'r 
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11.  (a)  -3010300;  1-3979400;  1-92()1233;  1-9979588.    (6)103, 

12.  (a)  -6989700;  -C020600;  1-7118072;  1-9880618. 
(6)  8. 

13.  3-8821260;  1-4093694;  3-7455326. 

1  ,  ^  ,  s  losr  m 

14.  o^'^e-         (^)*=^-         (3)^=i^.nsp- 


(4)  «= 


m  log  «  +  2  log  6' 

_         4  log  6  +  log  c 
^5^  *""2log7Tlog 7)^l3  log  a 

,..     ^ log  c 

^  ^    "log  a  +  m  log  6  +  3  log  c* 


clxii.  (Page  343.) 

I.    17-6 years.  2.  23-4 years. 

3.   7-2725  years  nearly.  4.  22*5  years  nearly, 

6.   12  years  nearly.  7.  11-724 years. 


APPENDIX. 


The  following  papers  are  from  those  set  at  the  Matricnlation 
Examinations  of  Toronto,  Victoria,  and  McGill  Universi- 
ties, and  at  the  Examinations  for  Second  Class  Provincial 
Certificates  for  Ontario. 


UNIVERSITY   OF   TORONTO. 

Junior  Matric,  1872.     Pass. 

1.  Multiply  ^x^-^xy  +  'ifhy  \x^  +  \  xy  -  y'^. 

Divide  a*  -  81//  by  a  ±  3&  and  {x  +  af  -  (?/  -  hf 
hj  X  +  a  —  y  +  b. 

2.  What  quantity  subtracted  from  aj^  +  p.i;  +  q  will 
make  the  remainder  exactly  divisible  hy  x-a  ? 

Shew  that 

(a  +  ()  +  cf-  (a+  b  +  c)   (o^  +  ¥  +  c^  -ab  -be-  ca) 
-  3rt6c  ==  3  (a  +  &)  {b-irc)  {c-¥  a). 

3.  Solve  the  following  equations  : 

4aj  —  7      3a3  —  5 

1  1    _    1        _i 

^  '  x  — -3       X  —  4~a;  —  5       x  —  6- 

?/  +  f  y      x  +  "2      \\ 

(J)  x  +  '-^=l,   3  +-^=18. 

4.    In    a    certain  constittiency  are    1,300   voters, 
"ind   two   candidates,   A   and    JJ.     A   is   elected   by   a 
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c<!rtain  majority.  Eut  the  election  having  been  de- 
chirecl  void,  in  the  second  contest  (^A  and  B  being 
again  the  candidates),  B  is  elected  by  a  majority  of 
10  more  than  A's  majority  in  the  first  election;  find 
the  number  of  votes  polled  for  each  in  the  second 
election ;  having  given  that,  the  number  of  votes 
polled  for  B  in  the  first  case  :  number  polled  in  the 
second  case  :  •  43  :  44. 


Junior  Matric,  1872.     Pass  and  Honor. 

1.  Multiply  X  s  y  +  zh  ~  2y^  z\  +  2z^^  x^-  -  2xiyh  by 

ic  +  2/  +  3-  +  2?/^  z^ — 1z\  x^ — 'Ix^  yi,  and 
divide  rt'  +  86='  +  27  e'—lSabc  by  a'  +  46»  +  9  c«— 
2ab  —  Sac  —  66c. 

2.  Investigiite  a  i-ule  for  finding  the  H.  C.  D.  of 
two  algebraical  expressions. 

if  ar  +  0'  be  the  H.  C  D.  of  .^^  +  'px  +  q,  and  rr'  + 
p'  a;  +  q  ,  show  that 

ia - q'Y -V  {q - 9')  {p -p)  +  9  (p -pj  =-- 0- 

3.  Shew  how  to  find  the  square  root  of  a  binomial, 
one  oi  whose  terms  is  rational  and  the  other  a  quad- 
ratic surd.  What  is  the  condition  that  the  result  may 
>)e  more  simple  than  tlie  indicated  square  root  of  the 
gi  ven  binomial  %  Does  the  reasoning  apply  if  one  of 
the  terms  is  imaginary  "?      Show  that  *y/  —  4m*  =  ^/m 

+  y/  -  m. 

4.  Shew  how  to  solve  the  quadratic  equation  «.r'  4 
bx  +  c  =  0,  and  discuss  the  results  of  giving  different 
values  to  the  coetficients. 

Tf  the  roots  of  the  above  equation  be  as  ])  to  q 

V^      (p  +  qf 

show  tliat  —  = • 

ae  pq 


<*L 
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5.  Solve 

the  equations 

2  x^  +  3  X 

(a) 

^+^x^  +  3x-3^lH- 

6 

(b) 

x'-3xt/  +  2i/+l  =0. 

(c) 

x'+6x  +  2     x''+6x+6 

x*+6x+4: 

a?  +  6x  +  4:     x^  +  6  x  +  8 

~ a?  +  Q  x+  Q 

a?-\.6x-\-8 

x^  +  6x+10 

(d)    Qx*-5x''~38x'-5x  +  6  =  0. 

6.  Shew  how  to  tind  the  smii  of  ?t  terms  of  ii  geometric 
series.  What  is  meant  by  the  sum  of  an  infinite 
series  1  When  can  such  a  series  be  said  to  have  a 
sum  1 

Sum  to  infinity  the  series  1  -(-  2r  +  3  r*  -\-  &c., 
LUicl  find  the  series  of  which  the  sum  of  n  terms  is 


a  —  1 

7.  Find  the  condition  that  the  equations 

ax  +  by  ~cz  =  0. 
ai  X  -{-  bi  y  —  Gi  z  =  0. 
a^  X  -\-  b^y  —  c^z^  0. 
may  be  satisfied  by  the  same  vahxes  of  x,  y,  z. 

8.  A  number  of  persons  were  engaged  to  do  a  piece 
of  work  which  woukl  liave  occupied  them  m  hours  if 
they  had  commenced  at  the  same  time  ;  instead  of 
doing  so.  they  commenced  at  equal  intervals,  and  then 
continued  to  work  till  the  v/hole  was  finished,  the 
payments  being  proportional  to  the  work  done  by 
each  ;  the  first  comer  received  r  times  as  much  as  the 
last :  find  the  time  occupied. 
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Junior  Mdlric,  1872.     Honor. 

1.  There  are  three  towns,  A,  B,  and  C ;  the  road 
from  B  to  A  forming  a  I'ight  angle  with  that  from  B 
to  C.  A  person  travels  a  certain  distance  from  B 
towards  A ,  and  then  crosses  by  the  nearest  way  to  the 
road  leading  from  C  to  A,  and  finds  himself  three 
miles  from  A  and  seven  from  C.  Arriving  at  A,  he 
finds  he  has  gone  farther  by  one-fourth  of  the  distance 
from  B  to  C  than  he  would  have  done  had  he  not  left 
the  direct  road.  Required  the  distance  of  B  from  A 
and  G. 

2.  lijn/^+hx  ^  ex  +  az  ^  hz  +  cy^  ^^^^^  ^.^^ 

G  h  a 

X  y  z 

a  h  e 

3.  Solve  the  equations  x^  —  yz  =  a^,  y^  —  zx  —  b^,  z^  — 
xy  =  c\ 

4.  If  a,  b,  and  c  he  positive  quantities,  shew  that 

ft*  (&+c)  +  b"  (c  +  a)  +  c^  (a  +  b)  >  6abc. 

5.  Find  the  values  of  x  and  y  from  the  equations 

n  5?/  +  3 

2y  +  ^-^  -    =1 

X 

X'  +  5x  +  y  (y-  [)  =  24. 

6.  A  steamer  made  the  trip  from  St.  John  to  Boston 
via  Yarmouth  in  33  hours ;  on  her  return  she  made 
two  miles  an  hour  less  between  Boston  and  Yarmouth, 
but  resiimed  her  former  speed  between  tlie  latter  place 
and  St.  John,  thereby  making  the  entire  return  pas- 
sage in  "If  of  the  time  she  would  have  required  had 
her  diminished  speed  lasted  throtighout  ;  had  she 
made  her  usual  time  between  Boston  and  Yarmouth, 
and  two  miles  an  hour  less  between  Yarmouth  and 
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St.  John,  her  i-eturn  trip  would  have  been  made  in 
14  of  the  time  she  would  have  taken  had  the  whole 
of  her  return  ti'ip  been  made  at  the  diminished  rate. 
Find  the  distance  between  St.  John  and  Yarmouth 
and  between  the  latter  place  and  Boston. 


Junior  Matric,  Honor.     1     in-f 
Senior  Matric,  Pass.         J 

1.  Solve  the  following  equations  : 

,  ,  (a;*  -  2a:;?/  +  2  w"  ^  xy. 

...  {  Ax  —  2>xy  =  171. 

\'^)     \^-ixy=VoO. 

/Ill 

-3+-  +-,-19. 

^ '        \i     1     1 

(    ~4+  ~2~2+   ~4=  133. 

V  X*       x^if      If 
And  find  one  solution  of  the  equations  ; 

(d)  ....|2': —;=««• 

^  '  \x^  +  V  x  =  y. 

2.  Find  a  number  whose  cube  exceeds  six  times  the 
next  greater  number  by  three. 

3.  Explain  the  meaning  of  the  terms  Highest  com- 
mon measure  and  Lowest  common  mtiltiple  as  applied 
to  algebraical  quantities,  and  prove  the  rule  for  finding 
the  Highest  common  measure  of  two  quantities. 

4.  Reduce  to  their  lowest  terms  the  following 
fractions  : 


,.  I  993^"+ 117a;^— 257a;^  — 325a;  — 50 

(h)     .... 


3a;' +  4a;' _  9a;— 10. 
a;^  +  10a;^  +  35a;^  +  50a;  +  24 
x'  4-  18a;^  +119x8  + 342a; +360 
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5.  Find  the  sum  of  n  terms  of  the  series  —  J,  ^, — 
^,  &c.,  and  the  a;th  term  of  the  series 

X  -\.  1  2  3  —  x 

6.  Find  the  relations  between  the  roots  and  co- 
efficients of  the  equation  ax^  +  px  +  q  =  0. 

Solve  the  equation 

x'-'  +  0.x-'+10x^+3a;=110. 

7.  A  cask  contains  15  gallons  of  a  mixture  of  wine 
and  water,  which  is  poured  into  a  second  cask  con- 
taining wine  and  water  in  the  proportion  of  two  of  the 
former  to  one  of  the  latter,  and  in  the  resulting  mixture 
the  wine  and  water  are  found  to  be  equal.  Had  the 
quantity  in  the  second  cask  originally  been  only  one- 
half  of  what  it  was,  the  resvilting  mixtiire  would  have 
been  in  the  proportion  of  seven  of  wine  to  eight  of 
water.     Find  the  quantity  in  the  second  cask. 

8.  What  rate  per  cent,  per  annum,  payable  half 
yearly,  is  eqiiivalent  to  ten  per  cent,  per  annum,  pay- 
able yearly. 

9.  A  is  engaged  to  do  a  piece  of  work  and  is  to 
receive  $o  for  every  day  he  works,  but  is  to  forfeit 
one  dollar  for  the  first  day  he  is  absent,  two  for  the 
second,  three  for  the  third,  and  so  on.  Sixteen  days 
elapse  before  he  finishes  the  work  and  he  receives  $26. 
Find  the  number  of  days  he  is  absent. 

Change  the  enunciation  of  this  problem  so  as  to 
apply  to  the  negative  Siolution. 


Junior  Matiic,   1876.      Pass. 

1.   Explain  the  use  of  negative  and  fractional  in- 
dices in  Algebra. 

Multiply 4--     by  \\  ^'' '  and  the  product  by  '^  /«■  • 
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Simplify ,  writing  the  factors  all  in  one 

«"  t>^  <?  d 

line. 

2.  Multiply  together  a^  +  ox  +  x^,  a  +  x,  a^  —  ax  +  x\ 
a  —  x,  and  divide  the  product  by  a^  -  a?. 

3.  Divide  1  by  1  -  2.k  +  x"^  to  six  terms,  and  give 
the  remainder.      Also  divide  21x*—Qx^  +  ^  by  ^u?  + 

m  +  .1        m—n  m—n  m  +  ■ 

4.  Multiply  a       +6       by  a       +b 

5.  Solve  the  equations  : 

,-,.      3.x'  +  4  _  7a; -3  _  £c-16 
(  ;.        -       -       ^  ^ 

(  a;  (2/  +  2;)  =  24, 

(2).    .^2/(^  +  0;)  =  45, 

\z  (ic  +  2/)  =  49. 


Junior  Matric,   187G.     Honor. 

1.  An  oarsman  finds  that  during  the  first  half  of 
the  time  of  rowing  over  any  course  he  rows  at  the 
rate  of  five  miles  an  hour,  and  during  the  second 
half,  at  the  rate  of  four  and  a  half  miles.  His  course 
is  up  and  down  a  stream  which  flows  at  the  rate  of 
three  miles  an  hour,  and  he  finds  that  by  going  down 
the  stream  first,  and  up  afterwards,  it  takes  him  one 
hour  longer  to  go  over  the  coin-se  than  by  going  first 
up  and  then  down.      Find  the  length  of  the  course. 

2.  Shew  that  if  a^,  b^,  c^  be  in  A. P.,  then  will  b  ■\- c, 
c  +  a,  a  +  6  be  in  II. P. 

Also,  if  a,  b,  c  be  in  yl.P.,  then  will 


be       J         ca  (lb 

0  +  G  c  +  a  a  -^  0 


be  in  H.P. 
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3.  If  5  =  a  +  6  +  c,  then 


yj[as  +  he)  (bs  +  ac)  (cs  +  ah)  =  {s  —  a)  (s  -h)  (s-  c). 

4.  It'  a^  +  a.2  + +a„=  -y,    then 

{s-a,)^+ +(s-a,.f  =  a,'  +  a./+ +a\. 

5.  If  the  fraction-TT —,  when  reduced  to  a  re- 

2n+  1' 

petend,  contains  2n  figures,  shew  how  to  infer  the  last 
n  digits  after  obtaining  the  first  n. 

Find  the  value  of  ^L  by  dividing  to  8  digits, 

6.  Solve  the  equations 

x  —  y  +  z=  3, 

xif  +  xz~2  +  -i/z. 


Jtmior  Matric,  1876.     Honor.      • 

1.  Shew  that  the  metliod  of  finding  the  square 
root  of  a  number  is  analagous  to  that  of  finding  the 
square  root  of  an  algebraic  quantity. 

Fencing  of  given  length  is  placed  in  the  form  of 
a  rectangle,  so  as  to  include  the  greatest  possible  area, 
which  is  found  to  be  10  acres.  The  shape  of  the 
field  is  then  altered,  but  still  remains  a  rectangle,  and 
it  is  found  that  with  162  yards  more  fencing,  the 
same  area  as  before  may  be  enclosed.  Find  the  sides 
of  the  latter  rectangle. 

2.  Prove  the  rule  for  finding  the  Lowest  Common 
INIultiple  of  two  compound  algebraic  quantities. 

Find  the  L.C.M.  of  a?-¥  +  c'  +  Zahc  and  d\h  +  c) 
-  h\c  +  a)  +  c^  (m  +  &)  +  ahc. 

3.  If  «,  /S  be  the  roots  of  the  equation  a;'^  +  7?.r  +  ^  = 
0,  shew  that  the  equation  may  be  thrown  into  the 
form  {x  -a)  (x-  (3)  ^  0. 
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3  +  \/2  is  a  root  of  the  equation  x*  -bj^^l^ 
+  7  =  0:  liud  the  other  roots. 

4.  (1)  Shew  how  to  extract  the  square  root  of  a 

binomial,  one  of  wliose  terms  is  rational, 
and  the  other  a  quadratic  surd. 

(2)  Find  a  factor  which  will  rationalize  x^-y^. 

5.  «,  6  are  the  first  two  terms  of  an  H.  P.,  what  is 
the  nth  term  % 

If  a,  h,  c  be  in  H.  P.,  shew  that 

h\a  -  cf  =  2c\b  -  af  +  2a\c  -  bf. 

6.  A  and  B  are  to  race  from  M  to  N  and  back.  A 
moves  at  the  rate  of  10  miles  an  hour,  and  gets  a  start 
of  20  minutes.  On  A's  reti;rning  from  N,  he  meets 
B  moving  towards  it,  and  one  mile  from  it ;  but  A  is 
overtaken  by  B  when  one  mile  from  M.  Find  the 
distance  from  M  to  N. 


7.  Solve  the  equations 

(1).  x'  +  8  =  2.-*r+lla;  +  14. 
/  X     51 

V  cc      12     xy 


(2). 


xy 


Second  Glass  Certificates,  1873. 

1.  Multiply   -  +  -+lby   ^+--1. 

b      a  •'    b     a 

„    ^,  ,       a'-Zab  +  W'      a^-7ab  +  l2h^ 

2.  Shew  that -7^. 01 

a -2b  a-  6b 

can  be  reduced  to  the  form  36. 
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3.  Reduce  to  its  lowest  terms  the  fractiou, 
5a;2      1 
^'  +12  +  9 


^     1 
^'-^'  +  4-9 

4.  (a)  Prove  that  a;""  -  ?/"•  is  divisible  \>n  x-y  with- 
nut  remainder,  when  m  is  any  positive  integer. 

{h)   Is    there    a    remainder    when   .x"^  -  100    is 
livided  by  a;  -  1  ?     If  so,  write  it  down. 

5.  Given  ax  +  by  =  1, 

X      y        \ 
and  —  +  ,   =  ^• 
a      0       GO 

Find  the  difference  between  x  and  y. 

b.  Given  3 ____-_-^^-_^^  =  0. 

Find  X  in  terms  of  m. 

a;       2  7a;  +  lG 

7.  Given  -  =  -?i.      Find  the  value  of  -^ — ^ty.' 

y       o  ly  +  J,^ 

2  5 

8.  Given -1, 

X- y     X  +y 

5  10  _    , 

and =  3,      Find  x  and  y. 

X  —y       x  +  y 

9.  There  is  a  numl>er  of  two  digits.  By  inverting 
the  digits  we  obtain  a  number  which  is  less  by  8  than 
diree  times  the  original  number ;  but  if  we  increase 
each  of  the  digits  of  the  original  number  by  unity, 
and  invert  the  digits  thus  augmented,  a  number  is 
obtained  which  exceeds  the  original  number  by  29. 
Find  the  number. 

10.  A  student  takes  a  certain  number  of  minutes 
to  walk  from  his  residence  to  the  Normal  School. 
Were  the  distance  ^th  of  a  mile  greater,  he  would 
need  to  incieasr  his  pace  (number  of  miles  per  hour) 
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by  ^  of  a  mile  iu  the  hour,  in  order  to  reach  the 
school  in  the  same  time.  Find  how  much  he  would 
have  to  diminish  his  pace  in  order  still  to  reach  the 
school  in  exactly  the  same  time,  if  the  distance  were 
W'g-  of  a  mile  less  than  it  is. 


Second  Class  Certificates,  1875. 

1.  Find  the  continued  product  of  the  expressions, 
a  +  b  +  c,  c  +  a-6,  b  +  c  —  a,  a  +  b  —  c. 

a^  +  a'b      a  (a  -  b)        lab 

2.  Simplify    .,,  -  tt  —  t~i ^ix  —  ~2 — ra* 

'      -   a^b-  P      b  {a  +  b)      o?  -  b^ 

3.  Find  the  Lowest  Common  Multiple  of  ?>x"  —  1x—\ 
and  ^x"  -  2x^  -  3a;  +  1 . 

4.  Find  the   value   of   x  from  the  equation,  ax  — 

«■•' — obx         ,^  Qbx — bar     bx  +  in 

— aV^  =  bx+        ,^ — -. • 

a  2a  4: 

5.  Solve  the  simultaneous  equations, 


—  +  — 
X       y 

=  m, 

c       d 

-  +  — 
X       y 

-n. 

G.  In  the  immediately  preceding  question,  if  a 
pupil  should  say  that,  when  nb  =  md,  and  be  =  ad,  the 
values  oil  x  and  y  obtained  in  the  ordinary  method, 
have  the  form  -J,  and  that  he  does  not  know  how  to 
interpret  such  a  result,  what  would  you  reply  1 

7.  Two  travellers  set  out  on  a  journey,  one  with 
$100,  the  othei'  with  $48  ;  they  meet  with  robbei-s, 
who  take  from  the  lii-st  twice  as  much  as  they  take 
from  the  second  ;  and  what  remains  with  the  first  is 
3  times  that  which  remains  witii  the  second.  How 
much  money  did  each  traveller  lose  ? 
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8.  A  and  B  labor  together  on  a  piece  of  work  for 
two  days ;  and  tlien  B  finislies  the  work  by  himself 
in  8  days  ;  but  A,  M'ith  half  of  the  assistance  that  B 
could  render,  would  have  finished  the  work  in  G  days. 
In  what  time  could  each  of  them  do  the  whole  work 
alone  % 

9.  P  and  Q  are  travelling  along  the  same  road  in 
the  same  direction.  At  noon  P,  who  goes  at  the  i-ate 
of  m  miles  an  hour,  is  at  a  point  A  ;  while  Q,  who 
goes  at  the  rate  of  n  miles  in  the  hour,  is  at  a  point 
B,  two  miles  in  advance  of  A.  When  are  they  to- 
gether ] 

Has  the  answer  a  meaning  when  m — n  is  nega- 
tive ]  Has  it  a  meaning  when  m  -  n  %  If  so, 
state  what  interpretation  it  must  receive  in  these 
cases. 

10.  P  is  a  number  of  two  digits,  x  being  the  left 
hand  digit  and  y  the  right.  By  invei'ting  the  digits, 
the  number  Q  is  obtained.  Prove  that  11  {x^y) 
(P— Q)  =  9  ix—y)  (P  +  Q). 


Second  Class  Certificates,  1876. 

1.  Divide  (1  +  m)  a;' — {m  +  n)  xy  {x — y) — {n — 1)  y^ 
by  x^—xy  +  ?/». 

Shew  that  {a  +  aW^  +  6)'— (a— aifti  +  h)'  is  ex- 
actly divisible  by  2aib^. 

2.  Resolve  into  factors  x*  +  2xy  (x^ — y^) — y\ 

a^(^(,  —  c)  +  b''{c  —  a)  +  c\a  —  b),  and  25a;'  + 
5x^—x — 1. 

3.  If   af+px^  +  qx  +  r  is  exactly  divisible  bya;'  + 
mx  +  n,  then  nq — w*  =  rm. 

4.  Prove  that  if  ni  be  a  common  measure  of  j)  and 
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q,  it  will  also  measure  the  difference  of  any  mviltiples 
oi  p  and  q. 

Find  the  G.  C.  M.  oi  x'~pxU  {q—l)x'+]jx— 
q  and  x* — qo(?  +  {p — \)x^  +  qx — p  and  of  1  + 

x^  +  x->rx'^  and  1x  +  2u;2  +  3a3^  +  3cc-' 

5.   Prove  the  rule  for  multiplication  ot  fiactions. 

9? — (y — zf       'if' — {z — xf      z^ — {x — yf 


Simplify 


(y  +  zY — 'J(?       {z  +  xY — 'lY      (x  +  yY — ~ 


a  a  a 


a'—h* 


6.  What  is  the  distinction  between  an  identity  and 
an  equation  ?     If  x — -a  —  y  +  b,  prove  x — h  =y  +  a. 

Solve  the  eqiiations  (2  +  a;)  (tti — 3)  =  — ^—2mx, 

16a;— 13      40«— 43      32a^30       20a;— 24^ 

^^^     4a;— 3     "^  "8^=9~  "  ~8^7     "^  "4a^5  * 

7.  What  are  simultaneous  equations  ?  Explain  why 
there  must  be  given  as  many  independent  equations 
as  there  are  unkncvn  quantities  involved.  If  there 
is  a  greater  number  of  equations  than  unknown  quan- 
tities, what  is  the  inference  % 

Eliminate  x  and  y  from  the  equations  ax  +  hy 
=  G,  ax  +  h'y  =  c,  a"x  +  V'y  =  c  . 

8.  Solve  the  equations — 

(1)  \/?i  +  a;+  ''\/ n — x  —  m 

(2)  3x  +  y  +  z=13 
3^/  +  2  +  a;  =  1 5 
dz  +  x+y^  17 

9.  A  pei-son  has  two  kinds  of  foreign  money  ;  it 
takes  a  })ieces  of  the  first  kind  to  make  one  £,  and  6 
pieces  of  the  second  kind  :  he  is  offeied  one  £  for  r 
pieces,  how  many  pieces  of  eacli  kind  must  he  take  1 
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10.  A  person  starts  to  walk  to  a  railway  station 
four  and  a-half  miles  otF,  intending  to  arrive  at  a 
certain  time  ;  bnt  afcer  walking  a  mile  and  a-lialf  he 
is  detained  twenty  minntes,  in  consequence  of  which 
he  is  obliged  to  walk  a  mile  and  ahalf  an  hour  faster 
in  order  to  reach  the  station  at  the  appointed  tijiie. 
Find  at  what  pace  he  started. 

11.  (a)  If  y  =  ^  then  will -^-,:^,  =  ^^, 

(6)  Find  by  Horner's  method  of   division  the 
value  of 
a;' +  290a;^  +  279*^— 2892;c2— 586a;— 31 2  when 
a;  =  _289. 
{c)  Shew  without  actual  multiplication  that 

(a  +  6  +  cf—(a  +  6  +  c)  {o?—ah  +  Ir^hc  +  c'—ac) 
— 3a6c  =  3(a  +  6)  (6  +  c)  (c  +  a). 
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First   Year  Exhibitions,   1873. 

1.  The  difference  between  the  first  and  second  of 
four-  numbers  in  geometrical  progression  is  12,  and 
the  difierence  between  the  3rd  and  4th  is  300  ;  find 
them. 

2.  Find  two  numbers  whose  difterence  is  8,  and 
the  harmonical  mean  between  them  1|. 

3.  Prove  the  general  formula  for  finding  the  sum 
of  an  arithmetical  sei'ies. 

4.  The  difierences  between  the  hypotenuse  and  the 
two  sides  of  a  right-angled  triangle  are  3  and  6 
respectively  ;  find  the  sides. 

5.  Solve  the  equations 

x^  +  y^  =  2o  ,     x  +  y=l; 

X        x+  1      13 
x+  1        X     "  6  ' 

x  +  'i/  +  z  =  5,  x  +  i/  =  z-7;  X-  3  ^y  +  z 
x+    4:  3.1:;  +  8 

+  H  = . 


3x  +  5  2a;  +  3 

6.  A  cistern  can  be  filled  by  two  pipes  in  24'  ajid 
30'  i-espectively,  and  emptied  by  .a  third  in  20'  :  in 
what  time  would  it  be  filled,  if  all  three  were  running 
together. 

7.  Shew  that 

a^  +  b"  -  c^     (a  +  b  +  c)  (a  +  b-  c) 

]    I —  ^^ i^ ^. 

2ab        ~  2ab 


APPENDIX. 


8.  Prove  the  rule  for  finding  the  greatest  common 
measuie  of  two  quantities. 


First  Year  Exhibitions,   1874. 

1.  Tlie  .sum  of  15  terms  of  an  a-vithmetic  series  is 
600,  and  the  common  difference  is  5 ;  find  the  first 
term. 

2.  Find  the  last  term  and  the  sum  to  7  terms  of 
the  series 

1-4  +  16-&C. 

3.  Find  the  arithmetical,  geometric,  and  harmonic 
means  between  3|  and  1|. 

4.  The  difference  between  the  hypotenuse  and  each 
of  the  two  sides  of  a  right-angled  triangle  is  3  and  6 
respectively  ;  find  the  sides. 

5.  The  sum  of  the  two  digits  of  a  certain  number 
is  six  times  their  diffex-ence,  and  the  number  itself 
exceeds  six  times  their  sum  by  3  ;  find  it. 

6.  Solve  the  equations  : — 

x  —  y=\;  flj^  —  2/^=19 
3.C-7       4x-10 


X 

~  +  " 

a;  + 

5 

-H, 

1 

-2)  = 

=  5; 

43/- 

■i(«  + 

10)  = 

=3. 

132.^+1 
Ix+I 

Sx 
+  — 

X- 

+  5 
-1^ 

=  52. 

7.  A  man  could  reap  a  field  by  himself  in  20  hours, 
but  with  his  son's  helj)  for  6  hours,  he  could  do  it  in 
16  hours  ;  how  long  would  the  son  be  in  reaping  the 
lield  by  himself  1 

8.  Find  the  value  in  its  simplest  form  of 

x  +  y  2x         x'-y  —  x^ 

y     ~  x  +  y      ^y-if 
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9.   Find  the  greatest  common  measure  of 
Zx-  +  Sr*  -  15x  +  9  and  3.x*  +  S.-b'  -  21a;'  —  9a:. 


First  Year  Exhibitions,   1876. 

1.  Solve  the  equations 

— —  , 12a 

X     y  X       y     X  y 

-  +  -=1--;       -  +  -=1+-. 
a      b  cab  c 

2.  Reduce  to  its  simplest  form  the  expression  : — 

7  ^54  +  3  Vfe  +  ^'  2—  5  ^l28. 

3.  Find  the  greatest  common  measure  of 

2x^  -{- x^  — 'Sx -{- b  and  Ix"  —  Ux-\-5. 

4.  Simplify ' -|.      — - — . 

n  Til 

5.  A  numher  consists  of  two  digits,  of  which  the 
left  is  twice  the  right,  and  the  sum  of  the  digits  is 
one-seventh  of  the  number  itself.     Find  the  number. 

6.  Solve  the  following  : — 

X     y  X     z  y     ^ 

-  +  -  =  +1,  -  +  --2,  -  +  -=3j 
a     b  a      c  be 

1       1 

-  +  -=2,  ic+2/=2. 
X     y 

7.  Find  the  sum  of  n  terms  of  the  series  1,  3,  5, 
7,  &c. 

{a.)  Shew  that  the  reciprocals  of  the  first  four 
terms,  and  also  of  any  consecutive  four  terms,  are  in 
harmonical  proportion. 
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Matriculation,  1873. 

1.  What  is  the  •■  dimerision  "  of  a  term  %     When  is 
an  expression  said  to  be  "  liomogeneous  "  1 

2.  Remove    the    bx-ackets    from,  and    simplify   the 
following  expression : — 

(2(i — 3c  + -iti)  -  5 5d:  —  {m  +  da)\  +  |5a  —  ( —  4 
—  d)\—  \^a  —  {ia  —  5d  —  4.)\. 

3.  Prove  the  "  Rule  of  Signs  "  in  Multiplication. 

,     ,      ,^.   ,  a"  -¥  X- .  a-  —  .x? 

4.  jViultiply  a  — by  a;  H . 

a  o: 

5.  Divide  ax^  +  hx^  +  cx  +  d\iy  x  —  r. 

6.  l>ivide  1  by  1  +  x. 

7.  Find  the  Greatest  Ci  mmon  Measure  of  &a*  — • 
(j^x  — 12.7J  and  Oa"  ^  12ttV    —Qa^x  -    8x-^. 

ax  —  X 


8.  From  3a  —  2x  —  — subtract    2a  —  x  — 


a — X 

X  +  \ 

r|+|=42] 

9,  Given  <  ,  to  find  aj  and  y. 

^+^^43 

V  9     8       ; 

10.  Divide  tne  uuuj  »ei-  a  into  four  such  parts  that 
the  second  shall  exceed  the  first  by  w.,  the  third  shall 
exceed  the  second  oy  n,  a-id  tht-  fourth  shall  exceed 
the  third  by  p. 

11.    .     sum    of   moue^    pat   out  at  simple  interest 
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amounts  in  in  months  to  a  dollars,  and  in  ?i  monfcha 
tu  h  dollara.     Requiied  the  sum  and  rate  per  cent. 

12.  Given  x^  +  ab-  5x",  to  find  the  values  of  x. 

13.  Divide  the  number  49  into  t-\vo  such  parts  that 
the  quotient  ot  the  greater  divided  by  the  less  n»ay 
be  to  the  quotient  of  the  less  divided  b}-  the  greater, 
as  |-  to  3. 

14.  l>ividc  the  number  100  into  two  such  parts  that 
their  product  ma^  be  equal  to  the  dift'eience  of  their 
squares. 

I  x"  ■{  xy  —  56,    "I 
16.   Griven  '  to  find  \aluesof  .*'aud2/. 

16.  A  farmer  bought  a  number  of  sheep  for  $80, 
and  if  he  had  bought  four  more  for  tl^e  same  money, 
he  would  have  paid  $1  less  for  each.  How  many  did 
he  buy  1 


Mntricrdation,  1874. 

1.  Find  the  Greatest  Common  Measure  of  '2b^  — 
10a6'  +  ^a%  and  ^a"  —  3ab^  +  2,aW  —  9ft«6,  and  de- 
monstrate the  j'ulfc. 

a'  +  o?  q         a'  —  «« 

2.  Add  together  a  —  x  + ,  <5<^  —  ■ -^ 

*  a-\-x  a  +  x 

2x —  ,  and  —  4a  — -. 

a  —  X  a- — x' 

1  a;       ,  1  33 

3.  Divide  --—  +  --^^  by — 

1+x     1  — X  1  —X  1  +  X 

and  reduce. 

4.  Given  I   (x  —  a)  —  l-5  (21- —  36)  —  |  (a  —  x) 
=  10a  +  116  to  find  X. 

5.  A  sum  of  monej'-  was  divided  among  three  per- 
sons,  A,   B.    and    C,"  ab    follows  :  -  the    share    of   .^ 
evoeeded  |  of  the  shares  of  h  and  C  by  $120;  the 
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share  of  B,  f  of  the  shares  of  A  and  C  by  $120; 
and  the  share  of  C,  |  of  the  shares  of  A  and  B  by 
$120.     What  was  each  person's  share  % 

6.  Given   I  --^t  +  y\  +  ^^^  ^y\  =  ?^  I  to  find  x  and  y. 

\  .r  f  y — oar — 83/^  =  12  j 

7.  Shew  that  a  qiruli'atic  equation  of  one  unknown 
quantity  cannot  lia^^e  more  than  two  I'oots. 

8.  Given  "- *^  —     —  ;  to  find  the  A^alue  of  x. 

4  +    \/  X  y/x 

9.  The  e  is  a  stack  of  hay  whose  lenjith  is  to  its 
breadth  as  5  to  4,  and  whose  height  is  to  its  breadth 
as  7  to  8.  It  is  wo  th  as  many  cents  \)ev  cubic  foot 
as  it  is  feet  in  b.-oadth ;  and  the  whole  is  woi'th  at 
that  rate  224  times  as  many  cents  as  hhere  are  square 
teet  on  the  bottom.     Find  the  dimensions  of  the  stack. 

10.  Given  <    ^^  -  to  find  x  and  y. 

^  x  +  y  / 

11.  In  attempting  to  arrange  a  number  of  counters 
in  the  form  of  a  square  it  was  found  there  were  seven 
over,  and  when  the  side  of  the  square  was  increased 
by  one,  there  was  a  deficiency  of  8  to  complete  the 
squaie.     Find  the  number  of  counters. 

12.  Reduce  to  its  simplest  form 

^  —  (b  —  cf  ^  b^  —  {c  —  aY  ^  c«  —  (a  —  hf 
~(a  +  cf  —  W       {a  +  by-  —  c'      (b  +  cf—af 

13.  A  and  B  can  do  a  piece  of  work  in  12  days; 
in  how  many  days  could  each  do  it  alone,  if  it  would 
take  A  10  days  longer  tiian  B  1 

(    X  __  z  \ 

\    'y~w  Mo  ^^^^^ 

]  4.    Given     j   ^  —  ^  =  4  \     x,  y,  z, 

I   z—w=S  \    andiw. 

t  x^  +  y^  +  z"  +  to'' ^  62y 


APPENDIX. 


15.  Find  the  last  term,  and  the  sum  of  50  terms, 
of  the  series  2,  4,  6,  8,  &c. 

16.  Write  down  the  expansion  of     s  ^' —      J- 

17.  How  many  different  strains  may  be  rung  on 
ten  different  bells,  su[)posing  all  the  cambinatious  to 
produce  different  notes  % 


ANSWERS. 

Junior  Mairic.  1872.     Pass. 

1.  ix'  -  (Vo*-y  -  W  +  y')  ;  i'r  +  W)  {a  +  36) ; 

{x  H-  uf  +  {x  +  a)  {y  -b)  +  {y~  bf.  2.  a"  +  ap  +  7. 

3.  («),  U;  (^>),  1^;  (c),  ii-i  (J),  i  J.       4.  640,  660. 


Junior  Mairic  ,  1872.     Pass  and  Honor. 

1.     j  a  J  +  (.^4  -  yh)  }  '  I  ;si  _  (a:i  _  ,ji)  I '  = 

I  zi  —  (a;i  —  yif  V;    ,  +2b  +  3c.        2.  We  have 

c^  -  -  pc  ^  q  —  0  aiid  c'  —  ^^'c  +  (/'  =  0,  from 
wliicli  to  elimmatri  r. 

4.  If  (3  be  one  root,  —  -1'  „  Rl  i  +  ^\    ""  =  «"?', 

and,  eliminating  ■  >, M iZ  . 

ac  Jiq 

5.  (a),  4,  —  7,  i(-  3  ±  v/277) ;  (6),  3,  2, ;  —  3,-  2  ; 

7  5    ,  7  5       ^ 

_|.    1 2.    {d),  Divide  tlirough  by  oy  and  put  y  for 
—  \         1  1 

x^  -  ,  and  ^.y"'-—  2  for  a;^+  —  ,   tlien  y  = 

_  -    or  —    -  and  a;  -  3,  i,  —  A  or  —  2t. 
3  2  '  3'       2 
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7.  a  (biC^ — b.^Ci)  +  a,(62C — ic^)  +  a,i{bc^ — ^ic)  =  0. 

8.  ^'^\ 
1+r 


Junior  Mntric,  \S'i2.     Honor. 

1.   8  and  6  miles.  2.    Each  of  the  first  set  of 

fractions  may  be  shewn  equal  to 

.     ^  y 

2a6c  __^___   or  2a6c ^ ^^"  2«^c 

6'^  +  c'  -  a"  c'  +  a^-  b'  ' 


z 


_,  which  are  therefore  equal. 


3.  Multiplying  the  equations  successively  by  y,  z,  x 
and  z,  X,  y,  we  obtain  c'^x  +  c^y  +  Vz  =  0, 

}^x  +  <?y  +  a?z  =  0 ;  thence =  _  ^ 


•  c"a^ 


5,  and  X  =  --~-~-~~~-\-^-^^' 


4.  a*  +  6'^  >  2a6, .-.  c  («^  +  b^)  >  ■2abc,  &c. 

5.  3,  0;  -  2,  -  5  ;  -  3,  6;  -  8,  1.        6.  90  and  240  rnls. 


Junior  A/iUric,  Honor. 
oentor  Matric,  1  ass. 

1.  (a),  From  first  a;  =  2y  or  ■?/,  and  then  i-olutions  are, 
3,  I;  -3  — l^^/2l;  ^2\;  —  v/2T—  V2L 
(&),-,=^(41±v/7G9),  H-37±/7(59).  (c),  1,1; 
-h-h>  hh^~h-h     (^0,  4,18.         2.   3. 

.     .  .     33£c^+ 61,T+ 10      ,,^      a;*  +  3a;  +  2 

*•  ("^'  ^T2 '  (^)'  .'^Tn.xTso- 


ANSWERS. 

_      X  (3  -  x) 

6.  a; -2  and  a;+^are  factors,  and  roots  are,  2,-5, 
2^  (-3±v'35).  7.   7igals. 

S-    i"'S8 pel-  cent.  9.   4  days. 

He  receives  $3  every  day  the  work  coutimies  ; 
iie  retiu-Ds  nothing  the  first  day  he  is  idle' 
$1  the  second,  and  so  on,  and  the  niunher  oi 
days  he  works  is  16. 


Junior  Matric,  1876.     Fass. 

m-^n     n-2    —I 

1.  «*;«       bed.  2.  a'-rt-^  a^' + «». 

3.  1  +  2,^+  3«*  +  ix'  +  5x'  +  6x'  +  ....  :  rem    7ic«- 

Gx\     Qx'-Gx+l. 

4.  a^-"   +  (ab)""-  "  +  {ah)'"   "  +  i^". 

5.  (1),  2.     (2),   2,5,7;  or-2,-5,_7. 


Junior  Matric,  1876.      Honor. 

1.   35  mis.  2.   (2),  These  quantities  are  in  Il.P.ii 

b  +  c 

--, ,  >    &C.,  are   in  A. P.,  i.e.,  if  a,  b,  c 

ab  +  ac  +  bc 

are  in  A. P. 

5.  It  may  be  shewn  that  the  remaindei-  at  the  7ith 

decimal  place  is  2n  ;  hence  if  the  nth  digit  be 
increased  by  unity,  and  the  whole  subtiacted 
from  1,  the  remainder  is  the  remaining  pari 
of  the  period. 

6.  «  =  4,  a;  =  2  or  -  3,?/  =  3or — 2 ;  s  =  —  l,a;  =  2+  V  fo, 

y  =  — 2+  vloT 


A  XS  J  VERS.  XX  V 

■funior  Matric,  1876.     Honor. 

1.  121  ami  400yaidb. 

2.  [a — -h  +  c)  [ab  +  bc+  ca)  {(i-  +  If  +  c*  +  'tb  +  be — ca). 

3.  Irtational  roots  go  in   pairs/.  3 — |,/^  is  a  root; 

and  other  roots  are  \  ( — 1  ±i/^). 


4.   x^  +  x'y'^  +  x'^y'^  +  xy  +  xhy'^  +  v/ 
a6 


6.   3  mis. 


J  4  (^_l)  {a—b) 
7.   (1),   Plainly  .r  +  2  dividos  both   sides,  and   roots 
are — 2,  24-  1/7  .      (2),  x  =  ?>,  y  =  ^  ox  \;    x- 
—  3,  _?/  =  —  4  or  —  \. 


Second  Class  Certificates,  1873. 


,      /a      bX  tr  6^ 

^'    Kb^a)-''=h^-'^'-a^- 

2.     (a  -  6)  -  (rt  -  46)  =  3&. 

5.  («  -b)  (x-y)  =  0  ;    '..  if  «  be  not  =  6,  a;  -  ?/  -  0  j 

if  a-b,  x-y  may  have  any  value. 

43 -14m  _    „  -IT, 

6.  V  -         -rs-  7.  4,  provided  x  be  not  =  -  zf  ; 
147>i- 13  **  ^ 

then  fraction  becomes  ^  and  is  indeterminate. 

oil 

"• =  1, ^  =  i  :  .r  =  3, 2/  =  2. 

a?-?/  x+1      ^ 

9.     13.  10.  f  of  a  mile  per  hour. 


ANSIVEJ^S. 


Second  Glass  Gerttficates,  1875. 

1.  2(fr6'' +  6V  +  cV)  -  («"  +  6-' +  O.         2.    -—- 

a  +  0 

3.  (3a;  +  1 )  (40;'  -  2a;'  -  3x  +  1 ).         4.     ^"^^--^ 
^  4«  -  3o 

&c  —  ac?       _bc  —  ad 
5.  x=  -I ,,  2/- 


nb — md  mc — na 

6.  X  and  y  are   indeterminate  :    there  is  but   one 
equation.     7.  $88,  $44.     8,   14  days,  11|  days. 

9-   Ii hrs.     m  —  w  negative  means  that  they 

m  —  n  °  "^ 

2 

were  together  hrs.  before  noon,  m  —  n, 

m  —  n 

they  are  never  together. 
10.   Each  side  equals  99(£f^  — 2/^). 


Second  Class  Certificates,  1876. 

1.  {\+m)x-{l-n)y.  2.  {x  +  yY{x-y);  (a  -  b) 
(b  -c)  (c-a)  ;  {5x^  -  1)  (5a;^  +  a;  +  1). 

3.  Let  the  other  factor  be  a;  +  a ;  multiply  and  equate 
co-efficients  ;.  eliminating  a,  nq  —  tf  —  rm;  other 
condition  is  pn  —  mn  =  r.  4.  a;  —  1 ;    1  +  a^.^ 

(x  +  y  +  zY  a  —  b 

6     -^  •  1 

7.  a"{b'c  -  be')  +  h"{ac'  -  ale)  +  c"{a'b  -  «&')  =  0. 

8.  (1,)   Cube,   and   3  (w  +  .7;)*  {a-x)l  (m)  =  m='-2w, 

f,     a{c  —  b)     b  (a  —  c) 
a—b  a—b 

10.   3  miles  an  hour. 


ANSWERS. 


1.  («.);  See  §359.  (h),  2,000.  (c),  Substitute  suc- 
cessively —  h,  —c,  -a  for  «,  h,  c,  in  the  left 
hand  side,  and  it  api)ears  that  a  +  b,  b  +  c, 
c  +  a  are  factors,  and  .•.  expression  is  of  form 
N{a  +  b)  (b  +  c)  (c  +  a);  putting  a  =  6  =  c  =  1, 
we  get  iv=3. 


First   Yfar  ExhibU-iovs,   1873. 

1.    3.  15.  75,  375.     2.  9  and  1,  or  -?^  an<l-  ]%.     4.  9. 12. 
5.   («),4,-3;  -3,4.   (6),2,-3.   (c),4,-5,6.  (f/),--|. 
G.  40\         y  _(^+6r-c--_ 
2ab 


First   Year   Exldbitions,   1874. 

1.5.         2.  (-4)^  3277.         3.  2,V;21;2,V 
4.  9,  12.         5.  75. 

G.   (r,,),3.  2;— 2,— 3.   (6),  7  or— If   (c).  5,  3.  (rf),14. 
7.   30  hours.  8.   JL^.        9.   3(,v  +  3). 


First    Year  Exhibi firms.    187G. 


1, 

4  3 
— «,  ~a 

5  5 

1  _    1 

.  a          b 

1 
c 

1  _  1 

a           b 

1 

+    — 
c 

'    1         1 

a^        W 

1    ' 

1           1 

d'          b" 

1 

2.  _12V2.  3.  x~l.         4.  ?/?. 

5,   21,  42.  G3.  or  84.  6.  «.  ^».  2^; :   1.  1. 


ANSWERS. 


Matriculation,  1873. 

2.   11a  —  3c  —  5d  +  m.  4.  —  ax. 

5.  ax'  -J-  (ai-  -f  6)  a;  +  (ar^  +  6r  +  c)  + 

«r'  +  ^'^^  +  cr  4-  c? 
a;  —  r 

6.  1  —  X  ^  x'  —  X-*  +  . .  . . .  7.   3a'-  +  ix^. 

8.    (^  —  «■)  (■^•'  —  2)^  g    ^^^    216. 

cc^  — 1 

10.  i  («  —  Sm  —  2n  —  p),  &c. 
^^     7«6  — «a       1200  (g  — &) 
m  —  n  rah  —  na 

12.   ±\^;jj.  13.   28,  21. 

U.  50  (1/5  —1),  50  (3-/5). 

15.  a;=±10,  y-  =FlOj  x^±W2,y^±  3/2 

16.  16. 


Matriculation,  1874. 


,  ^    4a'  +  a-x  —  2rta;'^  +  x^  01 

1.  a—b.  2. ^ o.   L 

x  —  a 

4.  _5a_.3^,.  5.  000,480,360. 

6.  2,  4 ;  4,  2.       8.  4  or  Of. 

'  9.  20,  16,  14  ft.     ]0.  40,  10;  10,  40.     11.  50. 

12.  1.  13.  30  and  20  days. 

14.  6,  2,  41,  11,  or  —  2,  —  6,  —  11,  —  ^. 

15.  100,  2550. 

16.  x'  —  7x'  +  21x-^— 35.r  +  .35x-'—  21a:-='  +  Ix'^ 

—  x-\  17.  1023. 
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